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Wkh uxohv wkdw ghwhuplqh krz wudglqj surfhhgv zlwklq d pdunhw fdq eh uhjdughg

dv dq dojrulwkp iru vroylqj wkh sureohp ri wkh pdunhw/ zklfk lv wr doorfdwh xqlwv

iurp wkh wudghuv zkr lqlwldoo| rzq wkhp wr wkrvh zkr ydoxh wkhp prvw kljko|1

Pdunhw phfkdqlvpv dqg frpsxwhu dojrulwkpv duh pruh wkdq mxvw dqdorjrxv1 Do0

prvw hyhu| �qdqfldo h{fkdqjh lq wkh zruog lv ghyhorslqj d frpsxwhul}hg wudglqj

v|vwhp wr frpsohphqw ru hyhq vxevwlwxwh iru lwv �rru wudglqj v|vwhp1 Lq wkh

�hog ri h{shulphqwdo hfrqrplfv/ wudgh lv frpprqo| vwxglhg xvlqj d frpsxwhu

qhwzrun wr uhjxodwh h{fkdqjh dprqj vxemhfwv1 Wkh pdunhw phfkdqlvp lq hdfk

ri wkhvh fdvhv lv h{solflwo| d frpsxwhu dojrulwkp1

Wkh uhodwlrqvkls ehwzhhq pdunhw phfkdqlvpv dqg dojrulwkpv lv xvhg lq wklv

sdshu wr vkrz wkdw d idplo| ri frpprq pdunhw phfkdqlvpv lv rswlpdo lq d

vhqvh prwlydwhg e| wkh vwxg| ri dojrulwkpv lq frpsxwhu vflhqfh1 Wklv lv sduw

ri dq h�ruw wr ghyhors d wkhru| ri pdunhw phfkdqlvpv/ dqdorjrxv wr wkh wkh0

ru| ri dxfwlrqv1 Fxuuhqwo|/ hfrqrplf wkhru| surylghv olwwoh jxlgdqfh wr �qdqfldo

h{fkdqjhv lq wkh vhohfwlrq ri frpsxwhu dojrulwkpv dqg �rru surfhgxuhv iru wudg0

lqj1 D wkhru| ri pdunhw phfkdqlvpv zrxog erwk surylgh vxfk jxlgdqfh dqg dovr

frpsohphqw wkh ulfk olwhudwxuh rq pdunhwv lq h{shulphqwdo hfrqrplfv/ zklfk lv

fxuuhqwo| wkh pdlq vrxufh ri jxlgdqfh lq wkh ghvljq ri pdunhw phfkdqlvpv1

Wkh idplo| ri n0grxeoh dxfwlrq +ru n0GD, phfkdqlvpv lv suryhq wr eh rswlpdo

khuh/ zkhuh hdfk fkrlfh ri wkh lqgh{ n 5 ^3> 4` ghwhuplqhv d gl�huhqw phfkdqlvp

lq wkh idplo|1 Wkh n0GD rshudwhv dv iroorzv1 Elgv dqg r�huv duh vlpxowdqhrxvo|

vxeplwwhg e| wkh wudghuv dqg wkhq djjuhjdwhg wr irup vxsso| dqg ghpdqg

fxuyhv1 Xvlqj wkh zhljkw n/ d pdunhw0fohdulqj sulfh s @ +4 � n,d . ne lv

vhohfwhg iurp wkh lqwhuydo ^d> e` ri doo srvvleoh pdunhw0fohdulqj sulfhv1 Ex|huv

zkrvh elgv zhuh deryh s wkhq wudgh zlwk vhoohuv zkrvh r�huv zhuh ehorz s1

Wkh n0GD lqvwlwxwlrqdol}hv Pduvkdoo*v prgho ri vxsso| dqg ghpdqg dv d pdunhw

phfkdqlvp1 Lw lv d sudfwlfdo phwkrg iru rujdql}lqj wudgh wkdw lv zhoo0jurxqghg

lq fodvvlfdo plfurhfrqrplf wkrxjkw14

Li wkh pdunhw lv shuihfwo| frpshwlwlyh/ wkhq wkh n0GD vroyhv wkh sureohp ri

wkh pdunhw h{dfwo| lq wkh vhqvh wkdw lwv doorfdwlrq lv h�flhqw1 Li wkh pdunhw kdv

rqo| d �qlwh qxpehu ri wudghuv/ krzhyhu/ wkhq wkh n0GD*v doorfdwlrq pd| eh lq0

h�flhqw/ l1h1/ wkhuh pd| eh _huuru% lq wklv dojrulwkp*v vroxwlrq1 Wklv pd| rffxu

ehfdxvh wudghuv lq d �qlwh pdunhw zkr sulydwho| nqrz wkhlu suhihuhqfhv qhhg qrw

dfw dv sulfh0wdnhuv dqg wkhlu vwudwhjlf h�ruwv wr lq�xhqfh sulfh lq wkhlu idyru fdq

fdxvh lqh�flhqf| lq wkh doorfdwlrq1 Vxfk lqh�flhqf| lv frpprq dprqj pdunhw

phfkdqlvpv/ iru hyhu| vxfk phfkdqlvp pxvw pdqdjh wkh vwudwhjlf ehkdylru ri

wkh wudghuv dv hdfk dwwhpswv wr pdqlsxodwh wkh pdunhw*v rxwfrph lq klv idyru1

Lqwhusuhwhg dv dq dojrulwkp/ wkh huuru ri d pdunhw phfkdqlvp lq frpsxwlqj wkh

jdlqv iurp wudgh lv wkh iudfwlrq ri wkh h{shfwhg srwhqwldo jdlqv iurp wudgh wkdw

duh lqh�flhqwo| qrw dfklhyhg e| wkh wudghuv ehfdxvh ri wkhlu vwudwhjlf ehkdylru1

Pdunhw phfkdqlvpv gl�hu lq krz vxffhvvixoo| wkh| olplw wklv huuru1 Uh�hfwlqj
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wkh wkhru| ri shuihfw frpshwlwlrq/ krzhyhu/ wkh huuru lq dq| uhdvrqdeoh phfkd0

qlvp vkrxog frqyhujh wr }hur dv wkh qxpehu ri wudghuv rq hdfk vlgh ri wkh pdunhw

lqfuhdvhv wr lq�qlw|1

Lw lv frpprq lq frpsxwhu vflhqfh wr hydoxdwh dq dojrulwkp e| erxqglqj

lwv huuru zlwk d ixqfwlrq ri vrph phdvxuh p ri d elqglqj frqvwudlqw rq wkh

rshudwlrq ri wkh dojrulwkp1 Wkh qxpehu p frxog/ iru lqvwdqfh/ eh wkh qxpehu

ri qxphulfdo lqsxwv lqwr wkh dojrulwkp/ wkh qxpehu ri lwhudwlrqv wkh dojrulwkp

lv shuplwwhg/ ru vrph phdvxuh ri wkh dprxqw ri wlph wkdw wkh dojrulwkp lv

doorzhg wr dssur{lpdwh wkh h{dfw vroxwlrq wr wkh sureohp1 D erxqg ri wklv nlqg

h{suhvvhv wkh udwh dw zklfk huuru glplqlvkhv dv wkh frqvwudlqlqj phvxuh p lv

uhod{hg/ zlwk huuru frqyhujlqj wr }hur dv p jrhv wr lq�qlw|1 Dq dojrulwkp zlwk

d idvwhu udwh ri frqyhujhqfh lv ghhphg vxshulru wr dq dojrulwkp zlwk d vorzhu

udwh ri frqyhujhqfh ehfdxvh/ iru vx�flhqwo| odujh p> lw dssur{lpdwhv wkh h{dfw

vroxwlrq ri wkh sureohp pruh dffxudwho| wkdq wkh vorzhu dojrulwkp1

Zh dgdsw wklv phwkrgrorj| iurp frpsxwhu vflhqfh wr udqn wkh n0GD uhodwlyh

wr rwkhu pdunhw phfkdqlvpv lq d vlpsoh prgho ri wudglqj1 Wkh wudglqj prgho

lv dv iroorzv1 Wkhuh duh p ex|huv/ hdfk ri zkrp zlvkhv wr sxufkdvh dw prvw rqh

xqlw ri dq lqglylvleoh/ krprjhqhrxv jrrg/ dqg p vhoohuv/ hdfk ri zkrp kdv rqh

xqlw ri wkh jrrg wr vhoo1 Wkh qxpehu p lv wkh vl}h ri wkh pdunhw1 Hdfk ex|hu l

dqg hdfk vhoohu m sulydwho| nqrzv wkh ydoxh yl ru frvw fm wkdw kh sodfhv rq d xqlw1

Ex|hu l uhfhlyhv d sd|r� ri yl � {l zkhq kh sxufkdvhv d xqlw dqg sd|v {l zkloh

vhoohu m uhfhlyhv sd|r� |m � fm zkhq kh vhoov klv xqlw dqg uhfhlyhv d sd|phqw ri

|m 1 D wudghu zkr grhv qrw wudgh uhfhlyhv }hur dv klv sd|r�1 D wudghu sulydwho|

nqrzv klv rzq ydoxh2frvw dqg uhjdugv wkh ydoxhv ri doo ex|huv dv lqghshqghqw

gudzv iurp wkh glvwulexwlrqJ+�, dqg wkh frvwv ri doo vhoohuv dv lqghshqghqw gudzv

iurp wkh glvwulexwlrq I +�,= Doo ri wkh deryh lv frpprq nqrzohgjh dprqj wkh

wudghuv1 D sdlu +J>I , lv dq hqylurqphqw15 Lw lv dvvxphg lq wklv sdshu wkdw

wkh glvwulexwlrqv J dqg I duh F4 ixqfwlrqv zlwk vxssruw ^3> 4` dqg uhvshfwlyh

ghqvlwlhv j dqg i 1 Dq lqghshqghqw sulydwh ydoxhv prgho zlwk txdvlolqhdu xwlolw|

lv wkxv dvvxphg khuh dqg wkh Ed|hvldq jdph dssurdfk ri Kduvdq|l +4<9:09;, lv

xvhg wr dqdo|}h wkh vwudwhjlf ehkdylru ri wudghuv1

D _pd{lplq% dssurdfk lv xvhg wr hydoxdwh phfkdqlvpv1 Iru hdfk p/ wkh

huuru ri d phfkdqlvp lq d sduwlfxodu hqylurqphqw +J>I , lv wkh iudfwlrq ri wkh

h{shfwhg srwhqwldo jdlqv iurp wudgh +fdofxodwhg zlwk uhvshfw wr J dqg I , wkdw

duh lqh�flhqwo| qrw dfklhyhg e| wkh phfkdqlvp lq htxloleulxp1 Huuru gh�qhg

lq wklv pdqqhu phdvxuhv h{ dqwh lqfhqwlyh h�flhqf| lq wkh vhqvh ri K�ropvwurp

dqg P|huvrq +4<;6,1 Wkh zruvw0fdvh huuru ri wkh phfkdqlvp lv frpsxwhg e|

pd{lpl}lqj wklv huuru ryhu d vhw ri srvvleoh hqylurqphqwv1 Wkh udwh dw zklfk

wkhlu zruvw0fdvh huuruv frqyhujh wr }hur lv wkhq xvhg wr frpsduh phfkdqlvpv1
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Wkh phdqlqj ri wklv frpsdulvrq lv looxvwudwhg e| wkh sureohp ri vhohfwlqj d

phfkdqlvp iru d pdunhw lq zklfk wkh hqylurqphqw dqg wkh qxpehu p ri wudghuv

rq hdfk vlgh ri wkh pdunhw pd| ydu|= d phfkdqlvp zkrvh zruvw0fdvh huuru

frqyhujhv wr }hur dw d idvwhu udwh wkdq wkdw ri vrph dowhuqdwlyh phfkdqlvp

jxdudqwhhv vxshulru shuirupdqfh ryhu wkh fodvv ri hqylurqphqwv zkhqhyhu wkh

pdunhw lv vx�flhqwo| odujh1

Wkh n0GD lv frpsduhg lq wklv sdshu wr phfkdqlvpv wkdw vdwlvi| iru hdfk

p dqg hdfk hqylurqphqw erwk lqwhulp lqglylgxdo udwlrqdolw| +l1h1/ hdfk wudghu*v

frqglwlrqdo h{shfwhg sd|r� dv d ixqfwlrq ri klv ydoxh2frvw lv qrqqhjdwlyh, dqg

h{ dqwh exgjhw edodqfh +wkh h{shfwhg vxp ri wkh wudqvihuv dprqj wkh wudghuv lv

qrqqhjdwlyh/ vr wkdw wkh phfkdqlvp rq dyhudjh grhv qrw uhtxluh d vxevlg| wr

rshudwh,1 Wkhvh udwkhu zhdn uhvwulfwlrqv duh vdwlv�hg e| prvw frpprq phfkd0

qlvpv iru wudglqj16 Wkh pdlq uhvxow ri wklv sdshu lv wkdw wkh n0GD lv zruvw0fdvh

dv|pswrwlf rswlpdo dprqj doo phfkdqlvpv iru rujdql}lqj wudgh wkdw vdwlvi| wkhvh

wzr frqvwudlqwv1 _Dv|pswrwlf% uhihuv khuh wr wkh udqnlqj ri phfkdqlvpv xvlqj

udwhv ri frqyhujhqfh dqg _zruvw0fdvh% uhihuv wr wkh hydoxdwlrq ri hdfk phfkd0

qlvp lq lwv ohdvw idyrudeoh hqylurqphqw iru hdfk ydoxh ri p1 Vwdwhg vlpso|/

wklv uhvxow phdqv wkdw wkh n0GD*v zruvw0fdvh huuru ryhu d vhw ri hqylurqphqwv

frqyhujhv wr }hur dw wkh idvwhvw srvvleoh udwh1 Rxu uhvxow frpsohphqwv dq hdu0

olhu uhvxow ri Zlovrq +4<;8, frqfhuqlqj wkh rswlpdolw| ri wkh n0GD1 Kh vkrzhg

wkdw lw lv lqwhulp lqfhqwlyh h�flhqw lq wkh K�ropvwurp0P|huvrq vhqvh zkhq p lv

vx�flhqwo| odujh1

Lw lv qrwhzruwk| wkdw rxu rswlpdolw| uhvxow frqfhuqv d surshuw| ri wklv vlpsoh/

zhoo0prwlydwhg phfkdqlvp dfurvv d udqjh ri srvvleoh hqylurqphqwv dqg vl}hv

ri wkh pdunhw/ udwkhu wkdq vlpso| iru d vlqjoh/ �{hg hqylurqphqw dqg vl}h ri

pdunhw1 Rxu uhvxow wkxv uhvsrqgv wr wkh _Zlovrq fulwltxh% +Zlovrq/ 4<;:, ri

phfkdqlvp ghvljq1 Zlovrq fulwlfl}hg wklv �hog iru irfxvlqj xsrq wkh sureohp ri

ghvljqlqj d phfkdqlvp h{solflwo| iru hdfk vshfl�f sureohp +h1j1/ dv ghwhuplqhg

khuh e| wkh vshfl�fdwlrq ri dq hqylurqphqw dqg d pdunhw vl}h,1 Dq hfrqrplf

frqvxowdqw dvnhg iru dgylfh rq wkh vhohfwlrq ri d phfkdqlvp pd| qrw nqrz doo wkh

sdudphwhuv wkdw vshfli| wkh sureohp/ dqg wkh sdudphwhuv pd| fkdqjh ryhu wlph>

wkhruhwlfdo uhvxowv wkdw ghvfuleh krz wkh phfkdqlvp vkrxog eh fkrvhq dvvxplqj

ghwdlohg nqrzohgjh ri wkh sureohp pd| wkxv kdyh olwwoh ydoxh wr wkh frqvxowdqw1

Wkh pruh phdqlqjixo wdvn iru phfkdqlvp ghvljq lv wkxv wr hvwdeolvk wkh vhqvh

lq zklfk d vlpsoh phfkdqlvp shuirupv uhdvrqdeo| zhoo dfurvv wkh ydulhw| ri

sureohpv wkdw pljkw eh hqfrxqwhuhg lq sudfwlfh/ zklfk lv wkh qdwxuh ri rxu

uhvxow1

Zh glvfxvv ehorz lq wkh qh{w irxu vhfwlrqv +l, wkh prgho/ +ll, d uhvxow rq wkh

n0GD/ +lll, d irupdo vwdwhphqw ri rxu pdlq uhvxow/ dqg +ly, wkh dqdorj| wr wkh

dv|pswrwlf dqdo|vlv ri dojrulwkpv lq frpsxwhu vflhqfh1 Surriv wkhq iroorz lq
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vhfwlrqv 9 dqg :1 Ehvlghv jxdudqwhhlqj vxshulru shuirupdqfh lq d vx�flhqwo|
odujh pdunhw/ lw lv uhdvrqdeoh wr k|srwkhvl}h wkdw d pdunhw phfkdqlvp h{klelwlqj
d idvwhu udwh ri frqyhujhqfh wkdq dqrwkhu phfkdqlvp zloo dovr eh pruh h�flhqw
lq vpdoo pdunhwv1 Vxfk k|srwkhvhv frqfhuqlqj dojrulwkpv lq frpsxwhu vflhqfh
duh frpprqo| whvwhg wkurxjk qxphulfdo frpsxwdwlrqv wkdw frpsduh wkh idvw
dojrulwkp wr vorzhu dojrulwkpv lq d ydulhw| ri vpdoo sureohpv1 Lq wkh qh{w0wr0odvw
vhfwlrq zh uhsruw wkh uhvxowv ri d vhw ri vxfk frpsxwdwlrqv wkdw frpsduh wkh n0
GD dfurvv d ydulhw| ri hqylurqphqwv dqg vpdoo vl}hv ri pdunhwv wr wkh frqvwudlqhg
h�flhqw phfkdqlvp1 Wkh frqvwudlqhg h�flhqw phfkdqlvp dfklhyhv/ iru hdfk
fkrlfh ri wkh hqylurqphqw dqg hdfk vl}h ri pdunhw/ wkh pd{lpxp srvvleoh jdlqv
iurp wudgh rewdlqdeoh e| dq lqwhulp lqglylgxdoo| udwlrqdo dqg h{ dqwh exgjhw
edodqfhg phfkdqlvp1 Wkh jdlqv iurp wudgh dfklhyhg lq wkh n0GD duh doprvw
lqglvwlqjxlvkdeoh lq wkhvh frpsxwdwlrqv iurp wkrvh ri wkh frqvwudlqhg h�flhqw
phfkdqlvp/ hyhq lq pdunhwv zlwk dv ihz dv hljkw wudghuv rq d vlgh1 Wkhvh
frpsxwdwlrqv wkxv vxssruw wkh k|srwkhvlv wkdw wkh n0GD shuirupv doprvw dv
zhoo dv dq| pdunhw phfkdqlvp fdq/ hyhq lq yhu| vpdoo pdunhwv1

2 A�i 4L_i*

Kdylqj gh�qhg wkh wudglqj sureohp lq wkh lqwurgxfwlrq/ zh qh{w gh�qh pdunhw
jdphv dqg phfkdqlvpv1 Wr ehjlq/ d jhqhulf vhw ri hqylurqphqwv lv ghqrwhg dv
H1 D pdunhw jdph !

p
ri vl}h p ryhu wkh vhw ri hqylurqphqwv H frqvlvwv ri=

41 d vwudwhj| vhw Dl iru hdfk ri wkh 5p wudghuv>

51 dq rxwfrph pdsslqj �
p

=
�T

5p

l@4
D
l

�
�H �$ +^3> 4`�U,

5p
wkdw vshfl�hv

iru hdfk wudghu klv suredelolw| ri uhfhlylqj dq xqlw dorqj zlwk d prqhwdu|
wudqvihu dv ixqfwlrqv ri wkh sur�oh ri vwudwhjlhv dqg wkh hqylurqphqw>

61 wkh vhohfwlrq ri d Ed|hvldq0Qdvk htxloleulxp lq wkh jdph gh�qhg e| +4,
dqg +5, iru hdfk hqylurqphqw +J>I , 5 H17

D pdunhw phfkdqlvp ryhu H lv d vhtxhqfh � � +!
p
,p5Q lq zklfk !

p
lv d

pdunhw jdph ri vl}h p ryhu H1
H�flhqf| glfwdwhv wkdw lq hdfk vdpsoh ri 5p ydoxhv2frvwv wkh p xqlwv pxvw

eh doorfdwhg wr wkh wudghuv zlwk wkh p kljkhvw ydoxhv2frvwv1 Lq wkh h�flhqw do0
orfdwlrq/ ex|huv zkrvh ydoxhv duh dprqj wkh wrs p ydoxhv2frvwv sxufkdvh xqlwv
iurp vhoohuv zkrvh ydoxhv duh dprqj wkh p vpdoohvw ydoxhv2frvwv1 Ohw �

p
+J>I ,

ghqrwh wkh h{shfwhg srwhqwldo jdlqv iurp wudgh dprqj wkh 5p wudghuv/ frp0
sxwhg zlwk uhvshfw wr wkh mrlqw glvwulexwlrq ri wkhlu 5p ydoxhv2frvwv1 Wkh ydoxh
!
p
+J>I , ghqrwhv wkh h{shfwhg jdlqv iurp wudgh dfklhyhg e| wkh 5p wudghuv
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lq wkh vhohfwhg htxloleulxp ri wkh pdunhw jdph !p zkhq +J>I , lv wkh hqyl0

urqphqw1 Rxu phdvxuh ri lqh�flhqf| ri d pdunhw jdph lv uhodwlyh lqh�flhqf|

h+!p> J> I ,>zklfk lv wkh iudfwlrq ri wkh h{shfwhg srwhqwldo jdlqv iurp wudgh lq

wkh hqylurqphqw +J>I , wkdw duh lqh�flhqwo| qrw dfklhyhg lq wkh vhohfwhg htxl0

oleulxp ri !p=

h+!p> J> I , �
�p+J>I ,� !p+J>I ,

�p+J>I ,
= +4,

P|huvrq dqg Vdwwhuwkzdlwh +4<;6, vkrzhg lq wkh fdvh ri elodwhudo wudgh +p @

4, wkdw h+!p> J> I , A 3 lq dq| pdunhw jdph !p vdwlvi|lqj lqwhulp lqglylgxdo

udwlrqdolw| dqg h{ dqwh exgjhw edodqfh1 Wklv uhvxow zdv odwhu h{whqghg wr

duelwudu| ydoxhv ri p e| Zlooldpv +4<<:/ Wkp1 7,1 Wkhvh uhvxowv lpso| wkdw

dq lqwhulp lqglylgxdoo| udwlrqdo dqg h{ dqwh exgjhw edodqfhg phfkdqlvp � lv

qhfhvvdulo| lqh�flhqw/ uhjdugohvv ri wkh vl}h ri wkh pdunhw p1

� +it�*|t L? |�i &�#�

D n0GD phfkdqlvp �n0GD � +!n0GDp ,p5Q lv wkh vhtxhqfh ri pdunhw jdphv

ghvfulehg dw wkh ehjlqqlqj ri wklv sdshu8 wrjhwkhu zlwk wkh vhohfwlrq iru hdfk p

ri dq htxloleulxp iru wkh pdunhw ri vl}h p lq wkh hqylurqphqw +J>I , wkdw kdv

wkh iroorzlqj wkuhh surshuwlhv=

41 Wkh htxloleulxp lv v|pphwulf lq wkh vhqvh wkdw hdfk ex|hu xvhv wkh vdph

ixqfwlrq Ep+�, dqg hdfk vhoohu xvhv wkh vdph ixqfwlrq Vp+�, wr vhohfw klv

elg2dvn dv ixqfwlrqv ri klv ydoxh2frvw1

51 Dw hyhu| yl> fm 5 ^3> 4` > Ep +yl, � yl dqg Vp +fm, � fm / l1h1/ wudghuv gr qrw

xvh grplqdwhg vwudwhjlhv1

61 Wkh vhwv iyl mEp +yl, A 3j dqg ifm mVp +fm, ? 4j kdyh srvlwlyh phdvxuh/

zklfk lpsolhv wkdw wudgh rffxuv zlwk srvlwlyh suredelolw|1

Dq htxloleulxp vdwlvi|lqj 406 lv ghqrwhg kEp> Vpl1 Zlwk rxu gh�qlwlrq ri d

phfkdqlvp/ hdfk uxoh iru vhohfwlqj dq htxloleulxp gh�qhv d gl�huhqw n0GD1 Wkh

suhflvh uxoh iru fkrrvlqj dq htxloleulxp/ krzhyhu/ lv lppdwhuldo iru rxu sxusrvhv

dv orqj dv wkh vhohfwhg htxloleulxp vdwlv�hv wkhvh wkuhh surshuwlhv1 Qrwlfh wkdw

surshuw| 5 lqvxuhv wkdw hdfk htxloleulxp kEp> Vpl vdwlv�hv lqwhulp lqglylgxdo

udwlrqdolw|/ dqg wkh uxoh wkdw doo wudghv lq wkh n0GD duh frqvxppdwhg dw d

pdunhw0fohdulqj sulfh lqvxuhv wkdw hyhu| htxloleulxp vdwlv�hv h{ dqwh exgjhw

edodqfh1 Dq| n0GD phfkdqlvp wkxv vdwlv�hv wkhvh wzr frqvwudlqwv1
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Wkh iroorzlqj wkhruhp frqfhuqlqj wkh udwh dw zklfk wkh uhodwlyh lqh�flhqf|

ri wkh n0GD phfkdqlvp frqyhujhv wr }hur lv wkh pdlq uhvxow rq wkh n0GD wkdw

lv qhhghg lq wklv sdshu1

Wkhruhp 4 +Uxvwlfklql/ Vdwwhuwkzdlwh dqg Zlooldpv +4<<7,, Wkhuh h{0

lvwv d frqwlqxrxv ixqfwlrq � = U
.
5

$ U
.
5

vxfk wkdw

h+!n�#�
p

> J> I , �
�+t> t,

p5
+5,

lq dq| hqylurqphqw +J>I , vdwlvi|lqj 3 ? t � j> i � t=

Lq rwkhu zrugv/ h+!n0GD
p

> J> I , @ R
�

4

p5

�
= Wklv wkhruhp iroorzv iurp Wkhr0

uhp 615 ri Uxvwlfklql/ Vdwwhuwkzdlwh/ dqg Zlooldpv +4<<7,/ zklfk vwdwhv wkdw
h+!n0GDp >J> I , lv erxqghg deryh e| �

p5 iru vrph ixqfwlrq � ri J/ I / dqg n1

Lq +5, zh kdyh uhsodfhg � zlwk d erxqg wkdw krogv iru doo n 5 ^3> 4` dqg wkdw
h{suhvvhv wkh ghshqghqfh ri wkh erxqg rq J dqg I h{solflwo| lq whupv ri wkh

erxqgv t dqg t rq wkh ghqvlwlhv1 D ixqfwlrq �+t> t, wkdw vdwlv�hv +5, fdq eh

rewdlqhg e| zrunlqj wkurxjk wkh surriv ri Wkhruhpv 614 dqg 615 lq Uxvwlfklql/
Vdwwhuwkzdlwh/ dqg Zlooldpv +4<<7,1

Wkh h{lvwhqfh ri d n0GD phfkdqlvp iru dq hqylurqphqw +J>I , uhtxluhv wkh

h{lvwhqfh iru hdfk p ri dq htxloleulxp ri wkh irup kEp> Vpl lq wkh pdunhw ri
vl}h p1 Dv zlwk pdq| jdphv ri lqfrpsohwh lqirupdwlrq zlwk frqwlqxrxv w|sh

vsdfhv/ rqh h{shfwv wkdw htxloleuld h{lvw lq wkh n0GD iru hdfk vl}h ri pdunhw
p/ exw h{lvwhqfh lv gl�fxow wr suryh1 Wkh lvvxh ri h{lvwhqfh ri htxloleuld lv

vlghvwhsshg lq wklv sdshu e| dvvxplqj iru hdfk 3 ? t � 4 � t wkh h{lvwhqfh ri d

vhw ri hqylurqphqwv H+t> t, zlwk wkh iroorzlqj surshuwlhv=

41 Hdfk +J>I , 5 H+t> t, vdwlv�hv wkh erxqgv 3 ?t� j> i � t1

51 Iru hdfk +J>I , 5 H+t> t,/ dq htxloleulxp ri wkh irup kEp> Vpl h{lvwv lq

!
n0GD
p =

61 Wkh xqlirup hqylurqphqw +Jx> Ix, lq zklfk erwk J dqg I duh xqlirup

rq ^3> 4` lv lq H+t> t,1

Uhvwulfwlrq 4 lv lpsrvhg zlwk wkh erxqg +5, lq plqg= wkh ghqvlwlhv j dqg i

duh erxqghg deryh dqg dzd| iurp }hur lq rughu wr gh�qh d vlqjoh erxqg rq

uhodwlyh lqh�flhqf| lq wkh n0GD wkdw krogv ryhu wkh hqwluh vhw H+t> t,1 Wklv
zloo eh lpsruwdqw lq wkh zruvw0fdvh dqdo|vlv wkdw iroorzv1 Wkh h{lvwhqfh ri d vhw

ri hqylurqphqwv H+t> t, iru zklfk htxloleuld lq wkh n0GD h{lvw lv vxssruwhg e|
Ohlqlqjhu/ Olqkduw/ dqg Udgqhu +4<;<, dqg Vdwwhuwkzdlwh dqg Zlooldpv +4<;<,/

zklfk suryh wkh h{lvwhqfh ri d ydulhw| ri htxloleuld lq wkh fdvh ri !n0GD
4

+l1h1/

wkh elodwhudo n0GD, ryhu d eurdg fodvv ri hqylurqphqwv/ dqg e| Zlooldpv +4<<4,/
zkr suryhg h{lvwhqfh ri d xqltxh vprrwk htxloleulxp lq !

40GD

p +wkh 40GD, iru d

jhqhulf vhw ri hqylurqphqwv/ lqfoxglqj wkh xqlirup fdvh +Jx> Ix,= Wkh h{lvwhqfh

ri H+t> t, lv dovr vxssruwhg e| rxu h{shulhqfh zlwk frpsxwlqj htxloleuld lq wkh
n0GD/ dv looxvwudwhg ehorz lq vhfwlrq ;1

:



e A�i 4@�? hit�*|

D pdunhw jdph !p lv hydoxdwhg ryhu d vhw ri hqylurqphqwv H dffruglqj wr lwv

zruvw0fdvh uhodwlyh lqh�flhqf| hzru+!p> H,/ zklfk lv gh�qhg dv

hzru+!p> H, � vxs
+J>I ,5H

h+!p> J> I ,= +6,

Jlyhq d vhw H ri hqylurqphqwv/ d phfkdqlvp � gh�qhv d vhtxhqfh ri zruvw0fdvh
uhodwlyh lqh�flhqf| ydoxhv1 D phfkdqlvp � lv zruvw0fdvh dv|pswrwlf rswlpdo

ryhu H dprqj vrph vhw P ri phfkdqlvpv gh�qhg rq H li wkh vhtxhqfh ri zruvw0
fdvh uhodwlyh lqh�flhqf| ydoxhv iru dq| rwkhu phfkdqlvp lq P fdqqrw frqyhujh

wr }hur dw d idvwhu udwh wkdq wkh vhtxhqfh gh�qhg e| wkh phfkdqlvp �1 Wklv

qrwlrq ri rswlpdolw| lv fdswxuhg e| wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 5 Jlyhq d vhw H ri hqylurqphqwv dqg d vhw P ri phfkdqlvpv

gh�qhg rq H/ d phfkdqlvp � lv zruvw0fdvh dv|pswrwlf rswlpdo ryhu H

dprqj phfkdqlvpv lq P li/ iru dq| rwkhu phfkdqlvp �� 5 P / wkhuh h{lvwv d

frqvwdqw � 5 U. vxfk wkdw

h
zru+!p> H, � � � h

zru+!�p> H, +7,

iru doo p 5 Q1

Wkh pdlq wkhruhp ri wklv sdshu fdq qrz eh vwdwhg1

Wkhruhp 6 Iru hdfk t> t vdwlvi|lqj 3 ? t � 4 � t/ d n0GD phfkdqlvp �n�#�

lv zruvw0fdvh dv|pswrwlf rswlpdo ryhu wkh vhw ri hqylurqphqwv H+t> t, dprqj doo

lqwhulp lqglylgxdoo| udwlrqdo dqg h{ dqwh exgjhw0edodqfhg phfkdqlvpv gh�qhg

rq H+t> t,=

Wkh vwuhqjwk ri wklv uhvxow lv hpskdvl}hg e| qrwlqj wkdw wkh frqvwudlqwv wkdw

lw lpsrvhv rq d phfkdqlvp duh zhdn hqrxjk wr doorz wkh srvvlelolw| wkdw wkh

phfkdqlvp rshudwhv ryhu wlph/ frqvxppdwhv wudghv dw d qxpehu ri gl�huhqw

sulfhv/ uxqv vxusoxvhv dqg gh�flwv wkdw fdqfho rqo| lq h{shfwdwlrq/ ru frpshov

wudghuv rq rffdvlrq wr dffhsw orvvhv h{ srvw1 D juhdw ydulhw| ri pdunhw phfk0

dqlvpv duh wkxv fryhuhg e| Wkhruhp 61 Zkloh dw �uvw jodqfh wkh uhvwulfwlrq

wr wkh vhw ri hqylurqphqwv H+t> t, lq wkh wkhruhp vhhpv wr zhdnhq wkh vhqvh lq

zklfk wkh n0GD lv suryhq rswlpdo/ wkhuh duh wzr srlqwv frqfhuqlqj wkh iuhhgrp

wr fkrrvh t dqg t wkdw vkrz wkdw wklv lv qrw wkh fdvh1 Iluvw/ H+t> t, fdq lq0

foxgh d juhdw udqjh ri srvvleoh hqylurqphqwv li t fkrvhq wr eh vpdoo dqg t odujh1

Vhfrqg/ ehfdxvh wkh wkhruhp ixqgdphqwdoo| frqfhuqv zruvw0fdvh uhodwlyh lqh�0

flhqf|/ wkhuh lv d vhqvh lq zklfk wkh rswlpdolw| ri wkh n0GD lv vwuhqjwkhqhg e|

fkrrvlqj H+t> t, wr eh dq duelwudulo| vpdoo vhw/ iru lw lv lq wklv zd| pdgh fohdu

wkdw rswlpdolw| ri wkh n0GD grhv qrw ghshqg xsrq frqvlghudwlrq ri h{wuhph

hqylurqphqwv1 Dv zh qh{w glvfxvv/ wkh vshfldo fdvh ri wkh wkhruhp lq zklfk

t @ t @ 4 dqg H+t> t, frqwdlqv rqo| wkh xqlirup hqylurqphqw lv lq idfw wkh edvlv

ri wkh surri ri wkh wkhruhp1

;



Ohw �
fh

@ +!
fh
p,p5Q ghqrwh d phfkdqlvp zlwk wkh surshuw| wkdw/ iru hdfk

p dqg hdfk hqylurqphqw +J>I , lq H/ !
fh
p pd{lpl}hv wkh dfklhyhg jdlqv iurp

wudgh lq wkh hqylurqphqw +J>I , vxemhfw wr wkh frqvwudlqwv ri lqwhulp lqglylgxdo

udwlrqdolw| dqg h{ dqwh exgjhw edodqfh1
9

Dowhuqdwlyho|/ !
fh
p fdq eh ghvfulehg dv

d pdunhw jdph !p wkdw vroyhv wkh frqvwudlqhg rswlpl}dwlrq sureohp

plq
!
p

h+!p>J> I , +8,

vxemhfw wr wkh frqvwudlqwv rq !p ri lqwhulp lqglylgxdo udwlrqdolw| dqg h{ dqwh

exgjhw edodqfh1 D pdunhw jdph !
fh
p wkdw vroyhv +8, lv frqvwudlqhg h�flhqw

lq wkh hqylurqphqw +J>I ,> !
fh
p lv frqvwudlqhg h�flhqw lq H li lw vroyhv +8, iru

hyhu| +J>I , 5 H1 D phfkdqlvp �
fh

lv frqvwudlqhg h�flhqw lq +J>I , +ru H, li

hdfk ri lwv pdunhw jdphv !
fh
p lv frqvwudlqhg h�flhqw lq +J>I , +ru H,1 Vroylqj

iru !
fh
p lv wkh fhqwudo sureohp lq Ed|hvldq phfkdqlvp ghvljq1 Wkh h{lvwhqfh

dqg wkh surshuwlhv ri �
fh

zloo eh glvfxvvhg lq vhfwlrq 91 Qrwlfh wkdw dq|

lqwhulp lqglylgxdoo| udwlrqdo dqg h{ dqwh exgjhw0edodqfhg phfkdqlvp � gh�qhg

rq H+t> t, vdwlv�hv

h
zru

+!p> H+t> t,, � h+!p> J
x
> I

x
, � h+!

fh
p> J

x
> I

x
, +9,

iru hdfk p/ zkhuh wkh �uvw lqhtxdolw| lv wuxh ehfdxvh +J
x
> I

x
, 5 H+t> t, dqg

wkh vhfrqg krogv ehfdxvh !
fh
p vroyhv +8,1 Dv ghprqvwudwhg ehorz/ Wkhruhp 6 lv

d frqvhtxhqfh ri wkh iroorzlqj wkhruhp1

Wkhruhp 7 Wkhuh h{lvwv d srvlwlyh qxpehu � vxfk wkdw

h+!
fh
p> J

x
> I

x
, �

�

p5
= +:,

Hvwdeolvklqj wklv orzhu erxqg rq wkh uhodwlyh lqh�flhqf| ri wkh frqvwudlqhg

h�flhqw phfkdqlvp lq wkh xqlirup hqylurqphqw frqvwlwxwhv prvw ri wkh irupdo

dqdo|vlv ri wkh sdshu1 Wklv wkhruhp lv suryhq lq vhfwlrqv 9 dqg :1 Zh qrz

vkrz krz wkh surri ri rxu pdlq uhvxow iroorzv gluhfwo| iurp lw1

Surri ri Wkhruhp 61 Ohwwlqj � ghqrwh dq dowhuqdwlyh phfkdqlvp gh�qhg

rq H+t> t,/ zh qhhg wr �qg d srvlwlyh qxpehu � wkdw vdwlv�hv/ iru doo p 5 Q>

h
zru

+!
n�GD
p > H+t> t,, � �+h

zru
+!p> H+t> t,,,=

Lqhtxdolwlhv +9, dqg +:, wrjhwkhu lpso|

h
zru

+!p> H+t> t,, �
�

p5
@

�
�

�+t> t,

��
�+t> t,

p5

�
=

Wkhruhp 4 wkhq lpsolhv

hzru+!
p
> H+t> t,, �

�
�

�+t> t,

�
hzru+!n�GD

p
> H+t> t,,=

Wkh surri lv wkhq frpsohwhg e| vhwwlqj � @
�+t>t,

�
=
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Wkhruhp 6 dssolhv d phwkrg xvhg lq frpsxwhu vflhqfh iru wkh dv|pswrwlf dqdo0

|vlv ri dojrulwkpv1 Zh qrz glvfxvv wklv phwkrg lq rughu wr foduli| wkh phdqlqj

ri rxu uhvxow1 D jhqhudo wkhru| ri wkh dv|pswrwlf dqdo|vlv ri dojrulwkpv lv
ghyhorshg lq Wudxe/ Zdvlonrzvnl/ dqg Zr}qlnrzvnl +4<;;/ Fk1 43,1 Iru vlp0

solflw|/ zh glvfxvv wklv phwkrg khuh lq wkh idploldu sureohp ri dssur{lpdwlqj dq
lqwhjudo ri d ixqfwlrq/ zkhuh wkh dqdorj| wr wkh pdunhw sureohp lv wudqvsduhqw1

Wklv dqdorj| lv vxppdul}hg lq Wdeoh 41

Lq wkh vdph zd| wkdw d pdunhw sureohp lv vshfl�hg e| dq hqylurqphqw +J>I ,/
dq lqwhjudwlrq sureohp lv vshfl�hg e| d frqwlqxrxv ixqfwlrq k = ^3> 4`$ U1 Wkh

vroxwlrq �+k, ri wkh lqwhjudwlrq sureohp lv wkh h{dfw ydoxh ri
U
4

3
k+w,gw1 Wkh

jrdo ri wkh lqwhjudwlrq sureohp lv wr dssur{lpdwh �+k, nqrzlqj rqo| wkh ydoxhv
ri k dw wkh p. 4 srlqwv i l

p
m 3 � l � pj1 Dq dojrulwkp � iru dssur{lpdwlqj

�+k, lv d vhtxhqfh � @ +!
p
,
p5Q lq zklfk !

p
lv d ixqfwlrq ri wkh p. 4 ydoxhv

k+3,> k+ 4

p
,> = = = > k+p�4

p
,> k+4,1 Jlyhq dq dojrulwkp �/ wkh vroxwlrq �+k, iru dq

duelwudu| F5 ixqfwlrq k fdqqrw eh frpsxwhg h{dfwo| e| !
p
iru dq| �qlwh ydoxh ri

p1 Wklv lv dqdorjrxv wr wkh sureohp dq rxwvlghu zrxog idfh lq wu|lqj wr dfklhyh

doo jdlqv iurp wudgh nqrzlqj rqo| wkh uhsruwhg ydoxhv2frvwv ri wkh wudghuv= huuru
lv ixqgdphqwdoo| sduw ri hdfk sureohp1

Lw lv frpprq wr phdvxuh dq dojrulwkp lq wkh lqwhjudwlrq sureohp xvlqj
devroxwh huuru/ zklfk lv gh�qhg iru dq dojrulwkp �/ d ixqfwlrq k/ dqg d ydoxh ri

p dv

h+!
p
> k, � m�+k,� !

p
+k,m =

Lw lv vrphwlphv pruh phdqlqjixo lq wkh hydoxdwlrq ri dojrulwkpv wr vwxg| uhodwlyh

huuru/ l1h1/

m�+k,� !
p
+k,m

m�+k,m
=

Rxu qrwlrq ri uhodwlyh lqh�flhqf| lv dqdorjrxv wr uhodwlyh huuru1 Zh xvh d
uhodwlyh phdvxuh ri huuru lq sduw ehfdxvh wkh vroxwlrq +ru h{shfwhg srwhqwldo

jdlqv iurp wudgh, �p+J>I , wkdw lv dssur{lpdwhg lq wkh pdunhw sureohp jurzv
olqhduo| zlwk wkh vl}h ri wkh pdunhw p1

Dq| uhdvrqdeoh dojrulwkp iru wkh lqwhjudwlrq sureohp vkrxog dssur{lpdwh

�+k, pruh dffxudwho| dv p lqfuhdvhv1 Irupdoo|/ wklv phdqv

olp
p�$4

h+!
p
> k, @ 3

iru doo k1 Dojrulwkpv gl�hu/ krzhyhu/ lq krz txlfno| wkhlu huuruv frqyhujh wr

}hur1 Lq rughu wr sxuvxh d zruvw0fdvh dqdo|vlv ri dojrulwkpv iru wkh lqwhjudwlrq

sureohp/ zh qrz dvvxph wkdw k lv F5 dqg vdwlv�hv
�
�gk
g{

�
� >

�
�
�
g
5
k

g{5

�
�
� � t iru vrph
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Wdeoh 4= Wkh Dqdorj| Ehwzhhq wkh Pdunhw Doorfdwlrq Sureohp dqg

wkh Lqwhjudwlrq Sureohp
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t 5 U.1 Ohw H+t, ghqrwh wkh vhw ri F5
ixqfwlrqv rq ^3> 4` wkdw vdwlvi| wkhvh

erxqgv1 Lw lv zhoo0nqrzq dprqj wkrvh zkr vwxg| wkh lqwhjudwlrq sureohp wkdw

hzru+!
p
> H+t,, � vxs

k5H+t,

h+!
p
> k, �

�t

p5
+;,

iru vrph frqvwdqw �1: Wklv lv dqdorjrxv wr rxu Wkhruhp 71 Wkh wudsh}rlg

dojrulwkp �
wu

dssur{lpdwhv

U 4

3
k+{,g{ e|

!wu
p

�
k+3,> k

�
4

p

�
> = = = > k +4,

�
�

4

p

#
k+3, . k+4,

5
.

p�4[
l@4

k

�
l

p

�$
=

Lwv huuru vdwlv�hv wkh erxqg

h+!
wu

p
> k, �

t

45p5
+<,

iru doo k 5 H+t, +Gdylv dqg Udelqrzlw}/ 4<:8/ s175,= Dqdorjrxv wr wkh n0GD/

lw lv fohdu iurp +;, dqg +<, wkdw wkh wudsh}rlg uxoh lv d zruvw0fdvh dv|pswrwlf

rswlpdo dojrulwkp ryhu H+t,1

Zkloh zruvw0fdvh dv|pswrwlf rswlpdolw| grhv qrw ghwhuplqh d xqltxh do0

jrulwkp lq hlwkhu ri wkhvh sureohpv/ lw grhv glvwlqjxlvk vrph dojrulwkpv dv

pdunhgo| lqihulru1 Lq wkh lqwhjudwlrq sureohp/ wkh plgsrlqw dojrulwkp +gh�qhg

iru hyhq ydoxhv ri p, lv dovr zruvw0fdvh dv|pswrwlf rswlpdo ryhu H+t, +Gdylv dqg

Udelqrzlw} +4<:8/ s175,,/ dv lv Vlpsvrq*v Dojrulwkp1 Wkh uhfwdqjoh dojrulwkp

�
uhf

lv gh�qhg e| wkh irupxod

!uhf
p

�
k+3,> k

�
4

p

�
> = = = > k +4,
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�

4

p

p�4[
l@3

k
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l

p

�
=

Lwv zruvw0fdvh huuru vdwlv�hv
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p
> H+t,, @

t

5p
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dqg vr lw lv dq lqihulru dojrulwkp1
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Lq wkh pdunhw sureohp/ wkh jhqhudol}dwlrq ri wkh �{hg0sulfh phfkdqlvp ri

Kdjhuw| dqg Urjhuvrq +4<;8, wr pdunhwv ri duelwudu| vl}h kdv d uhodwlyh lqh�0

flhqf| wkdw lv dw ohdvw
�s
p

iru vrph � 5 U
. +Juhvln dqg Vdwwhuwkzdlwh +4<;</

s1 64<,,1 Wkh dv|pswrwlf dssurdfk udqnv wklv phfkdqlvp dv lqihulru/ zklfk

vxssruwv frpprq hfrqrplf lqwxlwlrq1 Wkhuh duh wzr rwkhu phfkdqlvpv eh0

vlghv wkh n0GD wkdw duh nqrzq wr eh zruvw0fdvh dv|pswrwlf rswlpdo1 Iluvw/

wkh frqvwudlqhg h�flhqw phfkdqlvp �fh lv lwvhoi zruvw0fdvh dv|pswrwlf rswlpdo

ryhu dq| vhw H ri hqylurqphqwv rq zklfk lw lv gh�qhg1 Vhfrqg/ PfDihh +4<<5,

ghvljqhg dq lqwhulp lqglylgxdoo| udwlrqdo phfkdqlvp wkdw jhqhudwhv d prqhwdu|

vxusoxv1 H{ dqwh sd|phqwv fdq eh ghylvhg wr uhwxuq wkh h{shfwhg vxusoxv wr

wkh wudghuv dqg wkhuhe| lqvxuh wkdw wkh h{ dqwh exgjhw frqvwudlqw lv vdwlv�hg

zlwk htxdolw|1 Li vxfk sd|phqwv duh lqfoxghg dv sduw ri wkh phfkdqlvp/ wkhq lw

wrr lv zruvw0fdvh dv|pswrwlf rswlpdo ryhu H+t> t,1

Vxfk h{ dqwh sd|phqwv/ krzhyhu/ pxvw ydu| zlwk wkh hqylurqphqw1 Dowhuhg

lq wklv zd|/ PfDihh*v phfkdqlvp vkduhv wkh �dz ri wkh frqvwudlqhg h�flhqw

phfkdqlvp/ zklfk lv wkdw lwv rxwfrph ixqfwlrq ghshqgv xsrq wkh hqylurqphqw1

Wklv �dz uhqghuv d pdunhw phfkdqlvp lpsodxvleoh iru dfwxdo xvh1 Li vxfk

sd|phqwv duh glvdoorzhg lq PfDihh*v phfkdqlvp dqg wkh vxusoxv lv lqvwhdg uh0

jdughg dv d frvw ri duudqjlqj wudgh/ wkhq lwv zruvw0fdvh huuru lv dw ohdvw �
p

iru

vrph � 5 U. +Uxvwlfklql/ Vdwwhuwkzdlwh/ dqg Zlooldpv/ 4<<5,1 PfDihh*v phfk0

dqlvp zlwkrxw sd|phqwv lv wkxv lqihulru wr wkh n0GD lq d zruvw0fdvh dv|pswrwlf

dqdo|vlv1 Wkrxjk zh vxvshfw wkdw rwkhu phfkdqlvpv ehvlghv wkh n0GD fdq eh

erwk zruvw0fdvh dv|pswrwlf rswlpdo dqg urexvw lq wkh vhqvh wkdw wkhlu rxwfrph

ixqfwlrqv gr qrw ydu| zlwk wkh hqylurqphqw/ h{dpsohv ri vxfk phfkdqlvpv kdyh

qrw |hw ehhq irxqg1

S A�i UL?t|h@�?i_ i�U�i?| 4iU�@?�t4

Doo wkdw uhpdlqv wr eh suryhq lv Wkhruhp 7/ zklfk erxqgv ehorz wkh huuru

h+!
fh
p> Jx> Ix, ri wkh frqvwudlqhg h�flhqw pdunhw jdph !

fh
p lq wkh xqlirup hq0

ylurqphqw +Jx> Ix, e|
�
p5 = Wkh sxusrvh ri wklv vhfwlrq lv wr hvwdeolvk vhyhudo

uhvxowv frqfhuqlqj �fh wkdw duh qhhghg lq vhfwlrq : iru wkh surri ri Wkhruhp 71

Ohw � 5 ^3> 4`= D nh| wr fkdudfwhul}lqj wklv phfkdqlvp lv d wudghu*v �0yluwxdo

xwlolw|/ zklfk lv gh�qhg iru d ex|hu2vhoohu dv d ixqfwlrq ri klv sulydwho|0nqrzq

ydoxh2frvw e| wkh iroorzlqj irupxodv= d ex|hu*v �0yluwxdo xwlolw| ixqfwlrq lv

�e
�+yl, � yl . �

J+yl,� 4

j+yl,
>

dqg d vhoohu*v �0yluwxdo xwlolw| ixqfwlrq lv

�v
�+fm, � fm . �

I +fm,

i+fm,
=

Wkh hqylurqphqw +J>I , lv uhjxodu li/ iru hdfk �/ wkh ixqfwlrqv �e
� +�, >�

v
� +�, duh

lqfuhdvlqj rq ^3> 4`1 Wkh xqlirup hqylurqphqw lv uhjxodu dqg wkh glvfxvvlrq lq

wklv vhfwlrq lv uhvwulfwhg wr uhjxodu hqylurqphqwv1
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Iru d vdpsoh ri 5p ydoxhv2frvwv ri wkh wudghuv/ ohw w+m, ghqrwh wkh mwk vpdoohvw
�0yluwxdo xwlolw| dprqj wkh fruuhvsrqglqj 5p �0yluwxdo xwlolwlhv=

w+4, � w+5, � = = = � w+5p,=

Uhfdoo wkdw wkh gh�qlwlrq ri d pdunhw phfkdqlvp � vshfl�hv dq htxloleulxp lq
hdfk pdunhw jdph !p iru hdfk hqylurqphqw +J>I ,1 Iru d jlyhq � 5 ^3> 4`> d
pdunhw jdph !p lv dq �0pdunhw jdph lq wkh hqylurqphqw +J>I , li !p doorfdwhv
wkh p xqlwv wr ex|huv dqg vhoohuv zkrvh �0yluwxdo xwlolwlhv duh dprqj wkh wrs p

ydoxhv w+p.4, � w+p.5, � = = = � w+5p,1 Wudghv wkxv rffxu lq dq �0pdunhw jdph
ehwzhhq ex|huv zkrvh �0yluwxdo xwlolwlhv duh dw ohdvw w+p.4, dqg vhoohuv zkrvh �0
yluwxdo xwlolwlhv duh qr pruh wkdq w+p,1 Iru d vhtxhqfh D @ +�p,p5Q/ d pdunhw
phfkdqlvp � lv dq D0phfkdqlvp lq wkh hqylurqphqw +J>I , li iru hdfk p wkh
pdunhw jdph !p lv dq �p0pdunhw jdph lq wklv hqylurqphqw1 Dv vxppdul}hg
lq wkh wkhruhp ehorz/ wkh nh| lqvljkw ri wkh Juhvln0Vdwwhuwkzdlwh ghulydwlrq
ri wkh frqvwudlqhg h�flhqw phfkdqlvp lv wkdw dq lqwhulp lqglylgxdoo| udwlrqdo/
h{ dqwh exgjhw edodqfhg phfkdqlvp lv frqvwudlqhg h�flhqw lq wkh hqylurqphqw
+J>I , li dqg rqo| li lw lv dq D�0phfkdqlvp iru d sduwlfxodu vhtxhqfh D� �

+��p+J>I ,,p5Q gh�qhg ehorz1 Wklv lqvljkw lv d jhqhudo sulqflsoh ri Ed|hvldq
phfkdqlvp ghvljq1<

Ehfdxvh doorfdwlrq dffruglqj wr �0yluwxdo xwlolwlhv lv fhqwudo wr wkh glvfxvvlrq
ri frqvwudlqhg h�flhqf|/ lw lv khosixo wr ghyhors vrph lqwxlwlrq ehiruh surfhhglqj
wr wkh wkhruhp1 Qrwlfh wkdw

�e
3+yl, � yl dqg �v

3+fm, � fm >

dqg vr wkh p lwhpv duh doorfdwhg lq dq � @ 3 pdunhw jdph dffruglqj wr wkh wuxh
ydoxhv2frvwv ri wkh wudghuv1 Dq � @ 3 pdunhw jdph lv wkxv h�flhqw> dv qrwhg
hduolhu/ krzhyhu/ lw fdqqrw dovr eh erwk h{ dqwh exgjhw edodqfhg dqg lqwhulp
lqglylgxdoo| udwlrqdo1 Qrwlfh dovr wkdw �e

�+3, ? 3> �v
�+4, A 4>

y ��e
�+y, @ �

4�J+y,

j+y,
� 3>

dqg

�v
�+f,� f @ �

I +f,

i+f,
� 3=

H{fhsw lq wkh fdvh ri y @ 4/ f @ 3 ru � @ 3/ d ex|hu*v �0yluwxdo xwlolw| lv
wkxv ohvv wkdq klv ydoxh dqg d vhoohu*v �0yluwxdo xwlolw| h{fhhgv klv frvw/ zlwk wkh
gl�huhqfhv lqfuhdvlqj lq �1 Lqfuhdvlqj wkh ydoxh ri � glvwruwv wkh doorfdwlrq
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ri d �0pdunhw jdph ixuwkhu dqg ixuwkhu dzd| iurp h�flhqf|1 Doorfdwlqj wkh

p xqlwv wr wkrvh wudghuv zlwk wkh odujhvw �0yluwxdo xwlolwlhv wkhuhiruh ehfrphv

lqfuhdvlqjo| lqh�flhqw dv � lqfuhdvhv1 Lw vkrxog qrw eh vxusulvlqj wkdw wkh

nh| lvvxhv lq wkh uhpdlqghu ri wkh sdshu duh +l, wkh udwh dw zklfk wkh vhtxhqfh

+��p+Jx
> I

x,,p5Q wkdw ghwhuplqhv wkh frqvwudlqhg h�flhqw phfkdqlvp lq wkh

xqlirup hqylurqphqw ghfuhdvhv wr }hur dv p lqfuhdvhv wr lq�qlw|/ dqg +ll, wkh

uhodwlrqvkls ehwzhhq wklv udwh dqg wkh udwh dw zklfk h+!fhp> J
x> Ix, frqyhujhv wr

}hur1

Vrph qrwdwlrq lv qhhghg wr vwdwh wkh wkhruhp1 Ohw �p � +y4> ===> yp> f4> ===fp,

ghqrwh d vdpsoh ri 5p ydoxhv2frvwv1 Jlyhq �p dqg � 5 ^3> 4`/ iru ex|hu l gh�qh

sl�+�p, dv

s
l
�+�p, �

�
4 li �e

�+yl, � w+p.4,

3 li �e
�+yl, ? w+p.4,

>

dqg iru wkh mwk vhoohu gh�qh tm�+�p, dv

t
m
�+�p, �

�
4 li �v

�+fm, � w+p,

3 li �v
�+fm, A w+p,

=

Wkhvh duh lqglfdwru ixqfwlrqv wkdw htxdo rqh li dqg rqo| li wkh wudghu wudghv lq

wkh jlyhq vdpsoh � zkhq lwhpv duh doorfdwhg e| dq �0pdunhw jdph1 Gh�qh wkh

ixqfwlrq Vxu+�>p>J> I , e| wkh irupxod

Vxu+�>p>J> I , � H

5
7# p[

l@4

�e
4
+yl,s

l
�+�p,

$
�

3
C p[

m@4

�v
4
+fm,t

m
�+�p,

4
D
6
8 = +43,

Wklv ixqfwlrq lv fuxfldo ehfdxvh wkh htxdwlrq Vxu+�>p>J> I , @ 3 ghwhuplqhv

wkh ydoxh ri ��
p
+J>I , wkdw fkdudfwhul}hv wkh frqvwudlqhg h�flhqw pdunhw jdph

lq wklv hqylurqphqw1 Wkh udwkhu frpsolfdwhg irupxod +43, �wv wkh vwdqgdug

irupdw ri vxfk irupxodv lq Ed|hvldq phfkdqlvp ghvljq sureohpv1 Iruwxqdwho|/

zh zloo ghyhors ehorz dq dowhuqdwlyh wr +43, wkdw dyrlgv pxfk ri lwv frpsoh{lw|1

Wkhruhp 8 +Juhvln dqg Vdwwhuwkzdlwh/ 4<;6, Wkh iroorzlqj vwdwhphqwv

duh wuxh lq wkh fdvh ri d uhjxodu hqylurqphqw +J>I ,1

41 Iru hdfk p � 4/ wkhuh h{lvwv d xqltxh ��
p
+J>I , 5 +3> 4, wkdw vdwlv�hv

Vxu+��
p
+J>I ,>p>J> I , @ 3=

51 Ohw D� � +��
p
+J>I ,,

p5Q1 D frqvwudlqhg h�flhqw phfkdqlvp h{lvwv lq

wkh hqylurqphqw +J>I , dqg lv dq D�0phfkdqlvp1 Frqyhuvho|/ dq| D�0

phfkdqlvp wkdw vdwlv�hv lqwhulp lqglylgxdo udwlrqdolw| dqg h{ dqwh exgjhw

edodqfh lv frqvwudlqhg h�flhqw lq wklv hqylurqphqw1

Wkhruhp 8 frpelqhv d qxpehu ri uhvxowv lq Juhvln dqg Vdwwhuwkzdlwh +4<;6,
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wr fkdudfwhul}h wkh frqvwudlqhg h�flhqw pdunhw jdph143/44 Ri juhdwhvw lqwhuhvw
iru rxu sxusrvhv lv dq lqwhusuhwdwlrq ri Vxu+�>p>J> I , wkdw iroorzv gluhfwo|
iurp wkhlu ghulydwlrq ri wklv jdph1 Frqvlghu dq| �0pdunhw jdph !

p
lq wkh

pdunhw ri vl}h p zlwk wkh surshuw| wkdw dq| ex|hu l zkrvh ydoxh yl htxdov }hur
dqg dq| vhoohu m zkrvh frvw fm htxdov rqh kdv/ frqglwlrqdo rq klv ydoxh2frvw/ dq
h{shfwhg sd|r� htxdo wr }hur iurp sduwlflsdwlqj lq !

p
1 Dvvxph dovr wkdw !

p
lv

lqwhulp lqglylgxdoo| udwlrqdo exw qrw qhfhvvdulo| h{ dqwh exgjhw edodqfhg/ l1h1/
wkh h{shfwhg jdlqv iurp wudgh wkdw !

p
jhqhudwhv pd| gl�hu iurp wkh vxp ri wkh

h{shfwhg sd|r�v wkdw lw glvwulexwhv wr wkh wudghuv1 Wkh txdqwlw| Vxu +�>p>J> I ,
htxdov wklv pdunhw jdph*v h{shfwhg vxusoxv/ l1h1/

Vxu +�>p>J> I , @ wkh h{shfwhg jdlqv iurp wudgh jhqhudwhg

e| wkh �0pdunhw jdph !
p

+44,

� wkh vxp ri wkh h{ dqwh h{shfwhg sd|r�v uhfhlyhg

e| wkh 5p wudghuv lq wklv pdunhw jdph=

Wklv lqwhusuhwdwlrq ri Vxu +�>p>J>I , lv lpsruwdqw ehfdxvh lw zloo eh xvhg wr
hvwdeolvk d irupxod iru wklv ixqfwlrq wkdw lv vxevwdqwldoo| vlpsohu wkdq +43,145

Zh frqvlghu qh{w wkh idplo| ri wzr0sulfh D0phfkdqlvpv/ zklfk lv d sduwlfxodu
idplo| ri D0phfkdqlvpv lq zklfk d ex|hu zlwk ydoxh }hur dqg d vhoohu zlwk frvw
rqh hdfk kdyh dq lqwhulp h{shfwhg sd|r� ri }hur1 D irupxod iru wkh h{shfwhg
vxusoxv Vxu +�>p>J> I , lv ghulyhg ehorz iurp wkh ihdwxuhv ri wklv idplo| ri
phfkdqlvpv1 Wkh lqwhusuhwdwlrq ri Vxu +�>p>J> I , dv wkh h{shfwhg vxusoxv
hvwdeolvkhv wkdw wklv dowhuqdwlyh irupxod lv htxlydohqw wr +43,/ zklfk zrxog eh
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gl�fxow wr suryh e| gluhfwo| uhgxflqj rqh ri wkhvh irupxodv lqwr wkh rwkhu1 Wklv

dowhuqdwlyh irupxod iru Vxu +�>p>J> I , pdnhv lw pxfk hdvlhu wr h{dplqh krz

wkh ydoxh ��
p
+J>I , wkdw fkdudfwhul}hv wkh frqvwudlqhg h�flhqw pdunhw jdph

ydulhv dv p lqfuhdvhv1

Iru d jlyhq vhtxhqfh D � +�p,p5Q> gh�qh wkh wzr0sulfh D0phfkdqlvp

�5>D @
�
!5>Dp

�
p5Q

dv iroorzv1 Iru jlyhq p> vwduwlqj zlwk ydoxhv2frvwv dv

uhsruwhg e| wkh wudghuv/ frpsxwh wkh �p0yluwxdo xwlolwlhv dv ixqfwlrqv ri wkhvh

uhsruwv dqg udqn wkh uhvxowv1 Doorfdwh wkh p xqlwv wr wkh wudghuv zkrvh �p0

yluwxdo xwlolwlhv duh wkh p odujhvw +l1h1/ wkrvh dw ru deryh w+p.4,,> lwhpv duh

doorfdwhg lq wkh fdvh ri d wlh ri w+p, @ w+p.4, �uvw e| dvvljqlqj lwhpv wr wkrvh

wudghuv zkrvh �p0yluwxdo xwlolwlhv duh vwulfwo| deryh w+p.4,/ vhfrqg wr ex|huv

zkrvh �p0yluwxdo xwlolwlhv htxdo w+p.4,/ dqg odvw wr vhoohuv zkrvh �p0yluwxdo

xwlolwlhv htxdo w+p.4,/ xvlqj d idlu orwwhu| zkhqhyhu qhfhvvdu|1 Hdfk ex|hu zkr

sxufkdvhv d xqlw sd|v +�e
�p

,�4+w+p,, dv klv sulfh dqg hdfk vhoohu zkr vhoov klv

xqlw uhfhlyhv +�v
�p

,�4+w+p.4,,1 Wudghuv zkr idlo wr wudgh qhlwkhu uhfhlyh qru sd|

d prqhwdu| wudqvihu1 Dv glvfxvvhg ehorz/ uhsruwlqj rqh*v wuxh ydoxh2frvw lv wkh

xqltxh grplqdqw vwudwhj| iru hdfk wudghu lq wklv pdunhw jdph1 Lq wklv grplqdqw

vwudwhj| htxloleulxp/ wkhp lwhpv duh doorfdwhg wr wudghuv zkrvh �p0yluwxdo xwlo0

lwlhv duh dprqj wkh p odujhvw/ zklfk frq�upv wkdw wklv lv dq �p0pdunhw jdph1

Wkh vhohfwlrq ri wklv htxloleulxp iru hdfk p dqg hdfk +J>I , frpsohwhv wkh

gh�qlwlrq ri wkh wzr0sulfh D0phfkdqlvp1

Lq rughu wr yhuli| wkdw krqhvw uhsruwlqj gh�qhv wkh xqltxh grplqdqw vwudwhj|

htxloleulxp/ frqvlghu d ex|hu zlwk ydoxh y zkr frqvlghuv uhsruwlqj y�1 Ohw x+p,

ghqrwh wkh pwk vpdoohvw �p0yluwxdo xwlolw| dprqj wkh 5p� 4 ydoxhv frpsxwhg

xvlqj wkh uhsruwv ri wkh rwkhu wudghuv1 Wkh vhohfwhg ex|hu*v h{ srvw sd|r� lv=

y � +�e
�p

,�4+x+p,, li �e
�p

+y�, A x+p,>

�+y � +�e
�p

,�4+x+p,,, li �e
�p

+y�, @ x+p,> +45,

3 li �e
�p

+y�, ? x+p,=

Lq +45, � uhsuhvhqwv wkh suredelolw| wkdw wkh vhohfwhg ex|hu uhfhlyhv dq lwhp li

udqgrpl}dwlrq lv qhhghg wr frpsohwh wkh doorfdwlrq1 Wkh ydoxh ri � ghshqgv

rqo| xsrq wkh ydoxhv dqg frvwv uhsruwhg e| wkh 5p � 4 rwkhu wudghuv1 Lw lv

fohdu iurp +45, wkdw wkh vhohfwhg ex|hu pd{lpl}hv klv h{ srvw sd|r� wkurxjk klv

fkrlfh ri y� li kh uhfhlyhv y� +�e
�p

,�4+x+p,, zkhq lw lv srvlwlyh dqg }hur zkhq

lw lv qrw1 Uhjxodulw| lpsolhv wkdw

y � +�e
�p

,�4+x+p,, A 3/ �e
�p

+y, A x+p,=

Wklv htxlydohqfh lpsolhv wkdw y� @ y lv wkh xqltxh uhsruw wkdw jxdudqwhhv wkh

vhohfwhg ex|hu uhfhlyhv y�+�e
�p

,�4+x+p,, h{dfwo| zkhq lw lv srvlwlyh1 Vlplodu wr

wkh vhfrqg0sulfh Ylfnuh| dxfwlrq/ lw iroorzv wkdw y� @ y lv wkh vhohfwhg ex|hu*v

xqltxh grplqdqw vwudwhj|1 D vlplodu dujxphqw hvwdeolvkhv wkdw krqhvwo| uh0

sruwlqj klv frvw lv wkh xqltxh grplqdqw vwudwhj| ri hyhu| vhoohu1 Qrwlfh wkdw

wlhv dprqj wkh �p0yluwxdo xwlolwlhv rffxu zlwk suredelolw| }hur lq wklv grplqdqw

4:



vwudwhj| htxloleulxp1 Frqvhtxhqwo| zh ljqruh wklv hyhqw lq wkh uhpdlqghu ri

wklv sdshu1

Wzr surshuwlhv ri wklv phfkdqlvp duh qrwhzruwk|1 Iluvw/ wkh grplqdqw

vwudwhj| htxloleulxp lv lqwhulp lqglylgxdoo| udwlrqdo1 D ex|hu zlwk ydoxh yl
wudghv rqo| li �e

�p
+yl, � w+p,/ zklfk/ e| wkh dvvxpswlrq ri uhjxodulw|/ lpsolhv

wkdw yl � +�e
�p

,�4+w+p,,1 Wkh sulfh +�e
�p

,�4+w+p,, kh sd|v zkhq kh ex|v

lv wkxv qr pruh wkdq klv ydoxh yl1 D vlplodu dujxphqw vkrzv wkdw wkh sulfh

uhfhlyhg e| d vhoohu lv dw ohdvw dv odujh dv klv frvw1 Vhfrqg/ d ex|hu zlwk ydoxh

yl @ 3 ru d vhoohu zlwk frvw fm @ 4 kdv dq h{shfwhg sd|r� htxdo wr }hur ehfdxvh

d wudghu zlwk wklv ydoxh ru frvw qhyhu wudghv1 Li ex|hu l/ iru lqvwdqfh/ kdv ydoxh

yl @ 3> wkhq klv yluwxdo xwlolw| lv �e
�p

+3, ? 3= Wkh �p0yluwxdo xwlolw| ri d vhoohu

zlwk frvw fm @ 3 lv �e
�p

+3, @ 31 Uhjxodulw| wkxv lpsolhv wkdw wkh �p0yluwxdo

xwlolwlhv ri wkh p vhoohuv vxuho| h{fhhg wkh �p0yluwxdo xwlolw| ri wkh lwk ex|hu1

Wkh lwk ex|hu wkxv qhyhu wudghv/ iru klv �p0yluwxdo xwlolw| fdqqrw eh dprqj wkh

p odujhvw1

Uhfdoo iurp wkh glvfxvvlrq ri +44, wkdw ehfdxvh d wzr0sulfh D0phfkdqlvp

kdv wkhvh wzr surshuwlhv/ wkh h{shfwhg vxusoxv lq !5>Dp lv Vxu+�p>p>J> I ,1

Zh qrz ghulyh d irupxod iru Vxu+�p>p>J> I , iurp wklv phfkdqlvp1 Ohw

K
�
w+p,> w+p.4,

�
ghqrwh wkh h{shfwhg qxpehu ri wudghv frqglwlrqdo rq wkh ydoxhv

ri wkh pwk dqg wkh +p.4,vw �p0yluwxdo xwlolwlhv w+p, dqg w+p.4,1 Wkh h{shfwhg

vxusoxv frqglwlrqdo rq w+p, dqg w+p.4, lv

K
�
w+p,> w+p.4,

� ��
�e
�p

�
�4 �

w+p,

�
�

�
�v
�p

�
�4 �

w+p.4,

��
> +46,

ehfdxvh
�
�e
�p

�
�4 �

w+p,

�
lv wkh sulfh wkdw ex|huv sd| dqg +�v

�,
�4 �

w+p.4,

�
lv wkh

sulfh wkdw vhoohuv uhfhlyh1 Qrwlfh wkdw

+�e
�p

,�4+w+p,, � w+p, dqg +�v
�p

,�4+w+p.4,, � w+p.4,=

Frqvhtxhqwo|/ hyhq wkrxjk w+p.4, � w+p,/ wkh sulfh +�
e
�p

,�4+w+p,, sdlg e| ex|0

huv fdq eh hlwkhu deryh/ ehorz ru htxdo wr wkh sulfh +�v
�p

,�4+w+p.4,, uhfhlyhg

e| vhoohuv/ ghshqglqj rq wkh ydoxhv ri �p/ w+p, dqg w+p.4,= Wkh frqglwlrqdo

h{shfwhg vxusoxv +46, fdq wkxv eh hlwkhu srvlwlyh/ qhjdwlyh/ ru }hur1 Wdn0

lqj h{shfwdwlrqv zlwk uhvshfw wr wkh mrlqw glvwulexwlrq ri w+p, dqg w+p.4, dqg

uhsodflqj �p zlwk wkh jhqhulf sdudphwhu � surgxfhv wkh ghvluhg irupxod iru

Vxu+�>p>J> I ,=

Vxu+�>p>J> I , @ +47,

H

k
K

�
w+p,> w+p.4,

� ��
�e
�

�
�4 �

w+p,

�
� +�v

�,
�4 �

w+p.4,

��l
=

Ht1 +47, lv fohduo| gl�huhqw iurp wkh vwdqgdug uhsuhvhqwdwlrq ri Vxu+�>p>J> I ,

lq +43,/ iru +47, ghshqgv xsrq erwk wkh wudqvihuv dqg wkh doorfdwlrq uxoh lq wkh

wzr0sulfh D0phfkdqlvp zkloh +43, ghshqgv rqo| xsrq wkh doorfdwlrq uxoh1

4;
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Wkh dowhuqdwlyh irupxod +47, iru wkh h{shfwhg vxusoxv lv ydoxdeoh ehfdxvh lw

pdnhv wkh htxdwlrq Vxu+��
p
+Jx> Ix,>p>Jx> Ix, @ 3 vroydeoh iru d orzhu erxqg

rq ��p+J
x> Ix,1 Wklv erxqg lv ghulyhg ehorz lq Ohppd 91 Wkh erxqg lv

wkhq xvhg lq Wkhruhp 7 wr hvwdeolvk wkh ghvluhg orzhu erxqg rq h+!fhp> J
x> Ix,1

Ehfdxvh wkhvh wzr uhvxowv frqfhuq rqo| wkh xqlirup hqylurqphqw +Jx> Ix, dqg

d �{hg pdunhw vl}h p/ _��p+J
x> Ix,% lv uhsodfhg lq wklv vhfwlrq e| wkh jhqhulf

sdudphwhu _�%/ h{fhsw lq wkh vwdwhphqw ri wkh ohppd1

Zh ehjlq e| uhgxflqj wkh htxdwlrq Vxu+�>p>Jx> Ix, @ 31 Xqliruplw|

lpsolhv wkdw=

�e
�+yl, @ +4 . �,yl � �/

�
�e
�

�
�4

+w+p,, @
w+p, . �

4 . �
>

�v
�+fm, @ +4 . �,fm / +�v

�,
�4

+w+p.4,, @
w+p.4,

4 . �
=

Vxevwlwxwlrq ri wkh deryh irupxodv iru
�
�e
�

�
�4

+w+p,, dqg +�v
d,
�4

+w+p.4,, lqwr

+47, lpsolhv

Vxu+�>p>Jx> Ix, @ H

�
K
�
w+p,> w+p.4,

�� w+p, . �

4 . �
�
w+p.4,

4 . �

��
=

Wkh htxdwlrq Vxu+�>p>Jx> Ix, @ 3 fdq eh wkhq vroyhg iru �=

� @
H
�
K

�
w+p,> w+p.4,

� �
w+p.4, � w+p,

��
H
�
K
�
w+p,> w+p.4,

�� =

Wkh h{shfwhg qxpehu ri wudghv K
�
w+p,> w+p.4,

�
jlyhq w+p, dqg w+p.4, lv fohduo|

qr pruh wkdq p/ zklfk lpsolhv

� �
H
�
K

�
w+p,> w+p.4,

� �
w+p.4, � w+p,

��
p

= +48,

Qrwlfh wkdw wkh uljkw vlgh ri +48, vwloo ghshqgv xsrq � ehfdxvh lwv ydoxh d�hfwv

wkh glvwulexwlrqv ri w+p, dqg w+p.4,=

Ohppd 9 Wkhuh h{lvwv d frqvwdqw � 5 U. vxfk wkdw wkh ydoxh ��
p
+Jx> Ix,>

zklfk fkdudfwhul}hv wkh frqvwudlqhg h�flhqw phfkdqlvp lq wkh xqlirup hqylurq0

phqw/ lv dw ohdvw �

p
iru doo p1

Surri1 Vwduwlqj iurp +48, lw lv vx�flhqw wr vkrz wkdw wkhuh h{lvwv d frqvwdqw

� vxfk wkdw

H ^K+w+p.4,> w+p,,+w+p.4, � w+p,,` � �= +49,

4<



Ehfdxvh wklv surri frqfhuqv wkh glvwulexwlrqv ri wkh wudghuv* �0yluwxdo xwlolwlhv/

lw lv khosixo wr qrwh wkdw ex|huv* dqg vhoohuv* �0yluwxdo xwlolwlhv duh lqghshqghqwo|

dqg xqlirupo| glvwulexwhg rq ^��> 4` dqg ^3> 4 . �` > uhvshfwlyho|1 Wudgh rffxuv

rqo| dprqj ex|huv dqg vhoohuv zkrvh �0yluwxdo xwlolwlhv duh lq ^3> 4` > iru dq �0

yluwxdo xwlolw| ri d ex|hu wkdw lv lq ^��> 3, lv vxuho| ehorz wkrvh ri doo vhoohuv dqg

wkh �0yluwxdo xwlolw| ri d vhoohu lq +4> 4 . �` lv vxuho| deryh wkrvh ri doo ex|huv1

Wkh ohiw vlgh ri +49, lv fdofxodwhg e| vxpplqj ryhu wkh p5 hyhqwv glvwlq0

jxlvkhg e| wkh qxpehu ri �0yluwxdo xwlolwlhv iurp hdfk ri wkh wzr vlghv ri wkh

pdunhw wkdw olh zlwklq ^3> 4` = Iru 4 � l> m �p> gh�qh Dl>m dv wkh hyhqw lq zklfk

h{dfwo| l ex|huv* �0yluwxdo xwlolwlhv dqg m vhoohuv* �0yluwxdo xwlolwlhv olh lq ^3> 4` =

Zh kdyh

H
�
+w+p.4, � w+p,,K+w+p.4,> w+p,,

�
@

[
4�l>m�p

H ^ +w+p.4, � w+p,,K+w+p.4,>w+p,, mDl>m ` � Su+Dl>m,> +4:,

zkhuh wkh hyhqwv lq zklfk hlwkhu l @ 3 ru m @ 3 duh rplwwhg ehfdxvh qr wudghv

rffxu lq wkhvh fdvhv +l1h1/ K+w+p.4,> w+p,, @ 3,=

Zh qh{w vlpsoli| wkuhh whupv lq +4:, lq wkh hyhqw Dl>m 1 Iluvw/ revhuyh wkdw

Su+Dl>m, @

�
p

l

��
p

m

��
4

4 . �

�l.m�
�

4 . �

�5p�+l.m,

= +4;,

Wklv iroorzv iurp wkh glvwulexwlrqv ri ex|huv* dqg vhoohuv �0yluwxdo xwlolwlhv= iru

hlwkhu d ex|hu ru d vhoohu/ 4
4.�

lv wkh suredelolw| wkdw klv �0yluwxdo xwlolw| lv lq

^3> 4` dqg �

4.�
lv wkh suredelolw| wkdw lw lv rxwvlgh wklv lqwhuydo1 Vhfrqg/ frqvlghu

K+w+p.4,> w+p,,1 Lq hyhqw Dl>m / wkh �0yluwxdo xwlolwlhv ri h{dfwo| l ex|huv* dqg

m vhoohuv* duh lqghshqghqwo| dqg xqlirupo| glvwulexwhg rq ^3> 4`1 Frqvhtxhqwo|/

wkhuh duh h{dfwo| p�l �0yluwxdo xwlolwlhv ri ex|huv ehorz 31 Wkh ydoxhv w+p, dqg

w+p.4, lq wkh hqwluh vdpsoh ri 5p �0yluwxdo xwlolwlhv duh wkxv uhvshfwlyho| wkh

lwk dqg wkh +l.4,vw dprqj wkrvh zlwklq ^3> 4`1 Wkh h{shfwhg qxpehu ri wudghv

K+w+p.4,> w+p,, lq hyhqw Dl>m jlyhq wkh ydoxhv ri w+p, dqg w+p.4, wkhuhiruh htxdov

wkh h{shfwhg qxpehu ri wkh l ex|huv* �0yluwxdo xwlolwlhv wkdw duh dprqj wkh m

odujhvw lq wklv vdpsoh ri l . m �0yluwxdo xwlolwlhv iurp wkh xqlirup glvwulexwlrq

rq ^3> 4`1 Lq vxfk d vdpsoh/ m

l.m
lv wkh suredelolw| wkdw wkh �0yluwxdo xwlolw| ri

dq| rqh ri wkhvh l. m wudghuv lv dprqj wkh m odujhvw1 Lw iroorzv wkdw lm

l.m
lv wkh

h{shfwhg qxpehu ri ex|huv zkrvh �0yluwxdo xwlolwlhv duh dprqj wkh m odujhvw/

dqg vr

K+w+p.4,>w+p,, @
lm

l. m
lq wkh hyhqwDl>m = +4<,

Wklug/ w+p.4, � w+p, lv wkh gl�huhqfh ehwzhhq wkh lwk dqg +l . 4,vw ydoxhv lq

wklv vdpsoh ri l . m �0yluwxdo xwlolwlhv wkdw duh lqghshqghqwo| dqg xqlirupo|

glvwulexwhg rq ^3> 4`1 Lw iroorzv iurp Gdylg ++4<;4,/ h{1 61414/ s1 68, wkdw

H ^w+p.4, � w+p, m Dl>m ` @
4

l. m . 4
= +53,
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Vxevwlwxwlqj +4;,/ +4<,/ dqg +53, lqwr +4:, surgxfhv

H ^+w+p.4, � w+p,,K+w+p.4,> w+p,,` @

[
4�l>m�p

�
p

l

��
p

m

��
lm

l. m

��
4

l. m . 4

��
4

4 . �

�l.m�
�

4 . �

�5p�+l.m,

= +54,

Wkh uhpdlqghu ri wklv surri lv d fdofxodwlrq wkdw erxqgv +54,1 Lw iroorzv
iurp wkh gh�qlwlrq ri d elqrpldo frh�flhqw wkdw�
p

l

��
p

m

��
lm

l. m

��
4

l. m . 4

�
@

�
p� 4

l� 4

��
p� 4

m � 4

��
p
5
�� 4

l. m

��
4

l. m . 4

�
=

Uhfdoo wkdw 4 � l> m �p/ zklfk lpsolhv wkdw

p
5

�
4

l. m

��
4

l. m . 4

�
�

p
5

5p+5p. 4,
@

4

7 . 5
p

�
4

9
=

Wkh h{suhvvlrq lq +54, lv wkxv dw ohdvw

4

9

[
4�l>m�p

�
p� 4

l� 4

��
p� 4

m � 4

��
4

4 . �

�l.m�
�

4 . �

�5p�+l.m,

@

4

9

�
4

4 . �

�5 [
4�l>m�p

�
p� 4

l� 4

��
p� 4

m � 4

��
4

4 . �

�l.m�5�
�

4 . �

�5p�+l.m,

>

zklfk diwhu uhsodflqj l zlwk l. 4 dqg m zlwk m . 4 ehfrphv

4

9

�
4

4 . �

�5
�

[
4�l>m�p�4

�
p� 4

l

��
p� 4

m

��
4

4 . �

�l.m�
�

4 . �

�5+p�4,�+l.m,

=

Wklv h{suhvvlrq idfwruv dv

4

9

�
4

4 . �

�5#p�4[
l@3

�
p� 4

l

��
4

4 . �

�l�
�

4 . �

�p�4�l
$5

=

Dsso|lqj wkh elqrpldo h{sdqvlrq/ wklv htxdov

4

9

�
4

4 . �

�5#�
4

4 . �
.

�

4 . �

�p�4
$5

@
4

9

�
4

4 . �

�5
=
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Zh wkxv kdyh

H ^+w+p.4, � w+p,,K+w+p.4,> w+p,,` �
4

9

�
4

4 . �

�5

�
4

57
>

zkhuh wkh odvw lqhtxdolw| krogv ehfdxvh � 5 ^3> 4`=

Xvlqj Ohppd 9 zh fdq qrz suryh Wkhruhp 71

Surri ri Wkhruhp 71 Ohw v+m, ghqrwh wkh mwk vpdoohvw ydoxh2frvw lq d
vdpsoh ri 5p ex|huv* ydoxhv dqg vhoohuv* frvwv lq wkh xqlirup hqylurqphqw1 D
orzhu erxqg rq wkh h{shfwhg ydoxh ri wkh xquhdol}hg jdlqv iurp wudgh zloo eh
frpsxwhg e| erxqglqj d sruwlrq ri wkh orvvhv lq wkh hyhqw G wkdw lv gh�qhg e|
wkh iroorzlqj wzr frqglwlrqv=

41 v+p, lv d vhoohu*v frvw dqg v+p.4, lv d ex|hu*v ydoxh>

51 #e�+v+p.4,, ? #
v
�+v+p,,/ v+p.4, � v+p, ?

�
�.4

=

Uhfdoo wkdw h�flhqf| uhtxluhv wkdw wkh p lwhpv eh dvvljqhg wr wkh wudghuv zlwk
wkhp kljkhvw ydoxhv2frvwv zkloh d frqvwudlqhg h�flhqw pdunhw jdph !fhp dvvljqv
wkh lwhpv wr wkh wudghuv zlwk p kljkhvw �0yluwxdo xwlolwlhv1 Frqglwlrq 4 lpsolhv
wkdw erwk wkh ex|hu zlwk ydoxh v+p.4, dqg wkh vhoohu zlwk frvw v+p, vkrxog
wudgh iru wkh vdnh ri h�flhqf|/ hlwkhu zlwk hdfk rwkhu ru zlwk rwkhuv1 Ehfdxvh
#
e
�+�, lv lqfuhdvlqj dqg fm � #

v
�+fm,/ wkh p � 4 �0yluwxdo xwlolwlhv ri wudghuv

zkrvh ydoxhv2frvwv h{fhhg v+p.4, duh deryh #e�+v+p.4,,1 Frqglwlrq 5 lpsolhv

wkdw wkhuh lv dq dgglwlrqdo �0yluwxdo xwlolw| deryh #e�+v+p.4,,> iru d wrwdo ri dw
ohdvw p1 Wkh ex|hu zkrvh ydoxh htxdov v+p.4, wkxv grhv qrw wudgh lq !

fh
p1 D

vlplodu dujxphqw vkrzv wkdw wkh vhoohu zlwk frvw v+p, dovr grhv qrw wudgh1 Wkh
xquhdol}hg jdlqv iurp wudgh duh wkhuhiruh dw ohdvw v+p.4, � v+p, lq hyhqw G1

D orzhu erxqg rq �p+J
x> Ix,�!fhp+Jx> Ix, zloo qrz eh frpsxwhg e| lqwh0

judwlqj v+p.4, � v+p, ryhu hyhqw G1 Gh�qh z � v+p.4, � v+p, dqg ohw �+z>p,
ghqrwh lwv ghqvlw| ixqfwlrq1 Qrwlfh �uvw wkdw/ iru dq| jlyhq ydoxh ri z/ wkh
suredelolw| wkdw v+p.4, lv d ex|hu*v ydoxh dqg v+p, lv d vhoohu*v frvw htxdov 4

7
1

Wklv lv wuxh ehfdxvh hdfk wudghu*v ydoxh2frvw lv lqghshqghqwo| gudzq iurp wkh
vdph glvwulexwlrq1 D orzhu erxqg rq �p+J

x> Ix,� !
fh
p+Jx> Ix, lv wkxv jlyhq

e| +55,=

�p+J
x
> I

x,� !
fh
p+Jx

> I
x, A

4

7

] �

�.4

3

z �+z>p,gz +55,

A
4

7

] �

5p

3

z�+z>p,gz= +56,

Ehfdxvh �
p
? � 5 ^3> 4`/ lw iroorzv wkdw �

�.4
�

�
5
A

�
5p

1 Wklv lpsolhv +56,1
Wkh lqwhjudo lq +56, lv vwudljkwiruzdug wr hydoxdwh jlyhq wkdw ex|huv* ydoxhv

dqg vhoohuv* frvwv duh glvwulexwhg xqlirupo| rq ^3> 4` = Ht1 +51614, lq Gdylg +4<;4/

55



s1 44, lpsolhv wkdw

� +z>p, @
5p$

++p� 4,$,
5

] 4�z

3

{p�4+4� {� z,p�4g{= +57,

Lqwhjudwlrq e| sduwv lpsolhv wkdw iru m> n � 4>

] 4�z

3

{m+4� {� z,ng{ @

] 4�z

3

n

m . 4
{m.4+4� {� z,n�4g{=

Dsso|lqj wklv irupxod wr +57, d wrwdo ri p� 4 wlphv dqg wkhq vlpsoli|lqj sur0

gxfhv �+z>p, @ 5p +4� z,
5p�4

1 Wklv irupxod doorzv xv wr hydoxdwh wkh
lqwhjudo lq +56,=

] �

5p

3

z�+z>p,gz @
4� +4 . �,+4� �

5p
,5p

5p. 4
= +58,

Wkh whup +4 � �
5p

,5p lq +58, lv srvlwlyh dqg ghfuhdvlqj lq p wr olpp$4+4 �
�
5p

,5p @ h�� 1 Vxevwlwxwlrq lqwr +55,0+56, wkxv lpsolhv

�p+Jx> Ix,� !fhp+Jx> Ix, A
4

7
�

4� +4 . �,h��

5p. 4
A

�

p
>

zkhuh

� �
4

7
�

4� +4 . �,h��

6
=

Wr vkrz wkdw � A 3> uhjdug � dv d yduldeoh dqg qrwh wkdw= +l, 4� +4. �,h�� @ 3
dw � @ 3> +ll, g

g�
^4� +4 . �,h�� ` @ �h�� A 3 iru � A 31 Lw iroorzv wkdw � A 3 iru

wkh srvlwlyh ydoxh ri � jlyhq e| Ohppd 91
Wxuqlqj �qdoo| wr h+!fhp> J

x> Ix,/ zh kdyh

h+!fhp> J
x> Ix, �

�p+Jx> Ix,� !
fh
p+Jx> Ix,

�p+Jx> Ix,
A

�

p�p+Jx> Ix,
=

Wkh h{shfwhg srwhqwldo jdlqv iurp wudgh �p+Jx> Ix, duh dw prvw p ehfdxvh dw
prvwp wudghv fdq eh pdgh/ hdfk ri ydoxh rqh ru ohvv1 Wkhuhiruh/ h+!fhp> J

x> Ix, A
�
p5 1

H � ?�4ih�U@* UL4T@h�tL? Lu |�i &�#� ��|� |�i

UL?t|h@�?i_ i�U�i?| 4iU�@?�t4

Rxu pdlq uhvxow lv wkdw wkh n0GD lv zruvw fdvh dv|pswrwlf rswlpdo ryhu H+t> t,
dprqj wkh fodvv ri lqwhulp lqglylgxdoo| udwlrqdo dqg h{ dqwh exgjhw edodqfhg
phfkdqlvpv1 Wkhuh duh wzr vkruwfrplqjv ri wklv vwdwhphqw ri rswlpdolw|1 Iluvw/
wkdw lw lv zruvw fdvh phdqv wkdw d vhw ri hqylurqphqwv pd| h{lvw lq H+t> t, iru

56



zklfk vrph phfkdqlvp kdv d idvwhu udwh ri frqyhujhqfh wr h�flhqf| wkdq grhv

wkh n0GD1 Vhfrqg/ wkdw lw lv dv|pswrwlf phdqv wkdw d phfkdqlvp pd| h{lvw

wkdw lv pruh h�flhqw lq vrph hqylurqphqwv li wkh pdunhw lv vx�flhqwo| vpdoo1

Wkh zruvw fdvh dv|pswrwlf dssurdfk lv lq sduw d pdwkhpdwlfdo h{shglhqw wkdw

uhgxfhv wkh hydoxdwlrq ri dojrulwkpv ryhu d udqjh ri sureohpv wr d vlqjoh fdvh

+wkh zruvw rqh, dqg d vlqjoh vwdwlvwlf +wkh udwh ri frqyhujhqfh ri huuru wr }hur,1

Wklv dssurdfk lv odujho| mxvwl�hg e| sudjpdwlvp/ iru lw doorzv surjuhvv wr eh

pdgh lq wkh gl�fxow wdvn ri frpsdulqj dojrulwkpv1

Wkh udwh dw zklfk zruvw0fdvh huuru frqyhujhv wr }hur lv d phdqlqjixo vwdwlv0

wlf iru udqnlqj dojrulwkpv li lw uh�hfwv sudfwlfdo h{shulhqfh lq dsso|lqj wkh do0

jrulwkpv wr vroyh sureohpv1 Wkh udslg udwh ri frqyhujhqfh ri Vlpsvrq*v uxoh

uhodwlyh wr wkh uhfwdqjoh uxoh lq wkh lqwhjudwlrq sureohp/ iru lqvwdqfh/ lv phdqlqj0

ixo ehfdxvh lw uh�hfwv wkh vxshulrulw| ri Vlpsvrq*v uxoh dv d sudfwlfdo phwkrg lq

pdq| sureohpv1 D surri ri zruvw fdvh dv|pswrwlf rswlpdolw| ri wkh n0GD vkrxog

wkhuhiruh eh vxssruwhg zlwk d sdqho ri qxphulfdo h{shulphqwv wkdw/ iru vpdoo

pdunhwv dqg d ydulhw| ri gl�huhqw hqylurqphqwv/ ghprqvwudwhv wkdw wklv phfk0

dqlvp*v zruvw fdvh dv|pswrwlf rswlpdolw| dffxudwho| uh�hfwv lwv shuirupdqfh

erwk devroxwho| dqg uhodwlyh wr rwkhu phfkdqlvpv1 Wklv qxphulfdo whvwlqj lv

lpsruwdqw qrw rqo| iru fkhfnlqj wkh urexvwqhvv ri rxu zruvw0fdvh dv|pswrwlf

rswlpdolw| uhvxow/ exw dovr iru irupxodwlqj suhflvh suhglfwlrqv ri htxloleulxp

ehkdylru wkdw fdq eh whvwhg lq wkh oderudwru| xvlqj kxpdq vxemhfwv146

Wklv vhfwlrq lqlwldwhv vxfk d qxphulfdo whvw1 Zh frpsduh wkh 3=80GD wr

wkh frqvwudlqhg h�flhqw phfkdqlvp dfurvv irxu hqylurqphqwv dqg iru wkh pdu0

nhw vl}hv p @ 5/ 7> dqg ;1 Wkhvh qxphulfdo h{shulphqwv vxjjhvw/ luuhvshfwlyh

ri wkh whvwhg hqylurqphqw/ wkdw wkh 3=80GD dfklhyhv dssur{lpdwho| txdgudwlf

frqyhujhqfh hyhq lq vpdoo pdunhwv dqg qhduo| pdwfkhv wkh frqvwudlqhg h�flhqw

phfkdqlvp*v shuirupdqfh lq pdunhwv dv vpdoo dv p @ ;1 Zkloh h{dplqlqj irxu

hqylurqphqwv dqg wkuhh vl}hv ri pdunhwv lv olplwhg dv d whvw/ wkh uhvxowv duh qr0

wdeo| frqvlvwhqw iru wklv furvv vhfwlrq ri hfrqrplfdoo| sodxvleoh hqylurqphqwv147

Wdeoh 5 vxppdul}hv wkh uhvxowv ri wklv whvw1 Wr xqghuvwdqg wkh wdeoh ixoo|/

zh pxvw �uvw h{sodlq Iljxuhv 407/ hdfk ri zklfk ghslfwv htxloleuld lq wkh 3=80

GD iru p@5/ 7 dqg ; lq rqh ri wkh irxu hqylurqphqwv1 Lq hdfk �jxuh wkh

xsshu ohiw vtxduh ghslfwv wkh ghqvlw| ixqfwlrqv j dqg i iru wkh hqylurqphqw

+J>I ,1 Wkh qh{w wkuhh vtxduhv ghslfw iru pdunhw vl}hv 5/ 7/ dqg ; d vhw ri

htxloleuld ? E
p
> V
p
A wkdw duh v|pphwulf/ xqgrplqdwhg/ uhvxow lq wudgh zlwk

srvlwlyh suredelolw|/ dqg lq zklfk hdfk ri wkh vwudwhjlhv Ep dqg Vp lv d vprrwk

ixqfwlrq ryhu wkh forvxuh ri wkh lqwhuydo ri wkrvh ydoxhv2frvwv iru zklfk wkh

wudghu*v frqglwlrqdo suredelolw| ri wudglqj lv srvlwlyh1 Wkh gldjrqdov lq wkh

vtxduhv uhsuhvhqw krqhvw uhsruwlqj ri d wudghu*v ydoxh2frvw wkurxjk klv fkrlfh

��, Tih�4i?|@* i�@*�@|�L? Lu |�i &�#� �@t Mii? �?�|�@|i_ M) k@}i* @?_ VL}| E�bb�� @?_
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ri d elg2r�hu1 Wkh jds ehwzhhq d vwudwhj| dqg wkh gldjrqdo wkxv uh�hfwv gh0

yldwlrq iurp sulfh0wdnlqj ehkdylru1 Hdfk vwudwhj| Ep olhv ehorz wkh gldjrqdo/

uhsuhvhqwlqj xqghuelgglqj e| hdfk ex|hu/ zkloh hdfk vwudwhj| Vp olhv deryh wkh

gldjrqdo/ uh�hfwlqj wkh h�ruw ri hdfk vhoohu wr sxvk wkh sulfh xszdugv1 Hyhu|

vwudwhj| Ep sdluv zlwk d sduwlfxodu vwudwhj| Vp lq wkh �jxuh wr gh�qh dq htxl0

oleulxp1 Dv ghwdlohg lq Vdwwhuwkzdlwh dqg Zlooldpv +4<<6,/ wkhvh htxloleuld duh

frpsxwhg e| qxphulfdoo| vroylqj wkh v|vwhp ri gl�huhqwldo htxdwlrqv gh�qhg e|

wkh �uvw rughu frqglwlrqv iru htxloleulxp1 Wkh lqlwldo srlqwv iru wkh vroxwlrqv

vkrzq duh d vhtxhqfh ri srlqwv rq dq dssursuldwho| fkrvhq olqh1 Frqvhtxhqwo|/

wkhvh judskv dssur{lpdwh d volfh wkurxjk wkh vhw ri vprrwk htxloleuld iru wkh

jlyhq hqylurqphqw dqg pdunhw vl}h1

Wkh xqlirup hqylurqphqw +Jx> Ix, lv h{dplqhg lq Iljxuh 41 Lw lv lqfoxghg

khuh ehfdxvh lw lv erwk wkh fruqhuvwrqh ri wkh zruvw fdvh dqdo|vlv ri wklv sdshu

dqg ehfdxvh lw lv frpprqo| xvhg lq frpsxwlqj h{dpsohv1 Zh frqvlghu ehoo0

vkdshg ghqvlw| ixqfwlrqv lq wkh uhpdlqlqj wkuhh �jxuhv/ frqvlvwhqw zlwk frpprq

lqwxlwlrq derxw hfrqrplfdoo| uhohydqw glvwulexwlrqv1 Iljxuh 5 ghslfwv wkh fdvh

lq zklfk erwk J dqg I htxdo wkh Ehwd glvwulexwlrq zlwk sdudphwhuv 8 dqg 8

+E+8> 8, v|perolfdoo|,1 Wkh uhpdlqlqj wzr �jxuhv h{dplqh wkh h�hfw ri vkliwlqj

wkh pdvv ri wklv glvwulexwlrq ohiwzdug dqg uljkwzdug1 Iljxuh 6 ghslfwv wkh fdvh

ri J @ E+8> 6, dqg I @ E+6> 8,/ zkloh Iljxuh 7 ghslfwv wkh fdvh ri J @ E+6> 8,

dqg I @ E+8> 6,1 Wkh wzr sdudphwhuv ri wkh Ehwd glvwulexwlrq duh fkrvhq lq

hdfk fdvh erwk wr surgxfh wkh ghvluhg vkdsh ri wkh ghqvlw| ixqfwlrq dqg dovr

wr lqvxuh wkdw wkh glvwulexwlrq vdwlv�hv uhjxodulw|1 Wklv surshuw| lv qhhghg wr

lqvxuh wkh vx�flhqf| ri wkh �uvw rughu frqglwlrqv iru htxloleuld lq wkh 3=80GD

dqg ehfdxvh wkh frqvwudlqhg h�flhqw phfkdqlvp lv zhoo0xqghuvwrrg rqo| zkhq

wkh glvwulexwlrqv duh uhjxodu1

Hdfk �jxuh looxvwudwhv frqyhujhqfh ri htxloleuld wr wuxwkixo uhyhodwlrq dv wkh

vl}h ri wkh pdunhw lqfuhdvhv iurp 5 wr 7 dqg wkhq wr ;1 Dv fdq eh frq�uphg zlwk

d uxohu/ wkh udwh ri wklv frqyhujhqfh lv frqvlvwhqw zlwk wkh R
�
4

p

�
udwh hvwdeolvkhg

lq Uxvwlfklql/ Vdwwhuwkzdlwh/ dqg Zlooldpv +4<<7/ Wkp1 614,1 Lq dgglwlrq wr

wklv frqyhujhqfh/ hdfk �jxuh vkrzv wkdw wkh exqgohv ri ex|huv* vwudwhjlhv dqg

ri vhoohuv* vwudwhjlhv ehfrph vpdoohu dv p lqfuhdvhv/ hyhq pruh udslgo| wkdq

uhtxluhg e| wkh frqyhujhqfh wr wuxwkixo uhyhodwlrq1 Iru p @ ; wkh htxloleulxp

lv qhduo| xqltxh1 Zkloh wklv grhv qrw irupdoo| uhvroyh wkh lvvxh ri htxloleulxp

vhohfwlrq +lw dsshduv wkdw d frqwlqxxp ri htxloleuld frqwlqxhv wr h{lvw,/ wklv lvvxh

fohduo| ehfrphv ohvv dqg ohvv lqwhuhvwlqj dv wkh vl}h ri wkh pdunhw lqfuhdvhv1

H{fhsw lq wkh wkh xqlirup hqylurqphqw/ frqyhujhqfh wr krqhvw uhsruwlqj vhhpv

wr odj d elw iru ex|huv zlwk ydoxhv qhdu y @ 4 dqg iru vhoohuv zlwk frvwv qhdu

f @ 31 Dv fdq eh lqihuuhg iurp wkh �jxuhv/ krzhyhu/ wkh elg ri d ex|hu zkrvh

ydoxh lv qhdu 4 lv doprvw fhuwdlq wr eh dprqj wkh odujhvw ri wkh 5p elgv2r�huv>

dv d frqvhtxhqfh/ vxfk d ex|hu doprvw fhuwdlqo| wudghv zlwkrxw d�hfwlqj wkh

sulfh1 Vlplodu uhpdunv dsso| wr d vhoohu zkrvh frvw f lv qhdu 31 Wkhuhiruh/ dv

Wdeoh 5 yhul�hv/ wkh plvuhsruwlqj dw h{wuhphv ri ydoxh dqg frvw lv xqolnho| wr

fdxvh lqh�flhqf| dqg wkhuhiruh kdv doprvw qr h�hfw rq wkh uhodwlyh lqh�flhqf|
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Wdeoh 51 D Frpsdulvrq ri wkh 3180GD Phfkdqlvp �3=8�GD

zlwk wkh Frqvwudlqhg H�flhqw +FH, Phfkdqlvp �fh dfurvv

Irxu Hqylurqphqwv +J>I , dqg Wkuhh Pdunhw Vl}hv p

3180GD FH

h

�
!
3=80GD

p
> �

�
Phfkdqlvp

+J>I , p �+�, plq
kEp>Vpl

pd{
kEp>Vpl

h +!fh> �, �� +�,

J @ Jx @ 5 31733 3138; 31398 3138; 31559

I @ Ix @ 7 31;;< 31348 31349 31348 31456

E+4> 4, ; 41;;5 31336: 31336: 31336: 31395

J @ E +8> 8, 5 31536 31387 3138< 31387 31566

I @ E +8> 8, 7 31778 31344 31346 31344 31456

; 31<69 313365 313365 313365 31395

J @ E +8> 6, 5 31886 3135< 31369 3135< 31474

I @ E +6> 8, 7 4146: 3133:3 3133:< 3133:3 313:7

; 5164: 31334: 313355 31334: 3136<

J @ E +6> 8, 5 31385< 3145 3149 3145 31687

I @ E +8> 6, 7 3146: 31385 3138: 31384 31586

; 3164: 31347 31347 31347 31473

ri wkh htxloleuld148

Wdeoh 5 uhsruwv wkh huuru lq erwk wkh 3=80GD dqg wkh frqvwudlqhg h�flhqw

phfkdqlvp ryhu wkhvh irxu hqylurqphqwv dqg wkuhh vl}hv ri pdunhw1 Wkh �uvw

wkuhh froxpqv vshfli| wkh hqylurqphqw +J>I ,/ wkh vl}h ri wkh pdunhw p/ dqg

wkh h{shfwhg srwhqwldo jdlqv iurp wudgh �+�,1 Wkh qh{w wzr froxpqv olvw uhodwlyh

lqh�flhqflhv lq wkh 3=80GD1 Iljxuhv 407 glvsod| d pxowlsolflw| ri htxloleuld lq

hdfk hqylurqphqw dqg iru hdfk vl}h ri pdunhw/ dqg hdfk ri wkhvh htxloleuld kdv

d gl�huhqw uhodwlyh lqh�flhqf|1 Lq wkh irxuwk dqg �iwk froxpqv zh uhsruw wkh

plqlpxp dqg wkh pd{lpxp ydoxhv ri h+!3=8�gd
p

> J> I , ryhu wkh htxloleuld wkdw

duh judskhg1 Zkloh qrw h{wuhpd lq d irupdo vhqvh/ wkh| gr dssur{lpdwh wkh

lqh�flhqf| ri wkh prvw h�flhqw dqg wkh ohdvw h�flhqw vprrwk htxloleuld1 Wkh

odvw wzr froxpqv frqfhuq wkh frqvwudlqhg h�flhqw phfkdqlvp1 Wkh froxpq

odehohg h+!fh
p
> J> I , lv wkh plqlpxp srvvleoh huuru dprqj doo lqwhulp lqglylgxdoo|

udwlrqdo dqg h{ dqwh exgjhw edodqfhg phfkdqlvpv lq wkh pdunhw ghwhuplqhg e|
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+J>I , dqg e| p= Lw lv wkh ehqfkpdun djdlqvw zklfk zh hydoxdwh wkh 3=80GD1

Ilqdoo|/ wkh froxpq odehohg ��
p
+J>I , olvwv wkh ydoxh ri � wkdw fkdudfwhul}hv wkh

frqvwudlqhg h�flhqw pdunhw jdph lq hdfk hqylurqphqw dqg vl}h ri pdunhw1

Wkh �uvw wkuhh urzv ri Wdeoh 5 frqfhuq wkh xqlirup hqylurqphqw +Jx> Ix,=

Qrwlfh wkdw ��
p
+Jx> Ix, ghfuhdvhv dssur{lpdwho| e| d idfwru ri 5 hdfk wlph

wkdw p grxeohv/ frqvlvwhqw zlwk Ohppd 9= Vlploduo|/ h+!fh
p
> Jx> Ix, ghfuhdvhv

e| d idfwru ri 55 @ 7 dv p grxeohv/ frqvlvwhqw zlwk Wkhruhp 71 Zlwk dq h|h

wrzdugv wkh zruvw fdvh dqg wkh dv|pswrwlf qdwxuh ri rxu rswlpdolw| uhvxow/ qrwh

wkh iroorzlqj wzr srlqwv=

41 Dv p lqfuhdvhv iurp 5 wr 7 dqg wkhq wr ; lq hdfk ri wkh irxu hqylurqphqwv/

wkh uhodwlyh lqh�flhqf| ri wkh ohdvw h�flhqw +dqg khqfh ri hdfk, vprrwk

htxloleulxp ri wkh 3=80GD udslgo| dssurdfkhv wkdw ri wkh frqvwudlqhg h�0

flhqw phfkdqlvp1 Lq hdfk ri wkh irxu hqylurqphqwv iru pdunhw vl}h p @ ;

wkh uhodwlyh lqh�flhqf| ri hdfk htxloleulxp lv doprvw lqglvwlqjxlvkdeoh

iurp wkdw ri wkh frqvwudlqhg h�flhqw phfkdqlvp1

51 Lq hdfk ri wkh wkuhh qrq0xqlirup hqylurqphqwv/ erwk ��
p
+J>I , dqg h+!fh

p
> J> I ,

uhsolfdwh wkh frqyhujhqfh udwhv revhuyhg lq wkh xqlirup hqylurqphqw1 Wkh

udwhv ri frqyhujhqfh hvwdeolvkhg iru wkh frqvwudlqhg h�flhqw phfkdqlvp lq

Ohppd 9 dqg Wkhruhp 7 wkxv dsshdu wr krog hyhq lq wkhvh vpdoo pdunhwv

dqg qrq0xqlirup hqylurqphqwv1

Srlqw 4 vxssruwv rxu xvh ri udwh ri frqyhujhqfh dv d vxppdu| vwdwlvwlf iru phd0

vxulqj wkh shuirupdqfh ri wkh n�GD/ iru lwv zruvw0fdvh dv|pswrwlf rswlpdolw|

pluuruv lwv qhduo| rswlpdo shuirupdqfh lq wkhvh vpdoo pdunhwv1 Srlqw 5 vxj0

jhvwv wkdw wkh xqlirup hqylurqphqw lv w|slfdo ri hqylurqphqwv dqg qrw dq rgglw|/

zklfk vxssruwv rxu xvh ri lw dv d frqyhqlhqw zruvw fdvh1 Wklv dovr lv vxssruwhg

e| wkh wkhru|/ iru xqliruplw| lv lqyrnhg lq rxu surriv rqo| wr vlpsoli| vhyhudo

gl�fxow irupxodv lqyroylqj rughu vwdwlvwlfv= qrwklqj lq wkh surriv vxjjhvwv wkdw

uhodwlyh lqh�flhqf| lq wkh frqvwudlqhg h�flhqw phfkdqlvp ghshqgv fuxfldoo| rq

wkh dvvxpswlrq ri xqliruplw|1 Zh wkxv frqfoxgh e| frqmhfwxulqj wkdw wkh n0GD

lv lq idfw dv|pswrwlfdoo| rswlpdo ryhu H+t> t,/ l1h1/ lw h{klelwv wkh idvwhvw srvvleoh

udwh ri frqyhujhqfh ri uhodwlyh h�flhqf| wr }hur lq wkh fdvh ri hdfk hqylurqphqw

+J>I , lq H+t> t,1

+iuihi?Uit

^4` Ednkydory/ Q1 V1 +4<8<,= _Rq Dssur{lpdwh Frpsxwdwlrq ri Lqwhjudov/%

Yhvwqln PJX/ Vhu1 Pdwk1 Phfk1 Dvwurq1 Sk|v1 Fkhp1/ 7/ 604;1

^5` Fdvrq/ W1 Q1/ dqg G1 Iulhgpdq +4<<:,= %Sulfh Irupdwlrq lq Vlqjoh Fdoo

Pdunhwv/% Hfrqrphwulfd/ 98/ 64406791

^6` Gdylg/ K1 D1 +4<;4,= Rughu Vwdwlvwlfv1 Qhz \run= Mrkq Zloh| ) Vrqv1

^7` Gdylv/ S1 M1/ dqg S1 Udelqrzlw} +4<:8,= Phwkrgv ri Qxphulfdo Lqwhjudwlrq1

Qhz \run= Dfdghplf Suhvv1

5:



^8` Iulhgpdq/ G1 +4<<6,= _Wkh Grxeoh Dxfwlrq Pdunhw Lqvwlwxwlrq/% lq Wkh

Grxeoh Dxfwlrq Pdunhw= Lqvwlwxwlrqv/ Wkhrulhv dqg Hylghqfh/ hg1 e| G1

Iulhgpdq dqg M1 Uxvw1 Uhdglqj/ PD= Dgglvrq0Zhvoh|1

^9` Juhvln/ W1 D1/ dqg P1 D1 Vdwwhuwkzdlwh +4<;6,= _Wkh Qxpehu ri Wudghuv

Uhtxluhg wr Pdnh d Pdunhw Frpshwlwlyh= Wkh Ehjlqqlqjv ri d Wkhru|%/

Qruwkzhvwhuq Xqlyhuvlw| FPVHPV Glvfxvvlrq Sdshu &8841

^:` Juhvln/ W1 D1/ dqg P1 D1 Vdwwhuwkzdlwh +4<;<,= _Wkh Udwh dw Zklfk d Vlp0

soh Pdunhw Frqyhujhv wr H�flhqf| dv wkh Qxpehu ri Wudghuv Lqfuhdvhv= Dq

Dv|pswrwlf Uhvxow iru Rswlpdo Wudglqj Phfkdqlvpv/% Mrxuqdo ri Hfrqrplf

Wkhru|/ 7;/ 63706651

^;` Kdjhuw|/ N1/ dqg Z1 Urjhuvrq +4<;8,= _Urexvw Wudglqj Phfkdqlvpv/%

Mrxuqdo ri Hfrqrplf Wkhru|/ 75/ <7043:1

^<` Kduvdq|l/ M1 +4<9:09;,= _Jdphv zlwk Lqfrpsohwh Lqirupdwlrq Sod|hg e|

Ed|hvldq Sod|huv%/ Sduwv L/ LL/ dqg LLL/ Pdqdjhphqw Vflhqfh/ 47/ 48<04;5/

6530667/ 7;908351

^43` K�ropvwurp/ E1/ dqg U1 P|huvrq +4<;6,= %H�flhqw dqg Gxudeoh Ghflvlrq

Uxohv zlwk Lqfrpsohwh Lqirupdwlrq/% Hfrqrphwulfd/ 84/ 4:<<04;531

^44` Ndjho/ M1/ dqg Z1 Yrjw +4<<6,= %Ex|hu*v Elg Grxeoh Dxfwlrqv= Suholpl0

qdu| H{shulphqwdo Uhvxowv/% lq Wkh Grxeoh Dxfwlrq Pdunhw= Lqvwlwxwlrqv/

Wkhrulhv dqg Hylghqfh/ hg1 e| G1 Iulhgpdq dqg M1 Uxvw1 Uhdglqj/ PD=

Dgglvrq0Zhvoh|1

^45` Ohlqlqjhu/ Z1/ S1 Olqkduw/ dqg U1 Udgqhu +4<;<,= _Htxloleuld ri wkh Vhdohg0

Elg Phfkdqlvp iru Edujdlqlqj zlwk Lqfrpsohwh Lqirupdwlrq/% Mrxuqdo ri

Hfrqrplf Wkhru|/ 7;/ 9604391

^46` PfDihh/ U1 S1 +4<<5,= _D Grplqdqw Vwudwhj| Grxeoh Dxfwlrq/% Mrxuqdo ri

Hfrqrplf Wkhru|/ 89/ 76707831

^47` P|huvrq/ U1 +4<;4,= _Rswlpdo Dxfwlrq Ghvljq/% Pdwkhpdwlfv ri Rshud0

wlrqv Uhvhdufk/ 9/ 8;0:61

^48` P|huvrq/ U1/ dqg P1 D1 Vdwwhuwkzdlwh +4<;6,= _H�flhqw Phfkdqlvpv iru

Elodwhudo Wudglqj/% Mrxuqdo ri Hfrqrplf Wkhru|/ 5</ 59805;41

^49` Qrydn/ H1 +4<;;,= _Ghwhuplqlvwlf dqg Vwrfkdvwlf Huuru Erxqgv lq Qxphul0

fdo Dqdo|vlv/% qr1 467< lq Ohfwxuh Qrwhv lq Pdwkhpdwlfv1 Vsulqjhu0Yhuodj=

Qhz \run1

^4:` Uxvwlfklql/ D1/ P1 D1 Vdwwhuwkzdlwh/ dqg V1 U1 Zlooldpv +4<<7,= _Frq0

yhujhqfh wr H�flhqf| lq d Vlpsoh Pdunhw zlwk Lqfrpsohwh Lqirupdwlrq/%

Hfrqrphwulfd/ 95/ 4374043971

5;



^4;` Vdwwhuwkzdlwh/ P1 D1/ dqg V1 U1 Zlooldpv +4<;<,= _Elodwhudo Wudgh zlwk

wkh Vhdohg Elg n0Grxeoh Dxfwlrq= H{lvwhqfh dqg H�flhqf|/% Mrxuqdo ri

Hfrqrplf Wkhru|/ 7;/ 43:04661

^4<` Vdwwhuwkzdlwh/ P1 D1/ dqg V1 U1 Zlooldpv +4<<6,= _Wkh Ed|hvldq Wkhru|

ri wkh n0Grxeoh Dxfwlrq/% lq Wkh Grxeoh Dxfwlrq Pdunhw= Lqvwlwxwlrqv/

Wkhrulhv dqg Hylghqfh/ hg1 e| G1 Iulhgpdq dqg M1 Uxvw1 Uhdglqj/ PD=

Dgglvrq0Zhvoh|1

^53` Whovhu/ O1 +4<:;,= Hfrqrplf Wkhru| dqg wkh Fruh1 Fklfdjr= Xqlyhuvlw| ri

Fklfdjr Suhvv1

^54` Wudxe/ M1 I1/ J1 Z1Zdvlonrzvnl dqg K1Zr}qldnrzvnl +4<;;,= Lqirupdwlrq0

Edvhg Frpsoh{lw|1 Qhz \run= Dfdghplf Suhvv1

^55` Zlooldpv/ V1 U1 +4<<4,= _H{lvwhqfh dqg Frqyhujhqfh ri Htxloleuld lq wkh

Ex|hu*v Elg Grxeoh Dxfwlrq/% Uhylhz ri Hfrqrplf Vwxglhv/ 8;/ 68406:71

^56` Zlooldpv/ V1 U1 +4<<:,= _D Fkdudfwhul}dwlrq ri H�flhqw/ Ed|hvldq Lqfhqwlyh

Frpsdwleoh Phfkdqlvpv/% Hfrqrplf Wkhru| +iruwkfrplqj,1

^57` Zlovrq/ U1 + 4<;8,= %Lqfhqwlyh H�flhqf| ri Grxeoh Dxfwlrqv/% Hfrqrphw0

ulfd/ 86/ 44340444:1

^58` Zlovrq/ U1 +4<;:,= %Jdph0Wkhruhwlf Dqdo|vlv ri Wudglqj Surfhvvhv/% lq

Dgydqfhv lq Hfrqrplf Wkhru|/ Iliwk Zruog Frqjuhvv/ hg1 e| W1 Ehzoh|1

Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 660:31

^59` Zlovrq/ U1 +4<<6,= _Ghvljq ri H�flhqw Wudglqj Surfhgxuhv/% lq Wkh Grxeoh

Dxfwlrq Pdunhw= Lqvwlwxwlrqv/ Wkhrulhv dqg Hylghqfh/ hg1 e| G1 Iulhgpdq

dqg M1 Uxvw1 Uhdglqj/ PD= Dgglvrq0Zhvoh|1

5<
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Iljxuh 4= Exqgohv ri htxloleulxp vwudwhjlhv li yl q J @ E+4> 4, dqg fm q I @

E+4> 4,=
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