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Abstract

The study of belief change has been an active
area in philosophy and AI. In recent years
two special cases of belief change, belief re-
viston and belief update, have been studied
in detail. In a companion paper [FH94b] we
introduced a new framework to model be-
lief change. This framework combines tem-
poral and epistemic modalities with a no-
tion of plausibility, allowing us to examine
the changes of beliefs over time. In this pa-
per we show how belief revision and belief
update can be captured in our framework.
This allows us to compare the assumptions
made by each method and to better under-
stand the principles underlying them. In par-
ticular, it allows us to understand the source
of Gardenfors’ triviality result for belief revi-
sion [Gar86] and suggests a way of mitigating
the problem. It also shows that Katsuno and
Mendelzon’s notion of belief update [KM91a]
depends on several strong assumptions that
may limit its applicability in Al

1 INTRODUCTION

The study of belief change has been an active area in
philosophy and AI. The focus of this research is to
understand how an agent should change his beliefs as
a result of getting new information. Two instances
of this general phenomenon have been studied in de-
tail. Belief revision [AGM85, G&ar88] focuses on how
an agent revises his beliefs when he adopts a new be-
lief. Belief update [KM91a], on the other hand, focuses
on how an agent should change his beliefs when he re-
alizes that the world has changed. Both approaches
attempt to capture the intuition that an agent should
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make minimal changes in his beliefs in order to ac-
commodate the new belief. The difference is that be-
lief revision attempts to decide what beliefs should be
discarded to accommodate a new belief, while belief
update attempts to decide what changes in the world
led to the new observation.

In [FH94b] we introduce a general framework for mod-
eling belief change. We start with the framework
for analyzing knowledge in multi-agent systems, intro-
duced in [HF89], and add to it a notion of plausibility
ordering at each situation. We then define belief as
truth in the most plausible situations. The resulting
framework is very expressive; it captures both time
and knowledge as well as beliefs. The representation
of time allows us to reason in the framework about
changes in the beliefs of the agent. It also allows us
to relate the beliefs of the agent about the future with
his actual beliefs in the future. Knowledge captures
in a precise sense the non-defeasible information the
agent has about the world he is in, while belief cap-
tures defeasible information. The framework allows
us to represent a broad spectrum of notions of belief
change. In this paper we show how belief revision and
update can be represented. Doing this allows us to
compare the assumptions implicit in each method and
to understand the principles underlying them.

The explicit representation of time allows us to inves-
tigate some of the subtle differences between revision
and update. For example, in the literature, belief revi-
sion has been described (in [KM91a], for example) as
a process of changing beliefs about a static world, but
this is slightly misleading. In fact, what is important
for revision is not that the world is static, but that
the propositions used to describe the world are static,
i.e., their truth value does not change over time.! For
example, “At time 0 the block is on the table” is a
static proposition, while “The block is on the table” is
not, since it implicitly references the current state of
affairs. Belief update, on the other hand, deals with

'This assumption is not unique to belief revi-
sion. Bayesian updating, for example, makes similar
assumptions.



propositions whose truth depends on the current sit-
uation. It allows any proposition to change its truth
value, and treats this as a change in the world rather
than as a change in the agent’s beliefs about the world.

This distinction allows us to better understand
Gardenfors’ triviality result [Gar86]. This result states
that the belief revision postulates cannot be applied to
belief states that contain Ramsey conditionals of the
form p>1 with the interpretation “revising by ¢ will
lead to a state where 1 is believed”. Technically, this
is because the AGM framework includes a postulate
of persistence: if ¢ is consistent with the current be-
liefs, then no beliefs should be discarded to accommo-
date . Since the truth value of a Ramsey conditional
depends on the current state of the agent, it is inap-
propriate to assume that it persists when that state
changes. It should thus be no surprise that assuming
persistence of such formulas leads to triviality. Indeed,
this observation was essentially already made by Levi
[Lev88]. Our solution to the triviality result is some-
what different from others that have been considered
in the literature (e.g., [Rot89, Fuh89, LR92, Bou92])
in that it shifts the focus from postulates for the revi-
sion process to considerations of the appropriate logic
of conditionals.

We then turn our attention to belief update. Our
treatment enables us to identify implicit assumptions
made in the update process. In particular, it brings
out how update prefers to defer abnormalities to as
late a time as possible. This allows us to clarify when
update is appropriate. Essentially, it is appropriate if
the agent always receives enough information to de-
duce the exact change in the state of the world, a con-
dition unlikely to be met in most Al applications.

We are certainly not the first to provide semantic
models for belief revision and update. For example,
[AGMS85, Gro88, GMS88, Rot91, Bou92, Rij92] deal
with revision and [KM91la, dVS92] deal with update.
In fact, there are several works in the literature that
capture both using the same machinery [KS91, GP92]
and others that simulate belief revision using belief up-
date [GMRI2, dVS94]. Our approach is different from
most in that we did not construct a specific frame-
work to capture one or both belief change paradigms.
Instead, we start from a natural framework to model
how an agent’s knowledge changes over time [HF89]
and add to it machinery that captures a defeasible
notion of belief. As we shall see, our framework al-
lows us to clearly bring out the similarities and differ-
ences between update and revision. We believe that
the insights gained into revision and update using our
approach—particularly in terms of the assumptions
that each makes about how an agent’s plausibility or-
dering changes over time—provide further justification
as to the usefulness of having such a framework.

2

2 THE FRAMEWORK

We now review the framework of [HF89] for modeling
knowledge in multi-agent systems, and our extension

of it [FH94b] for dealing with belief change.

The key assumption in this framework is that we can
characterize the system by describing it in terms of
a state that changes over time. Formally, we assume
that at each point in time, the agent is in some local
state. Intuitively, this local state encodes the informa-
tion the agent has observed thus far. There is also an
environment, whose state encodes relevant aspects of
the system that are not part of the agent’s local state.

A global state is a tuple (s., sq) consisting of the envi-
ronment state s, and the local state s, of the agent.
A run of the system is a function from time (which,
for ease of exposition, we assume ranges over the nat-
ural numbers) to global states. Thus, if r is a run,
then r(0),r(1),...is a sequence of global states that,
roughly speaking, is a complete description of what
happens over time in one possible execution of the
system. We take a system to consist of a set of runs.
Intuitively, these runs describe all the possible behav-
iors of the system, that is, all the possible sequences
of events that could occur in the system over time.

Given a system R, we refer to a pair (r, m) consisting of
arun r € R and a time m as a point. If r(m) = (s, sq),
we define r4(m) = s, and re(m) = s.. We say two
points (r,m) and (r',m’) are indistinguishable to the
agent, and write (r, m) ~, (v',m’), if ro(m) = r,(m'),
i.e.,if the agent has the same local state at both points.
Finally, Halpern and Fagin define an interpreted sys-
tem Z to be a tuple (R, m) consisting of a system R
together with a mapping 7 that associates with each
point a truth assignment to the primitive propositions.
In an interpreted system we can talk about an agent’s
knowledge: the agent knows ¢ at a point (r,m) if ¢
holds in all points (7', m’) such that (r,m) ~, (v, m’).
However, we can not talk about the agent’s (possibly
defeasible) beliefs at (r, m).

To remedy this deficiency, in [FH94b] we added plau-
sibility orderings to interpreted systems. We can then
say that the agent believes ¢ if ¢ is true at all the
most plausible worlds. Formally, a plausibility space is
a tuple (2, <), where € is a set of points in the system,
and =< is a preorder (i.e., a reflexive and transitive re-
lation) over 2. As usual, we write (#/, m’) < (r", m")
if (#,m') <X (r",m") and it is not the case that
(r",m")y < (¢',m’). Intuitively, (', m’) < (", m")
if (v, m') is strictly more plausible than (", m") ac-
cording to the plausibility ordering. An (interpreted)
plausibility system is a tuple (R, 7, P) where, as be-
fore, R is a set of runs and m maps each point to a
truth assignment, and where P is a plausibility assign-
ment function mapping each point (r,m) to a plausi-
bility space P(r, m) = (Q(r,m), 2(r,m)). Intuitively, the



plausibility space P(r, m) describes the relative plau-
sibility of points from the point of view of the agent at
(r,m). In this paper we assume that Q, ) is a (pos-
sibly empty) subset of {(v',m/)|(r,m) ~o (v',m')}.
Thus, the agent considers plausible only situations
that are possible according to his knowledge. We also
assume that the plausibility space is a function of the
agent’s local state. Thus, if (r,m) ~4 (r/,m') then

P(r,m) =P(r',m').2

We define the logical language £X7(®) to be a propo-
sitional language over a set of primitive propositions
® with the following modalities: K¢ (the agent knows
@ is true), Q¢ (p is true in the next time step), and
@—4 (in all most-plausible situations where ¢ is true,
Y is also true).> We recursively assign truth values to
formulas in LXF7(®) at a point (r,m) in a plausibil-
ity system Z. The truth of primitive propositions is
determined by =, so that

(Z,r,m) = pif and only if 7(r, m)(p) = true.

Conjunction and negation are treated in the standard
way, as is knowledge: The agent knows ¢ at (r,m) if
¢ holds at all points that he cannot distinguish from
(r,m). Thus,

(Z,r,m) = K¢ if (Z,7",m') E ¢ for all
(r',m') ~q4 (7, m).

O is true at (r,m) if ¢ is true at (r,m + 1). Thus,
(Z,r,m)EQpif (Z,r,m+1) .

We would like ¢—% to be true at (r,m) if the most
plausible points in €, ) that satisfy ¢ also satisfy ¢.
The actual definition that we use, which is standard
in the literature (see [Lew73, Bur81, Bou92]), captures
this desideratum if there are most plausible points that
satisfy ¢ (in particular, if Q. ) is finite), and also
deals with the more general case where there may be
a sequence of increasingly more plausible points, with
none being most plausible, i.e., ... 83 <(zm) $2 <(rm)
s1. The actual definition says that ¢—1 is true at a
point (r, m) if for every point (r1, m1) in Q. ) satis-
fying ¢, there is another point (r2, ms) such that (a)
(re,mg) is at least as plausible as (ry, m1), (b) (r2, m2)
satisfies ¢ A 9, and (c) each point satisfying ¢ that is
at least as plausible as (rq, my) also satisfies 9.

(Z,r,m) E @—¢ if for every (r1,mi) €
Q(r,m) such that (Z,r;,m;) = ¢, there is

2The framework presented in [FH94b] is more general
than this, dealing with multiple agents and allowing the
agent to consider several plausibility spaces in each local
state. The simplified version we present here suffices to
capture belief revision and update.

°It is easy to add other temporal modalities such as
until, eventually, since, etc. These do not play a role in
this paper.

a point (rz,ma) <(;m) (r1,m1) such that
(Z,r2,m2) E ¢ A ¢, and there is
no (rs,ms) =(rm) (r2,m2) such that
(Z,73,m3) = o A

We now define a notion of belief. Intuitively, the agent
believes ¢ if ¢ is true in all the worlds he considers
most plausible. Formally, we define By < true—p.
In [FH94b] we prove that, in this framework, knowl-
edge is an SH operator, belief is a KD45 operator, and
the interactions between knowledge and belief are cap-
tured by the axioms K¢ = By and By = K Bep.

In a plausibility system, the agent’s beliefs change from
point to point because his plausibility space changes.
The general framework does not put any constraints
on how the plausibility space changes. In this paper,
we identify the constraints that correspond to belief
revision and update.

3 BELIEF CHANGE SYSTEMS

In the rest of this paper, we focus on a certain class
of systems that we call belief change systems, in which
we can capture both belief revision and belief update.
These systems describe agents that change their local
state at each round according to new information they
receive (or learn). Both revision and update assume
that this information is described by a formula.* Thus,
they describe how the agent’s beliefs change when the
new information is captured by a formula ¢. Implicitly
they assume that ¢ is the only factor that affects the
change. We now make this assumption precise.

We start with some language £(®) that describes the
worlds. We assume that £(®) contains the proposi-
tional calculus and has a consequence relation . that
satisfies the deduction theorem. The set ® denotes
the primitive propositions in the £(®). We can think
of -, as a description of state constraints that govern
the language. We assume that the agent is described
by a protocol. The protocol describes how the agent
changes state when receiving new information. For-
mally, a protocol is a tuple P = (S, sg, 7), where S is
the set of local states the agent can attain, sg is the
wnitial state of the agent, and 7 is a transition function
that maps a state and a formula in £(®) to another
state. We take 7(s, ¢) to be the local state of the agent
after learning ¢ in local state s. We sometimes write
s - @ instead of 7(s, p).

To clarify the concept of protocol, we examine a rather
simple protocol that we use below in our representa-
tion of update. The protocol P* is defined as follows:

*This is a rather strong assumption, since it implies that
the language in question can capture, in a precise manner,
the information content of the change. Our framework can
also be used to describe situations where this assumption

3 does not hold.



The agent’s local state is simply the sequence of ob-
servation made. Thus, S is the set of sequences of
formulas in £(®). Initially the agent has not made
any observations, so sp = (). The transition func-
tion simply appends the new observation to the agent’s
state: ({0, ..., ¢n),¥) = (¢o,. .., ¥n, ). This sim-
ple definition describes an agent that remembers all
his observations.®

Given a protocol P, we define R(P) to be the system
consisting of all runs in which the agent runs P as fol-
lows. Recall that in our framework we need to describe
the local states of the agent and the environment at
each point. We use the environment state to represent
which of the propositions in @ is true and what obser-
vation the agent makes. We represent a truth assign-
ment over ® by the set ¥ of propositions that are true.
We say that a truth assignment ¥ is consistent accord-
ing to . if for every ¢1,...on € ¥and ¢; ... ¢¥m € ¥,
it is not the case that k¢ —(A,_; nws A A, _,,, k—i).
Formally, we take the environment state to be a pair
re(m) = (¥, @), such that ¥ C & is a consistent truth
assignment to ¥ and ¢ is the observation that the
agent makes in the transition from (r, m) to (r, m+1).
If re(m) = (¥, ), then we define world(r,m) = ¥ and
obs(r,m) = .

We take R(P) to be the set of all runs satisfying the
following conditions for all m > 0:

o ry(m) €S

o r.(m) = (¥, ), where ¥ C & is consistent ac-
cording to k2 and ¢ € L(®)

o 7,(0) = sg

o ro(m+ 1) = 14(rq(m), obs(r,m)).

Notice that because R(P) contains all runs that sat-
isfy these conditions, for each sequence of world states

Uy, ..., ¥,, and observations g, ..., there is a run
in R(P) such that r.(i) = (¥;, ¢;) for all 0 < ¢ < m.

We introduce propositions that allow us to describe
the observations the agent make at each step. More
formally, let ®* be the set of primitive propositions
obtained by augmenting ® with all primitive propo-
sitions of the form learn(y), where ¢ € L(®). In-
tuitively, learn(p) holds if the agent has just learned
(or observed) ¢. We now define a truth assignment
7 on the points in R(P) in the obvious way: For
p € ®, we define m(r,m)(p) = true if and only if
p € world(r, m). Since the formula learn(p) is intended
to denote that the agent has just learned ¢, we define
7(r,m)(learn(p)) = true if and only if obs(r, m) = .

These definitions set the background for our presenta-
tion of belief revision and belief update. Our descrip-
tion is still missing a plausibility assignment function
that describes the plausibility ordering of the agent at

We remark that P* is similar to protocols used to

model knowledge bases in [FHMV94].

each point. This function requires a different treat-
ment for revision and update. Indeed, the plausibility
function is the main source of difference between the
two notions.

4 REVISION

Belief revision attempts to describe how a rational
agent incorporates new beliefs. As we said earlier, the
main intuition is that as few changes as possible should
be made. Thus, when something is learned that is con-
sistent with earlier beliefs, it is just added to the set
of beliefs. The more interesting situation is when the
agent learns something inconsistent with his current
beliefs. He must then discard some of his old beliefs
in order to incorporate the new belief and remain con-
sistent. The question is which ones?

The most widely accepted notion of belief revision is
defined by the AGM theory [AGMS85, Gar88]. The
agent’s epistemic state is represented as a belief set,
that is, a set of formulas in £(®) closed under deduc-
tion. There is also assumed to be a revision operator o
that takes a belief set A and a formula ¢ and returns a
new belief set Aoy, intuitively, the result of revising A
by ¢. The following AGM postulates are an attempt
to characterize the intuition of “minimal change”:

(R1) Ao is a belief set

(R2) pe Aoy

(R3) Aop CCUAU{p})°

(R4) If mp ¢ A then CI(AU{p}) C Aoy

(R5) Ao = Cl(false) if and only if Fr —¢

(R6) If Fp ¢ < ¢ then Aop = Aoy

(R7) Ao (¢ A¥) C CllAopU )

(R8) If vy ¢ Ao then Cl(AopU{y}) C Ao (pA).

The essence of these postulates is the following. After
a revision by ¢ the belief set should include ¢ (postu-
lates R1 and R2). If the new belief is consistent with
the belief set, then the revision should not remove any
of the old beliefs and should not add any new beliefs
except these implied by the combination of the old be-
liefs with the new belief (postulates R3 and R4). This
condition is called persistence. The next two condi-
tions discuss the coherence of beliefs. Postulate R5
states that the agent is capable of incorporating any
consistent belief and postulate R6 states that the syn-
tactic form of the new belief does not affect the revision
process. The last two postulates enforce a certain co-
herency on the outcome of revisions by related beliefs.
Basically they state that if ¢ is consistent with Ao ¢
then Ao(pA) is just Aoy combined with . This en-
sures that revision is coherent regarding the outcome
of revision by similar formulas (e.g., ¢ and ¢ A ¥).

6Cl(A) = {p|A k. ¢} is the deductive closure of a set
of formulas A.



While there are several representation theorems for
belief revision, the clearest is perhaps the following
[Gro88, KM91b]: We associate with each belief set A
a set Wy of possible worlds. Intuitively, the worlds in
W4 are all those that are consistent with the agent’s
beliefs, in that W4 consists of all those worlds in which
all formulas in A are true. Thus, an agent whose belief
set 1s A believes that one of the worlds in W4 is the real
world. An agent that performs belief revision behaves
as though in each belief state A he has a ranking, i.e., a
total preorder, over all possible worlds such that the
minimal (i.e., most plausible) worlds in the ranking are
exactly those in Wy, . The ranking prescribes how the
agent revises his beliefs. When revising by ¢, the agent
chooses the minimal worlds satisfying ¢ in the rank-
ing and constructs a belief set from them. It is easy
to see that this procedure for belief revision satisfies
the AGM postulates. Moreover, in [Gro88, KM91b]
it is shown that any belief revision operator can be
described in terms of such a ranking.

This representation suggests how we can capture be-
lief revision in our framework. We want to define a
family of belief systems that captures all the revision
operators consistent with the AGM postulates. Since
revision assumes that the primitive propositions are
static, we assume that world state is constant through-
out the run. To capture this, we use a variant of our
definition from Section 3: Given P, let Rf(P) be the
runs in R(P) such that world(r,m) = world(r,0) for
all m > 0.

All that remains to define a plausibility system is
to define the plausibility assignment function P.
We take S® to be the set of systems of the form
(RE(P), m,P) for some protocol P, in which P(r, m) =
((r,m), 2(r,m)) satisfies the following conditions:

® Q(m) = 0 if obs(r, m) is inconsistent; otherwise
Qrm) = {(r',m) : (r,m) ~4 (r',m')}, the set of
all points the agent considers possible.

e =<(rm) is a ranking, ie. for any two point
(r',m'), (", m") € Qp,m) , either (r',m') < m)
(7,,//’ m//) or (T,//’ m//) j(r,m) (T,/’ m/)

e =(rm) compares points examining only the state
of the world, so that if (#/,m') and (r", m") are
in Q) and world(r’, m') = world(r", m"), then
(r',m') and (r",m") are equivalent according to
j(r,m) .

o if obs(r,m)) = ¢ is consistent, then (v',m’' 4+ 1) is
a =(r,m+1)-minimal point if and only if (r/, m') is
a =(r,m)-minimal point satisfying ¢.

Note that our assumptions correspond closely to those
of [Gro88, KM91b]. The difference is that we have
time explicitly in the picture and that our states have
more structure. That is, in [Gro88, KM91b], a state is
just a truth assignment. For us, the truth assignment

is still there, as part of the environment’s state, but we 5

have also added the agent’s local state. Of course, we
can associate a belief set with each local state, since
an agent’s local state determines his beliefs over £(®).
That is, if ro(m) = ry(m), then it is easy to check
that (Z,r,m) = By if and only if (Z,r',m') |E By
for any ¢ € L£L(®). Thus, we can write (Z, s,) |E Be,
where s, is the agent’s local state rq(m). Define the
belief set Bel (Z,s,4) to be {¢ € L(®) : (Z,s,) |E By}.
It is easy to show that every AGM revision operator
can be represented in our framework. Recall that we
sometimes write s, - ¢ for 7(sq, ).

Theorem 4.1: Let o be an AGM revision operator.
There is a system I, € S® such that for all ¢ € L(®),
we have

Bel(Z,,sq4) 0y = Bel(Z,, 84 - ¢). (1)

What about the converse? That is, given a system
T € 8%, can we define a belief revision operator oz on
belief sets such that (1) holds? The answer is no. In
general, oz would not be well defined: It is not hard
to find a system Z € S and two local states s, and s/,
such that Bel (Z,s,) = Bel (Z, s},), but Bel (Z, s, ¢) #
Bel (Z, s, - ¢). That is, the agent can believe exactly
the same propositional formulas at two points in 7
and yet revise his beliefs differently at those points.
Our framework makes a clear distinction between the
agents’ belief state and his local state, which we can
identify with his epistemic state. In any S € S¥, the
agent’s belief set does not determine how the agent’s
beliefs will be revised; his local state does.

We could put further restrictions on 8% to obtain only
systems in which the agent’s belief state determines
how his beliefs are revised. That is, we could consider
only systems Z, where Bel (Z,s, - ¢) = Bel (Z, 8", - )
whenever Bel (Z,s,) = Bel(Z,s). If we restrict to
such systems, we can obtain a converse to Theo-
rem 4.1, but this seems to us the wrong way to go.
We believe it is inappropriate to equate belief sets with
epistemic states in general. For example, the agent’s
local state determines his plausibility ordering, but his
belief set does not. Yet surely how an agent revises his
beliefs is an important part of his epistemic state.

We believe that there are two more appropriate ways
to deal with this problem. The first is to modify the
AGM postulates to deal with epistemic states, not be-
lief sets. The second is to enrich the language to allow
richer belief sets. We deal with these one at a time.

We can easily modify the AGM postulates to deal with
epistemic states. We now assume that we start with
a space of abstract epistemic states, o maps an epis-
temic state and a formula to a new epistemic state,
and Bel maps epistemic states to belief sets. We then
have analogues to each of the AGM postulates, ob-
tained by replacing each belief set by the beliefs of the
corresponding epistemic state. For example, we have:

(R1') Eo ¢ is an epistemic state



(R2') p €Bel (E o)
(R3’) Bel (E o) C Cl(Bel (E) U {¢})

and so on, with the obvious transformation.”

There is a clear correspondence between systems in
our framework and belief revision functions that use
abstract epistemic states. Using this correspondence
we show that S# captures belief revision according to

RI1'-R8'"

Theorem 4.2: T € S® if and only if the correspond-
ing belief revision function satisfies R1'-R&'.

As we said earlier, there is a second approach to deal-
ing with this problem: extending the language. We
defer discussion of this approach to Section 6.

Our representation brings out several issues. The re-
vision literature usually does not address the relations
between the agent’s beliefs and the “real” world. (This
point is explicitly discussed in [G&ar88, pp 18-20].) In
fact, revision does not assume any correlation between
what the agent learns and the state of the world. For
example, revision allows the agent to learn (revise by)
¢ and then learn —¢. Moreover, after learning ¢ the
agent may consider worlds where =y is true as quite
plausible (although he will not consider them to be the
most plausible worlds). In this case, most observations
that are not consistent with his beliefs will lead him
to believe —p. These examples are two aspects of a
bigger problem: The AGM postulates put very weak
restrictions on the ordering that the agent has after a
revision step (see [Bou93, DP94]). Essentialy, the only
requirement is that after learning ¢, the most plausi-
ble worlds must be ones where ¢ is true. While this is
an important and reasonable constraint on how beliefs
should change, it does not capture all our intuitions re-
garding how beliefs change in many applications. We
believe that by introducing more structure it should
be possible to derive reasonable constraints that will
malke revision a more useful tool.

5 UPDATE

The notion of update originated in the database com-
munity [KW85, Win88]. The problem is how a knowl-
edge base should change when something is learned
about world, such as “A table was moved from office 1
to office 2”. Katsuno and Mendelzon [KM91a] suggest
a set of postulates that any update operator should
satisfy.

The update postulates are expressed in terms of formu-
las, not belief sets. This is not unreasonable, since we

"The only problematic postulate is R6. The question is
whether R6' should be “If bz ¢ < 3 then Bel (E o ¢) =
Bel (Eo¢)” or “If 2 ¢ & ¢ then Eop = Eov”. Dealing
with either version is straightforward. For definiteness, we
use the first definition here.

can identify a formula ¢ with the belief set Cl(p). In-
deed, if @ is finite (which is what Katsuno and Mendel-
zon assume) every belief set A can be associated with
some formula ¢4 such that Cl(y¢) = A; we denote this
formula desc(A).

(Ul) Fepop=p

(U2) IfFz o= p, then bz popu s @

(U3) Fz —popifand only if Fz =g or bz —p

(U4) Ifkz o1 © poand bz g < po then bz 1o &

P2 © H2

Fe(pop) Nl = po(unb)

(U6) If Fz wop1 = pe and bz @ o s = py, then
Fepop & pops

(UT) If ¢ is complete then bz (¢ o p1) A (¢ o p2) =
p oV p)®

(U8) Fe (pr V) op e (prop)V(pzop).

Update tries to capture the intuition that there is a

preference for runs where all the observations made

are true, and where changes from one point to the next

along the run are minimized. To capture the notion

of “minimal change from world to world”, we use a

distance function d on worlds.® Given two worlds w

and w’, d(w, w') measures the distance between them.

Distances might be incomparable, so we require that

d maps pairs of worlds into a partially ordered domain

with a unique minimal element 0 and that d(w, w’) = 0

if and only if w = w'.

We can now describe how update is captured in our
framework. The construction is very similar to the one
we used for revision. The major difference is in how
the preorders are constructed. For our discussion it is
enough to consider agents that follow the simple proto-
col P* of Section 3. We take SV, the set of plausibility
systems for update, to consist of all systems of the form
(R(P*), m,Pq), where Py is determined by a distance
function d in a manner we now describe. Recall that
update has a preference for runs where the observa-
tions are all true. We say that a point (r,m), is con-
sistent if obs(r, j) is true in the world world(r, j+1), for
0 < j < m. Wetake P(r,m) = (Q(r,m), 2(r,m)), Where
Q(rm) consists of all points that the agent considers
possible that are consistent, and =, ,,) is a preorder
defined as follows: suppose (1, m), (", m) € Qr m) 10
Roughly speaking, we prefer (v/,m) to (r',m) if, at
the first point where they differ, ' makes the smaller
change. Formally, if n > 0 is the first point where »/

8A belief set A is complete when for every ¢ € L(®)
either ¢ € A or ~¢ € A. A formula ¢ is complete if Cl(y)
is complete.

?Katsuno and Mendelzon identify a “world” with a
truth assignment to the primitive propositions. For us,
this is just a component of the environment state.

“Note that the definition of P* implies that if (r, m) ~q
(r',m’) then m = m' since the agent’s local state encodes

6 the time m by the length of the sequence.



and " have different world states (i.e., the first point
where world(r',n) # world(r',n)) then (r', m) < m)
(r",m) if and only if d(world(r’,n — 1), world(r', n)) <
d(world(r",n — 1), world(r"",n)). (Note that this defi-
nition is independent of (r,m).) Thus, update focuses
on the first point of difference. The run that makes
the smaller change at that point is preferred, even if
later it makes quite abnormal changes. This point is
emphasized in the example below. However, we first
show that SY captures all possible update operators.

Theorem 5.1: ¢ s a KM update operator if and only
if there is a system T, € SY such that for all € L(®),
we have desc(Bel (Lo, $4)) o ¢ < desc(Bel (Lo, sq - ).

Notice that for update, unlike revision, the systems we
consider are such that the belief state does determine
the result of the update, i.e., if B(Z,sq) = B(Z,s}),
then for any ¢ we get that B(Z,s, - ¢) = B(Z, s, - ¢).

How reasonable is the notion of update? As the def-
inition of <, ) given above suggests, it has a pref-
erence for deferring abnormal events. This makes
it quite similar to Shoham’s chronological ignorance
[Sho88] (a point already noted by del Val and Shoham
[dVS92, dVS93]), and it suffers from some of the same
problems. Consider the following story, that we call
the borrowed-car example.!! (1) The agent leaves his
car in a valet parking lot, (2) sits for an hour in a cafe,
(3) returns to the car and starts driving home. Since
the agent does not observe the car while he is in the
cafe, there is no reason for him to revise his beliefs
regarding the car’s location. Since he finds it in the
parking lot at step (3), he still has no reason to change
his beliefs. Now, what should he believe when (4) he
notices, during his drive, that the car has been driven
50 miles since he left home? The common sense ex-
planation is that the valet took the car out for a joy
ride. But update prefers to defer abnormalities, so it
will conclude that the mileage must have jumped, for
inexplicable reasons, since he left the parking lot. To
see this, note that runs where the valet took the car
have an abnormality at time (2), while runs where the
car did not move at time (2) but the mileage suddenly
changed, have their first abnormality at time (4) and
thus are preferred! (See Figure 1.)

We emphasize that the counterintuitive conclusion
drawn in this example is not an artifact of our rep-
resentation, but inherent in the definition of update.
We can formalize the example using propositions such
as car-in-lot, high-mileage, etc. The observation of
high-mileage at step (4) must be explained by some
means, and an update operator will explain it in terms
of a change that occurred in states consistent with
the beliefs at step (3) (i.e., car-in-lot, —high-mileage).
The exact change assumed will depend on the distance

"This example is based on Kautz’s stolen car story
[Kau86], and is due to Boutilier, who independently ob-
served this problem [private communication, 1993].

function embodied by the update operator. The key
point is that update will not go back and revise the
earlier beliefs about what happened between steps (1)
and (2).

In an effort to understand the difficulty here, we look
at the belief change process more generally. In a world
w, the agent has some beliefs that are described by,
say, the formula ¢. These beliefs may or may not be
correct (where we say a belief ¢ is correct in a world
w if ¢ is true of w). Suppose something happens and
the world changes to w’. As a result of the agent’s
observations, he has some new beliefs, described by ¢'.
Again, there is no reason to believe that ¢’ is correct.
Indeed, it may be quite unreasonable to expect ¢’ to
be correct, even if ¢ is correct. Consider the borrowed-
car example. Suppose that while the agent was sitting
in the cafe, the valet did in fact take the car out for a
joy ride. Nevertheless, the most reasonable belief for
the agent to hold when he observes that the car is still
in the parking lot after he leaves the cafe is that it was
there all along.

The problem here is that the information the agent ob-
tains at steps (2) and (3) is insufficient to determine
what happened. We cannot expect all the agent’s be-
liefs to be correct at this point. On the other hand, if
he does obtain sufficient information about the change
and his beliefs were initially correct, then it seems rea-
sonable to expect that his new beliefs will be correct.
But what counts as sufficient information? In the con-
text of update, we can provide a precise formulation.

We say that ¢ provides sufficient information about
the change from w to w’ if there is no world w" satis-
fying ¢ such that d(w, w") < d(w,w'). In other words,
 is sufficient information if, after observing ¢ in world
w, the agent will consider the real world (w’) one of the
most likely worlds. Note that this definition is mono-
tonic, in that if ¢ is sufficient information about the
change then so is any formula ¢ that implies ¢ (as long
as it holds at w'). Moreover, this definition depends
on the agent’s distance function d. What constitutes
sufficient information for one agent might not for an-
other. We would hope that the function d is realistic
in the sense that the worlds judged closest according
to d really are the most likely to occur.

We can now show that update has the property that
if the agent had correct beliefs and receives sufficient
information about a change, then he will continue to
have correct beliefs.

Theorem 5.2: Let T € SY. If the agent’s be-
liefs at (r,m) are correct and obs(r,m) provides suf-
ficient information about the change from world(r, m)
to world(r,m+1), then the agent’s beliefs at (r,m+1)
are correct.

As we observed earlier, we cannot expect the agent

7 to always have correct beliefs. Nevertheless, it seems
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Figure 1: Runs in the borrowed car example. Lower branches are considered more likely than higher ones. The
circles mark points that are consistent with the agent’s observations at each time step.

reasonable to require that if the agent does (eventu-
ally) receive sufficiently detailed information, then he
should realize that his beliefs were incorrect. This is
precisely what does not happen in the borrowed-car
example. Intuitively, once the agent observes that the
car was driven 50 miles, this should be sufficient in-
formation to eliminate the possibility that the car re-
mained in the parking lot. Roughly speaking, because
update focuses only on the current state of the world,
it cannot go back and revise beliefs about the past.

How can we capture the intuition of a sequence of ob-
servations providing sufficient information about the
changes that have occurred? Here it is most convenient
to take full advantage of our framework with runs. In-
tuitively, we say that a sequence of observations pro-
vides sufficient information about the changes that oc-
curred if, after observing the sequence, the agent will
consider as most plausible runs where the real changes
occurred. More precisely, we say that a sequence of ob-
servations 1, ...,p, provides sufficient information
about the sequence of changes wq, ..., w, if for any
run 7 such that world(r,i) = w; and obs(r,i— 1) = ¢;
for 1 = 1,...,n, there does not exist a run r’ such
that (r,n) ~q (', n) and (', n) < n) (r,n). This def-
inition is a natural generalization of the definition of
sufficient information about a single change. We would
like to state a theorem similar to Theorem 5.2, i.e., that
if the agent has correct beliefs at (r,m) and receives
sufficient information about the changes from (r, m) to
(r,m+n), then the agent’s beliefs at (r, m+n) are cor-
rect. However, the problem with update is that once
the agent has incorrect beliefs, no sequence of observa-
tions can ever provide him with sufficient information
about the changes that have occurred. More precisely,
once the agent has incorrect beliefs; no sequence can
satisfy the technical requirements we describe. This is
in contrast to our intuition that some sequences (as in

the example above) should provide sufficient informa-
tion about the changes. Note, that this result does not
imply that once the agent has incorrect beliefs then he
continues to have incorrect beliefs. It is possible that
he regains correctness after several observation (for ex-
ample if the agent is told the exact state of the world).
However, it is always possible to construct examples
(like the one above) where the agent receives sufficient
information about the changes in the rest of the run,
and yet has incorrect beliefs in the rest of the run.

Our discussion of update shows that update is guaran-
teed to be safe only in situations where there is always
enough information to characterize the change that has
occurred. While this may be a plausible assumption in
database applications, it seems somewhat less reason-
able in Al examples, particularly cases involving rea-
soning about action.!? In Section 7, we discuss how
update might be modified to take this observation into
account.

6 SYNTHESIS

In previous sections we analyzed belief revision and
belief update separately. We provided representation
theorems for both notions and discussed issues that
are specific to each notion. In this section we try to
identify some common themes and points of difference.

Some of the work has already been done for us by
Katsuno and Mendelzon [KM91a], who identified three
significant differences between revision and update:

1. Revision deals with static propositions, while up-
date allows propositions that are not static. As we

12GSimilar observations were independently made by
Boutilier [Bou94], although his representation is quite dif-
ferent than ours.



noted in the introduction this difference is in the
types of propositions that these notions deal with,
rather than a difference in the type of situations
that they deal with.

2. Revision and update treat inconsistent belief
states differently. Revision allows the agent to
“recover” from an inconsistent state after observ-
ing a consistent formula. Update dictates that
once the agent has inconsistent beliefs, he will
continue to have inconsistent beliefs.

3. Revision considers only total preorders, while up-
date allows partial preorders.

How significant are these differences? While the re-
striction to static propositions may seem to be a se-
rious limitation of belief revision, notice that we can
always convert a dynamic proposition to a static one
by adding “time-stamps”. That is, we can replace a
proposition p by a family of propositions p” that stand
for “p is true at time m”. Thus, it is possible to use
revision to reason about a changing world. (Of course,
it would then be necessary to capture connections be-
tween propositions of the form p™, but specific revision
operators could certainly do this.)

As far as the other differences go, we can get a bet-
ter understanding of them, and of the relationship be-
tween revision and update, if we return to the general
belief change systems described in Section 3 and use
a language that allows us to explicitly reason about
the belief change process. Although this involves a
somewhat extended exposition, we hope the reader will
agree that the payoff is worthwhile.

The language we consider for reasoning about the be-
lief change process is called £ (®). It uses two modal
operators, a binary modal operator > to capture belief
change and a unary modal operator B that captures
belief, just as before. The formula ¢>v¢ is a Ram-
sey conditional. 1t is intended to capture the Ramsey
test: we want ©>¢ to hold if ¥ holds in the agent’s
epistemic state after he learns .

Formally, we take £ (®) be the least set of formu-
las such that if ¢ € £(®) and ¢,y € £>(®P) then
By, By, ¢, ¥ A¢/, and > are in £7(®). All
formulas in £~ (®) are subjective, that is, their truth
is determined by the agent’s epistemic state. In par-
ticular, this means that £(®) is not a sublanguage
of £>(®). For example, the primitive proposition p
is not in £~ (®) (although Bp is). Since formulas in
L>(®) are subjective, this means that all formulas on
the right-hand side of > are subjective. This seems
reasonable, since we intend these formulas to represent
the beliefs of the agent after learning. On the other
hand, notice that the only formulas that can appear
on the left-hand side of > are formulas in £(®). This
is because only formulas in £(®) can be learned.!3

13 This type of a right-nested language is also considered,
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We give formulas in £>(®) semantics in interpreted
plausibility systems. The semantics for By is just as
it was before, so all we need to do is define the seman-
tics for ¢>1. Notice that since each formulain £~ (®)
is subjective, its truth depends just on the agent’s epis-
temic state. We can give the following natural defini-
tion for conditionals with respect to epistemic states,
based on our desire to have them satisfy the Ramsey
test.

(Z,sa) E o> if (Z, 54 ¢) E 9.

As expected, we then define (Z,r,m) | ¢>¢ if and
only if (Z,r4(m)) E ¢>.

The language L£7(®) is actually a fragment of
LEPT(®). As the following lemma shows, we can ex-
press Ramsey conditionals by using the modal opera-
tors for time and knowledge.

Lemma 6.1: Let 7 be a belief change system, let ¢ €
L(®) and let ¢ € L> (). Then

(Z,7,m) E o>v¢ < K(learn(p) = Q).

Despite Lemma 6.1, there is a good reason to consider
L£>(®) rather than LEPT(®). As we now show, it is
the “right” language for capturing the belief change
process. Suppose we consider belief sets over the lan-
guage L (®) rather than £(®). In analogy to our
definition of Bel, define Bel” (Z,s,) = {¢ € L£L>(®) |
(Z,sq) E ¢}.'* However, this lead to technical We
define an extended belief set to be any set of the form
Bel” (Z, s,). The following lemma shows the extended
belief set captures exactly the epistemic state of the
agent with regard to belief change.

Lemma 6.2: If 7,7’ are belief change systems, then
Bel” (I,s4) = Bel” (T',s') if and only if for every se-

a
quence @1, ..., ey it is the case that

Bel(Z,sq - 1 “on) = Bel(Z',s!, - 01 ... pn).
This implies that if two states have the same extended
belief set, then they cannot be distinguished by the
belief change process.

We can now define the obvious belief change operation
on extended belief sets in terms of the Ramsey test:

E-p=qet {¢ | p>¢ € £}, (2)

for an extended belief sets F. Thus, - maps an ex-
tended belief set and a formula to an extended belief

for similar reasons, in [Bou93, EG93].

*We might have defined Bel”(Z,s4) as {¢ € L7(®) |
(Z,sa) = By}, which would have been even more in the
spirit of our definition of Bel (Z, s,). This definition agrees
with our definition except when (Z,sq) = B(false). In
this case, our definition does not put all formulas of the
form ¢>% into the belief set, which seems to us the more
appropriate behavior.



set. We have deliberately used the same notation here
as for the mapping - ;From local states and formulas
to local states. The following lemma shows that these
two mappings are related in the expected way:

Lemma 6.3: If7Z be a belief change system and ¢ €
L(®), then Bel” (I,s4 - ¢) = Bel” (T, 54) - .

Although the proof of this result is easy, it has impor-
tant implications. It shows that we have a well-defined
notion of belief change on extended belief sets. Thus,
it can be viewed as another way of solving the prob-
lem raised in Section 4. If we consider systems in S,
then extended belief sets, unlike belief sets, uniquely
determine the outcome of revision.

Our notion of extended belief sets is similar to a notion
introduced by Gardenfors [Gar78, Gar86, Gar88]. He
also considers revision of belief sets that contain con-
ditionals of the form ¢>. However, he attempts to
apply the AGM revision postulates to these sets (and
then obtains his well known triviality result), while we
define revision of extended belief sets directly in terms
of the Ramsey test. Of course, our notion of belief re-
vision does not satisfy the AGM postulates (although
it does when restricted to £(®)). Indeed, we cannot
expect it to, given Gardenfors’ triviality result. As we
argued in the introduction, this should not be viewed
as a defect. We do not want persistence (i.e., R4) to
hold for formulas such as Ramsey conditionals whose
truth depends on the current state of the agent. In-
deed, as we argue in the full paper, other postulates,
such as R8, should also not hold for conditional beliefs.

Once we adopt the Ramsey test we can in fact dis-
card postulates R1-R8 altogether, and simply define
revision using Eq. (2). That is, we shift the focus from
finding a set of postulates for belief revision, as done by
previous researchers [AGM85, G&ar88, Bou92, Fuh89,
Rot89], to that of finding a logical characterization of
revision in terms of the properties of >.

In [FH94a], it is shown that this general approach of
characterizing belief change in terms of characterizing
the behavior of the > operator in a class of plausi-
bility structures is relevant for all reasonable notions
of belief change, not just belief revision. In particu-
lar, this is the case for belief update. The results of
[FH94a] enable us to completely characterize the dif-
ferences between revision and update axiomatically.
There is an axiom that holds for revision (and not for
update) that captures the fact that revision focuses on
total preorders, there is an axiom that holds for up-
date (and not for revision) that captures the intuition
that update works “pointwise”, and there is an axiom
for update that must be weakened slightly for revision
because revision can recover from inconsistencies. We
refer the reader to [FH94a] for further details.

Thinking in terms of > helps us see connections be-
tween revision and update beyond those captured in

our axioms. For one thing, it helps us make precise
the intuition that both revision and update are char-
acterized by the plausibility ordering at each state.
In an arbitrary belief change system, there need be
no connections between an agent’s beliefs before and
after observing a formula ¢. We say that the belief
change at a point (r,m) in a belief change system
is compatible with the plausibility ordering if for any
o, € L(P), we have (Z,r,m) |E ¢> By if and only
if (Z,r,m) = Op—Q. That is, the agent believes 1
after learning ¢ exactly when 1 is true at the next time
step in all the most plausible situations in which ¢ is
true at the next time step. The next theorem shows
that belief change is compatible with the plausibility
ordering in both systems for revision and update (ex-
cept that in revision, belief change is not compatible
with the agent’s plausibility ordering at states where
the agent’s beliefs are inconsistent; this is due to the
fact that an agent with inconsistent beliefs may have
consistent beliefs again after revision).

Theorem 6.4: If T € ST then belief change is com-
patible with the plausibility ordering at every point
(r,m) such that (Z,r,m) [ B(false). If T € SY then
belief change is compatible with the plausibility order-
ing at every point.

We note that since propositions do not change their
values in ST we get the following corollary.

Corollary 6.5: Let T € SE let ¢, ¢ € L(®), and let
(r,m) be a point in I such that (Z,r,m) [ B(false).
Then (Z,r,m) = (¢>ByY) & (¢—¢).

Consistency provides some connection between — and
>. For example, as this corollary shows, in revision
systems they are essentially identical for depth-one for-
mulas. In general, however, they are different. For
example, it is not hard to show that p>(true>Bq)
is not equivalent to p— (true—¢) in revision systems.
Indeed, as noted above while revision guarantees min-
imal change in propositional (or base) beliefs, it does
not put any such restrictions on changes in the order-
ing at each epistemic state. Thus, there is no necessary
connection between — and iterated instances of >.15
In our representation of update, on the other hand,
we can make such a connection. Indeed, in SY, —
completely captures the behavior of >.

Lemma 6.6: Let T € SY. For all sequences of formu-
las ¢1,...,0n € L(®) and all ¥y € L(D), (Z,r,m) E
(1> >pa>BY) & ((Op1 A~ AO"pa) 2O ).

This result can be explained by the fact that in up-
date systems, the plausibility ordering at s, - ¢ is
determined by the plausibility ordering at s,. More
precisely, after learning ¢, Qumy1y = {(r,m +

Y5Thus, we use > rather than — for belief revision, con-

10 trary to the suggestion implicit in [Bou92].



Dl(r,m) € Qum),(r,m) [ learn(p) A Op}, and
(r,m 4+ 1) Zpm1) (,m + 1) if and only if
(7', m) Z(zm) (7", m). (In the terminology of [FH94b],
this means that the plausibility space (r, m+1) can be
understood as the result of conditioning on the plau-
sibility space at (r,m).)

These results, and those of [FH94a], support the thesis
that this language, which lets us reason about plausi-
bility (and thus belief), belief change, time, and knowl-
edge, is the right one with which to study belief change.

7 CONCLUSION

We believe that our framework, with its natural rep-
resentation of both time and belief, gives us a great
deal of insight into belief revision and belief update.
Of course, revision and update are but two points in a
wide spectrum of possible types of belief change. Our
ultimate goal is to use this framework to understand
the whole spectrum better and to help us design belief
change operations that overcome some of the difficul-
ties we have observed with revision and update. In
particular, we want belief change operations that can
handle dynamic propositions, while still being able to
revise information about the past.

One approach to doing this, much in the spirit of up-
date, would be to use a distance function that relates
not just worlds, but sequences of worlds (of the same
length). We could then easily modify the definition of
update so as to handle the borrowed-car problem cor-
rectly. Such a modification, however, comes at a cost.
It is much simpler to represent (and do computations
with) a distance function that applies to worlds than
to sequences of worlds. A natural question to ask is
whether we can get away with a simpler distance func-
tion (that, perhaps, considers only certain features of
the sequence of worlds, rather than the sequence it-
self). Of course, the answer to this will depend in part
on how we make “get away with” precise.

Whether or not this particular approach turns out to
be a useful one, it is clear that these are the types
of questions we should be asking. We hope that our
framework will provide a useful basis for answering
them.

Finally, we note that our approach is quite differ-
ent from the traditional approach to belief change
[AGMS85, Gar88, KM91a]. Traditionally, belief change
was considered as an abstract process. Our frame-
work, on the other hand, models the agent and the
environment he is situated in, and how both change
in time. This allows us to model concrete agents in
concrete settings (for example, diagnostic systems are
analyzed in [FH94b]), and to reason about the beliefs
and knowledge of such agents. We can then inves-
tigate what plausibility ordering induces beliefs that
match our intuitions. By gaining a better understand-
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ing of such concrete situations, we can better investi-
gate more abstract notions of belief change.
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