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Learning minimal volume uncertainty ellipsoids

Itai Alon, David Arnon and Ami Wiesel

Abstract—We consider the problem of learning uncertainty
regions for parameter estimation problems. The regions are
ellipsoids that minimize the average volumes subject to a pre-
scribed coverage probability. As expected, under the assumption
of jointly Gaussian data, we prove that the optimal ellipsoid
is centered around the conditional mean and shaped as the
conditional covariance matrix. In more practical cases, we
propose a differentiable optimization approach for approximately
computing the optimal ellipsoids using a neural network with
proper calibration. Compared to existing methods, our network
requires less storage and less computations in inference time,
leading to accurate yet smaller ellipsoids. We demonstrate these
advantages on four real-world localization datasets.

Index Terms—Uncertainty ellipsoid, covariance estimation,
conformal prediction.

I. INTRODUCTION

We consider uncertainty quantification for parameter estima-
tion. Estimating unknown parameters given noisy observations
is a fundamental problem in statistical signal processing,
including inverse problems and localization [1f]. In critical
decision-making tasks, quantifying the uncertainty associated
with these estimates is crucial. Accurate uncertainty regions are
also necessary for developing more robust signal processing
algorithms [2], [3], [4]. Traditionally, the estimation algorithms
and their uncertainty regions have been designed and analyzed
based on statistical models. Recently, there has been a switch
to data-driven methods based on machine learning [5]], [6], [7],
[8]]. This letter focuses on deep learning solutions to uncertainty
quantification as the natural next step.

The standard approach to uncertainty quantification is to
associate an uncertainty region, typically an ellipsoid, around
each estimate. Ideally, the ellipsoids should have small volumes
and cover the true unknown parameters. The goal is to trade off
these two competing properties optimally. Classically, in model-
based estimation, the shape of the ellipsoid is characterized by
the likelihood, asymptotic covariance matrix, and Fisher Infor-
mation matrix. The volume is traditionally computed assuming
a multivariate Gaussian distribution [9], [10]. Linearization
methods can address more complex uncertainty sources [[11]].
Other approaches rely on perturbations of the observations and
an analysis of the resulting deviations [12], [13].

Recently, there has been a switch to data-driven estimation
based on fitting an algorithm concerning a training set. In
uncertainty quantification, the main idea is to compare the
current measurement to similar examples in this set and rely
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on their uncertainties. Following this line of thought, many
works are variants of nearest neighbors algorithms [14], [15].
The successful CELLO approaches rely on fast estimating
the covariance matrices of the errors [16]], [17]. In particular,
uncertainty methods typically allow imperfect coverage and a
small percentage of examples outside the uncertainty region.
In this sense, the problem is also related to a large body of
literature on robust covariance estimation [[18]], [19], [20], [10],
[21].

Most of the previous data-driven methods lack formal
guarantees and do not always satisfy the required coverage
in practice. To close this gap, conformal prediction is a
distribution-free approach that uses an independent calibration
phase that provides validity for any desired coverage level
[22], [23], [24], [25]. Cross-conformal prediction [26] and
cross-validation [27] generalize these ideas and utilize all the
available data for fitting and calibration. Initially, these ideas
were focused on classification problems and scalar regressions.
Recent advances also address the multivariate case by marginal
intervals that result in rectangular uncertainty regions [28]].
Closest to our work is the extension of conformal prediction
to calibration of ellipsoid uncertainty regions based on nearest
neighbors [29], [30].

We present a unified Learning Minimum Volume Ellipsoids
(LMVE) framework that considers the volume vs. coverage
tradeoff. We demonstrate that the optimal shapes of the
ellipsoids are conditional covariances in the Gaussian case.
We propose a deep learning solution for more realistic settings
that combines nearest-neighbor approaches, covariance estima-
tion, and conformal prediction. The proposed LMVE neural
network generates ellipsoids with minimal average volume
and prescribed coverage probability. It significantly reduces
memory and computation resources, improves accuracy, and is
demonstrated on four real-world localization datasets.

The fully implemented code can be found in
https://github.com/ItaiAlon/LMVE/,

II. PROBLEM FORMULATION

Let z € R? and y € R™ be a features vector and a labels
vector drawn from a joint distribution X x ). An uncertainty
ellipsoid on y given x is defined as:

E(ux), C(x)) = {y : (y — u(x))"C~ () (y — p(x))) < 1(}1‘)

where p(x) is the center of the ellipsoid and C(z) > 0
characterizes its shape. Generally, ellipsoids are defined by
both the center and the shape. Still, in many applications,
assuming that the center is fixed and given from a previous
prediction stage (either model-based or data-driven) is more
reasonable. Therefore, most of this letter will focus on the
shape C(z).
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Ideally, the ellipsoids should satisfy two competing proper-
ties. First, to ensure validity, each ellipsoid should satisfy the
coverage constraint defined as

Priy € &(u(z),C(x))] = n )

and n € [0,1) a prescribed coverage probability. Second, it
should minimize the uncertainty defined by the volume

Volg(z) = const - det(C/(z))? A3)

where the constant is the volume of the unit ball in that
dimension. To formulate this tradeoff, we use a constrained
optimization and minimize the expected volume subject to a
coverage constraint

(MVE): min
E(u(),C()

s.t.

E[Volg ()]

Priye& >n. 4)

For completeness, our uncertainty ellipsoids assume a
Bayesian setting in which both z and y are random, and the
expectations are computed. This differs from the non-Bayesian
definition of confidence regions, which assumes that y are
deterministic unknown and will be addressed in future work.

The main goal of this paper is to develop a method for
approximately solving using a neural network. At
inference time, it will take = as an input and output a center
p(x) and a shape matrix C(x) that defines the uncertainty
ellipsoid associated with the corresponding unknown y. We
assume access to independent and identically distributed (i.i.d.)
pairs of examples (x;,y;) fori =1---  m to train this network.

III. THEORY

In this section, we theoretically analyze the optimal solution
to in the simplistic Gaussian setting.

We begin by considering a single ellipsoid (without any
features x). This result embodies a widely recognized con-
ventional wisdom, yet we are unaware of a previous formal
proof.

Lemma 1. Ler n € [0,1] and y ~ N (u, X) with dimension n.
Consider the optimization

mgin Vol(€)

st. Prlye&l>n Q)
The optimal argument is
E(u, Fa' () - %) 6)

where F)Z"‘l() is the inverse chi-square cdf with n degrees of
freedom, and the optimal value is Fx_21 (n)™ - Vol(%).

Proof. Assume an optimal solution &(j, 33) and let & satisfy
Vol(k¥) = Vol(X). We only care about the symmetric
difference, so denote:

S_ = E(u, kE) \ (E(f, 2) N E(n, KT))
, ) NE(p,kY))

Sy =&, )\ (E(n )
By the choice of x we get:
Vol(k¥) = Vol(£) = §:=Vol(S_) =Vol(S;) (8)

The Gaussian density has an equal value on the edge of
E(u, kY), has a larger value inside, and has a smaller value
outside. Therefore,

ply)>p VyeS_, ply)<p YyeSi 9)

where

p(y). (10)

‘= min
y€E(u,kX)

/ p(y) dy — / - p(y) dy

yEE (p,xX) y€eE(f1,2)

=/ mww—/ ply) dy
yeS_ yESy

>S. ( inf p(y) — sup p(y)>

yeS_ y€eS,

Thus

>S-(p—p)=0 (11)

with equality if and only if all parameters are equal. This means
that S_ = S, = () and the optimal parameters are p = ji and
kY = 3.

Finally, it remains to choose the minimum scaling that
satisfies the constraint, namely x = FX_%l(n). O

Next, we turn to a more practical estimation problem with
features  and unknown labels y.

Theorem 1. Let x and y be jointly Gaussian, then the optimal

solution to is
p(z) = Eyla]
C(x) = k(z) - E[(y — p(x))(y — u(x))"]

k(x) > 0 is a scaling factor that satisfies the MVE coverage
constraint.

(12)

Proof. The conditional Gaussian distribution is given by

where C,,|,, does not depend on z. Problem can be

yl@
expressed as

min
E(x)

s, /p@»/ pyla) dydz =n (14
X ye&(x)

/p@»wm«@wm
X

Introducing auxiliary variables, we can rewrite the constraint

Priye&lz] > 7i(x) VzelkX
[ @) w@) do =y
X

We can apply Lemma |1] for each x separately, and its solution
will always be the same Cy|, times a scalar factor that depends
on x. Together, the optimization problem is equal to

| #la) P @) dz-Vol(Cy,)

15)

min
7(z)

s.t. / p(x) -7(x) dz > n. (16)
X
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The theorem formally shows the relation between uncertainty
regions and covariance estimation in the joint Gaussian
distribution. In this simplistic case, the shape of the ellipsoids is
defined by the conditional covariances. These are independent
of the conditioning, and the dependence on x is only through
the calibration factor. This is not true in general. In other
distributions, there is no clear relation between the shapes and
the covariances of the error and the shapes typically depend
on the values of z. The next section proposes a neural network
solution that addresses these more practical settings.

IV. LEARNING CONFIDENCE ELLIPSOID NETS

In this section, we propose LMVE, a neural network-based
solution to We rely on a standard neural architecture
with fully connected layers to ensure rich expressibility,
generalization, and low computational complexity at inference
time.

LMVE is defined as

CQ(LL‘) = Rg(m)TRe(l‘) + el

Ro(l’):L3'CT(L2'O'(L1'.’L‘+b1)+b2)+b3 (17)

where L; € R4, L, € R4, [z c R %4 b ¢ RY, by €
R4, by € R™ and § = (L1, Lo, L3, by, by, b3). The operator o
is the ReLU activation function with dropout, and € > 0 is a
regularization parameter that ensures positive definiteness.

Problem is challenging for learning due to its non-
differentiability and strict constraint. Therefore, LMVE is based
on three phases: initialization, training, and calibration. We
divide the available data into two subsets, samples 2z, -+ , 2,
for the initialization and training (that is, training set) and sam-
ples Zm, 41, ; Zm,+m, for the calibration (namely validation
set), where m = my; + me.

First, in the initialization phase, we imitate an existing
baseline. We use the baseline outputs as approximate labels and
train our network to approximate them using a standard Mean
Squared Error (MSE) loss. The baseline and the initialization
phase only use samples from the training set.

Second, in the training phase, we consider using its
Lagrange penalized form directly

min Prly ¢ E(u(x), Co(w))] + AE[Volg(x)] ~ (18)

We replace the probability and expectation with empirical
averages over the training set. We tried different smooth
surrogates for the probability function but found that the best
results were obtained by minimizing the average Mahalanobis
distance. Together, the training loss is

T
o1
meln T Z;f(f%yi; 0)

U, y;0) = Mp(z,y) + Adet (Cy(x))?

Moy(z,y) = (y — (@) Co ™' (z)(y — p(2))

where )\ is a hyperparameter that scales between the volume’s
importance and accuracy. To tune it, we rely again on the

(19)

existing calibrated baseline and choose lambda to balance the

two terms: "
N = % Zj:l Mp(x;,y;) (20)
+ 0 det(Cp(x;))
where the ellipsoids are obtained from the calibrated baseline
(denoted by subscript B). We emphasize that the baseline
is trained and calibrated only using the training set to avoid
dependency on the validation set.

Third, to ensure the strict coverage constraints, we use a
calibration step using the theory of conformal prediction [30].
We evaluate our network on the validation samples and compute
their Mahalanobis distances

ai:Me(x’iayi) i:mta'” ;mt+mc (21)

We sort these distances and define o, as the ¢’th largest value

where ( )
me +
M
We then rescale the ellipsoids by a4 so that the final LMVE

shapes are defined as

CrmvEe(x) =aq - Co(x) (23)

This ensures that

Prly € Eemve(z)] >n 24

as required.

V. EXPERIMENTS

In this section, we compare the algorithms on different real-
world datasets.

Algorithms: In all the methods, the centers of the ellipsoids
1 are computed identically using a multi-output Support Vector
Regressor (SVR) fitted on the training set. We compare three
algorithms for generating ellipsoids. The shapes C'(x) are fitted
on the training set and then rescaled to satisfy the coverage
constraint on the validation set as defined in[23] The algorithms
are:

o Gaussian Ellipsoid (GE): the sample version of (I2)
defined as

1 T

Cap(r) = T > (i — ) (i — )"

i=1

(25)

We approximate the conditional mean using SVR for
consistency with the other algorithms.

o NLE [30]: local sample covariance matrices of the 5%
nearest neighbors N(z) of each x with a small GE
regularization

1
[N (2)|

C’NLE(x) =0.95- Z (yi - ,U/i)(yi - ,ui)T

1€N (x)
+0.05-Car  (26)

e Copula [28]: We also compare to
cal copula method. It Trovides Qg

Pr [ w20l < oY vi € [d]

the empiri-
that promises
> n for a new sample y. We
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TABLE I
RESULTS OVER 90% CALIBRATION.
GE NLE LMVE Copula
ble_rssi 89.8 (4+4.8) 90.1 (£3.1) 89.6 (£4.3) 88.8 (£3.7)
enb 88.2 (£5.2) 89.8 (+4.2) 89.3 (£4.8) 88.9 (£5.4)
indoor_localization 89.8 (+1.0) 89.7 (£1.2) 89.6 (£1.0) 89.8 (+1.0)
residential_building 88.6 (+7.0) 88.5 (£6.5) 88.7 (£7.6) 83.9 (£6.6)
ble_rssi 10.2 (£1.5) 9.6 (£1.0) 7.8 (£1.8) 54.8 (£18.3)
enb 34.0 (£7.6) 18.3 (£3.4) 17.90 (£1.1) 263.9 (+£118.4)

7.0-10% (£178.6)
2.2-10°% (£15.4 - 10%)

indoor_localization
residential_building

4.3-103 (£136.5)
1.3-10% (£7.8-10%)

22.4 - 103 (£1355)
69.9 - 10° (£6603 - 10%)

2.0 - 103 (£51.6)
1.1-10% (£6.8 - 10%)

used the same net structure that was suggested in the
article.

e LMVE: Cp v g (z) is the neural network output where
hyperparameters are chosen to maximize performance on
the validation set. Its initialization is based on the NLE
baseline.

Datasets: We compare four real-world localization datasets,
as detailed in Table [[I} The full data process, which explains
the dimension difference, can be found on GitHub.

TABLE 11
DATASETS
Name Size Input  Output  Source
ble_rssi 1,420 13 2 1311
enb 768 8 2 132]
indoor_localization 19,937 519 2 133]
residential_building 372 103 2 [134]

Each dataset was divided into three parts: a training set
(81%), a validation set (9%), and a test set (10%). We conducted
50 experiments and reported the average performance and
standard deviation.

Results for 90% coverage are in Table [l The top section
shows preferred coverage values close to 90%. The bottom
section displays mean volume values, with smaller values
indicating better performance. Strong calibration makes the
methods accurate, but LMVE improves average volume. GE
is the cheapest for storage and computation. NLE is expensive
for large datasets. LMVE is efficient with a simple three-layer
neural network. Further comparison is in Table

TABLE III
COMPUTATIONAL COMPLEXITY IN O NOTION. N IS THE NUMBER OF
NEIGHBORS IN THE NLE. L IS THE HIDDEN LAYER SIZE.

Memory Inference Time
GE d? const
NLE m¢(n + d) N - (dlog(my) + n?)
LMVE d? 4+ n? d? +n?
Copula dL+ L%+ Ln dL + L? + Ln

We tested more complex losses, such as hinge loss and
robust generalized Gaussian-based losses, that smooth the
probability function. However, they did not lead to significant
improvements in some datasets and were therefore omitted.

We conducted ablation studies on a few datasets to com-
prehend the contribution of each component to the overall
system. However, we only report some results in Table
due to space limitations. The key conclusions are as follows:

TABLE IV
RESULTS OVER 90% CALIBRATION ON ENB [32]] DATASET. THE RESULTS
ARE COMPARED TO ACCURACY OF 89.325 (44.883) AND EXPECTED
VOLUME OF 17.90 (+1.184).

LMVE

Without smart init 88.3 (£5.1)
Fixed A =1 88.8 (£4.7)

2 Layers 87.7 (£4.7)

50% Validation 89 (+4.1)
Without smart init  18.23 (+51.5)
Fixed A =1 11.40 (£4.3)
2 Layers 16.58 (£7.7)

50% Validation 17.37 (£10.5)

Smart initialization enhances the performance. Reducing the
number of layers in architecture leads to a decline in coverage.
The effect of lambda value is less significant and depends
on the dataset. Finally, as expected, using a larger validation
set improves the coverage but results in inaccuracies in the
volume.

VI. DISCUSSION

This paper proposes a scalable deep learning framework
called the LMVE neural network. This framework outputs
uncertainty ellipsoids around predictions. LMVE combines
CELLO and NLE and improves upon them by providing
modern and efficient data modeling.

LMVE is an important deep-learning technique for estimat-
ing uncertainty ellipsoids, but many questions remain regarding
its usage. Regarding problem formulation, LMVE only con-
siders the average coverage of random labels. Extending its
application to confidence regions around deterministic unknown
labels would be interesting. Training LMVE is challenging,
so future work should focus on improving initialization
methods, optimization algorithms, and hyperparameter tuning
approaches.

APPENDIX: TECHNICAL DETAILS ON LMVE

We fitted the models in PyTorch using dropout parameters of
0.1 or 0.5, and 200, 000 iterations of an Adam optimizer (half
for initialization and half for training) with rates {1072,1075}.
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