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Abstract

The Information bottlene& methodis an unsu-
pervisednon-parametridataorganizationtech-
nique. Given a joint distribution P(A, B), this

methodconstructsa new variableT' thatextracts
partitions, or clusters,over the valuesof A that

are informative about B. The information bot-

tleneck has already beenapplied to document
classificationgeneexpressionneuralcode,and
spectralanalysis. In this paper we introduce
a generalprincipled framawork for multivariate
extensionof theinformationbottleneckmethod.
This allows us to considermultiple systemsof

data partitions that are inter-related. Our ap-

proachutilizes Bayesiannetworks for specify-
ing the systemsof clustersand what informa-

tion eachcaptures.We show thatthis construc-
tion providesinsightaboutbottleneckvariations
andenableausto characterizesolutionsof these
variations. We also presenta generalframe-
work for iterative algorithmsfor constructingso-

lutions,andapplyit to severalexamples.

1 Introduction

Clustering,or datapatrtitioning, is a commondataanal-
ysis paradigm. A centralquestionis understandingyen-
eral underlying principles for clustering. One informa-
tion theoreticapproacho clusteringis to requirethatclus-
tersshouldcaptureonly the “relevant” informationin the
data,wherethe relevanceis explicitly determinedby var
ious componentf the dataitself. A commondatatype
which callsfor suchaprincipleis co-occurrenceata,such
asverbsanddirectobjectsin sentencef/], wordsanddoc-
umentd1, 4, 11], tissuesandgeneexpressiorpatterng14],
galaxiesand spectralcomponentg10], etc. In mostsuch
caseghe objectsarediscreteor cateyoric andno obvious
“correct” measuref similarity existsbetweerthem. Thus,
we would like to rely purely on the joint statisticsof the
co-occurrenceand organizethe datasuchthat the “rele-
vantinformation” amongthe variablesis capturedin the
bestpossibleway.

Formally, we canquantify the relevanceof onevariable,
A, with respectto anotherone, B, in termsof the mutual
information I(A4; B). This well known quantity defined

as,

I(A;B) = Z P(a,b)log %
a,b

is symmetric,non-ngative, andequalsto zeroif andonly

if thevariablesareindependentlt measurelsow mary bits

areneedednthe averageto corvey theinformation A has
aboutB (or vice versa). The aim of informationtheoretic
clusteringis to find (soft) partitionsof A’s valuesthatare
informative about B. This requiresbalancingtwo goals:
we wantto loseirrelevantdistinctionsmadeby A, andat

the sametime maintainrelevantones.A possibleprinciple

for extractingsuchpartitionsis the informationbottlene&

(IB) method[13]. Clusteringis posedas a construction
of a new variableT that representpartitionsof A. The

principleis describedy avariationaltradeof betweerthe

informationwe try to minimize, I(A;T), andthe onewe

try to maximizeI(T; B). We briefly review this principle

andits consequences the next section.

Themaincontribution of this paperis ageneraformula-
tion of a multivariate extensionof the informationbottle-
neckprinciple. This extensionallows usto considercases
wheretheclusteringis relevantwith respecto severalvari-
ables,or wherewe constructseveral systemsf clustersat
thesametime.

To give concretemotivation, we briefly mentiontwo ex-
ampleghatwetreatin detailin latersectionsIn symmetric
clustering(alsocalledtwo-sidedor doubleclustering we
wantto find two systemsof clusters:oneof A andoneof
B thatareinformative abouteachother A possibleappli-
cationis relatingdocumentgo words,wherewe seekclus-
tering of documentsccordingto word usageanda corre-
spondingclusteringof words. This procedureaimsto find
documentclustersthat correspondo differenttopics and
atthe sametime identify clusterof wordsthatcharacterize
thesetopics[11]. Clearly, the two systemsof clustersare
in interaction andwe wanta unifying principlethatshows
how to constructhemsimultaneously

In parallel clusteringwe attemptto build severalsystems
of clustersof the valuesof A. Our aim hereis to capture
independentspectsof the information A corveys about
B. A biologicalexampleis the analysisof geneexpression
data,wheremultiple independendistinctionsabouttissues
(healthyvs. tumor, epithelialvs. muscle,etc.) arerelevant
for theexpressiorof genes.

We presentsuchtasks,and others,in our framework by



specifyingapair of Bayesiametworks. Onenetwork, G,
representsvhich variablesare compressedersionsof the
obsenred variables(eachnew variablecompressess par
entsin thenetwork). Theseconchetwork, G, , represents
which relationsshould be maintainedor predicted(each
variableis predictedby its parentsin the network). We
formulatethe generalprinciple as a tradeof betweenthe
information eachnetwork carries. We want to minimize
the information maintainedby G, andto maximizethe
informationmaintainedby G ;.

We further give anotherinterpretationto this principle,
asatradeof betweencompressiomf the source(givenby
G»,) andfitnessto a target mode| wherethe modelis de-
scribedby G,.:. Using this interpretationwe can think
of our new principle asa generalizedcompressiordistor
tion tradeof (asin rate-distortiontheory [3]). This in-
terpretationmay allow us to investigatethe principlein a
generalparametricsetup. In addition, we shawv that, as
with the original IB, the new principle provides us with
self-consistenequationsn the unknowvn probabilisticpar
tition(s) which canbeiteratively solvedandshawn to con-
verge. We shav how to combinethis in a deterministic
annealingprocedurenhich enablesusto exploretheinfor-
mationtradeof in anhierarchicaimanner Therearemary
possibleapplicationsfor our new principle andalgorithm.
To mentionjust a few, we considersemanticclusteringof
words basedon multiple partsof speech,complex gene-
expressiordataanalysisandneuralcodeanalysis.

2 Thelnformation Bottleneck

We startwith somenotation. We usecapital letters,such
as A,B,T, X, for variable namesand lowercaseletters
a, b, t, z to denotespecificvaluestaken by thosevariables.
Setsof variablesare denotedby boldface capital letters
T, X, andassignmentsf valuesto the variablesin these
setsare denotedby boldfacelowercaseletterst,x. The
statementP(a | b) is usedasa shorthandor P(A = a |
B =0b).

Tishbyetal. [13] consideredwo variables A andB, with
their (assumedjiven)joint distribution P(A, B). Here A
is thevariablewe try to compresswith respecto the “rel-
evant” variable B. Namely we seeka (soft) partition of
A through an auxiliary variable T' and the probabilistic
mappingP(T | A), suchthatthe the mutualinformation
I(A;T) is minimized (maximumcompressionhile the
relevant information I(T'; B) is maximized. The depen-
deng relationsbetweenthe 3 variablescan be described
by therelations: T independenof B given A; andon the
otherhandwe wantto predictB from T'.

By introducinga positive Lagrangemultiplier 3, Tishby
etal. formulatethis tradeof by minimizing the following
Lagrangian,

L[P(T | A)] = I(A;T) — BI(T; B)

wherewetake P(A, B,T) = P(A,B)P(T | A).
By taking the variation (i.e derivative in the finite case)
of £ w.r.t. P(T | A), underthe propernormalizationcon-

straints,Tishby etal. shawv thatthe optimal partition satis-
fies,
Pt a) = UL exp (~D(P(B | )| P(B | 1))
Z(a, B)

where D(P|Q) = Ep[log §] is the familiar KL diver
gencd3]. Thisequatiormustbe satisfiedself consistently

The practicalsolutionof theseequationscanbe doneby
repeatedterationsof the self-consistenequationsfor ev-
ery givenvalueof g, similar to clusteringby determinis-
tic annealing8]. The corvergenceof theseiterationsto a
(generallylocal) optimumwasprovenin [13] aswell.

3 Bayesian Networksand
M ulti-Information

A Bayesiannetwork structureover a setof randomvari-
ablesXy,..., X, isaDAG G in which verticesareanno-
tatedby namesof randomvariables.For eachvariable X;,
we denoteby Pag;(i the (potentiallyempty) setof parents
of X; in G. We saythatadistribution P is consistentvith
G, if P canbefactoredn theform:

P(Xy,...,X,) = [[ P(X: | Pag))
i

andusethenotationP = G to denotethat.

One of the main issuesthat we will deal with is the
amountof informationthatvariablesXy, ..., X,, contain
abouteachother A quantitythatcaptureshisis the multi-
informationgivenby

I(X1,...,X,) = DPXi,...,Xn)|P(X1)---P(Xn))
g P X1 X0)
P P

The multi-information captureshow close is the distri-

bution P(X4,...,X,) to the factoreddistribution of the
mauginals.Thisis thenaturalgeneralizatiorof thepairwise
concepbf mutualinformation. If this quantityis small,we

do not losemuchby approximatingP by the productdis-

tribution. Like mutualinformation,it measuretheaverage
numberof bitsthatcanbegainedby ajoint compressiomf

thevariablesvs. independentompression.

When P hasadditionalknown independenceelations,
we can rewrite the multi-informationin termsof the de-
pendenciesmongthevariables:

Proposition 3.1: LetG bea Bayesiametworkstructuie
overX = {X;,...,X,}, andlet P bea distribution over
X sudthatP = G. Then,

I(Xy,..o, Xn) = 3 I(X;;Pag,) .
i
Thatis, the multi-informationis the sum of local mutual
information termsbetweeneachvariableand its parents.
We denotethe sumof theseinformationswith respecto a
network structureas:

79 =3 " I(X;Paf,) -

Ep|



WhenP is notconsistentvith the DAG G, we oftenwant
to know how closeis P to a distribution thatis consistent
with G. Thatis, whatis the distance(or distortion) of P
from its projectionontothe sub-spacef distributionscon-
sistentwith G. We naturallydefinethis distortionas

D(PIG) = min D(P|Q).

Thismeasurdastwo immediatenterpretationsn termsof
thegraphG.

Proposition 3.2: Let G be a Bayesiannetworkstructuie
overX = {Xj,...,X,}, andlet P bea distribution over
X. Assumehat the order X1, ..., X, is consistentith
the DAG, then

D(P|G)

Y I(Xi;{Xy,...,Xi 1} — Paf, | Paf,)
7

= I(Xy,...,X,) -1¢

Thus, we seethat D(P|G) can be expressedas a sum
of conditionalinformationterms,whereeachterm corre-
spondgo a Markov independencassumptiowith respect
totheorderXy,..., X, . Recallthatthe Markov indepen-
denceassumptiongwith respecto a givenorder)arenec-
essaryandsuficient to requirethe factoredform of distri-
butionsconsistenwith G [6]. We seethat D(P|G) is mea-
suredin termsof the extenttheseindependenciearevio-
lated,sinceI(X;; {X1,...,X;_1} — Pa%, | Pa%,) = 0
if andonlyif X; isindependenof {Xi,..., X;_1}—Pa%,
givenits parents.Thus, D(P|G) = 0 if andonly if P is
consistenwith G.

An alternatve representationf this distancemeasuras
givenin termsof multi-informations sincewe canthink of
D(P|@) asthe amountof information betweenthe vari-
ablesthat cannotbe capturedby the dependenciesf the
structureG.

4 Multi-Information Bottleneck Principle

Themulti-informationallows usto introducea simple*lift-

up” of the original IB variational principle to the multi-

variatecase usingthe semanticof Bayesiannetworks of
the previous section. Given a set of obsened variables,
X = {X;,..., Xy}, insteadof one partition variableT,

we now considera setT = {T3,...,T}, which corre-
spondto differentpartitionsof varioussubsetsf the ob-
senedvariables More specifically we wantto “construct”
new variables,wherethe relationsbetweenthe obsened
variablesand thesenew compressiorvariablesare speci-
fied usinga DAG G, over X U T. Sincewe assumehat
the new variablesin T are functionsof the original vari-
ableswerestrictattentiondo DAGswherethevariablesn

T areleafs! Thus,eachT] is a stochasticfunction of a

1t will be corvenientto think of caseswhereG., restricted
to X formsa completegraph. However, this is not crucialin the
following development. To simplify the technicaldetails,we do
assumehat P(X) is consistentvith Giy,.

setof variablesPa%’" C X. Oncetheseareset,we havea
joint distribution overthecombinedsetof variables:

P(X,T) = P(X) [[ P(T; | Pa§™)
J

@)

Analogouslyto the original IB formulation, the informa-
tion thatwe would like to minimize is now givenby 7,
Minimizing this quantityattemptso make variablesasin-
dependenbf eachotheraspossible. (Note that sincewe
only modify conditionaldistributionsof variablesn T, we
cannotmodify the dependencieamongthe original vari-
ables.)

The “relevant” information that we want to presere is
specifiedby anotheDAG, G ;. This graphspecifiesfor
eachT; which variablesit predicts. Theseare simply its
childrenin G,,;. Corversely we wantto predicteachX;
(or T}) by its parentsin G,,:. Thus, we think of ZGeu
asa measureof how muchinformationthe variablesin T
maintainabouttheir targetvariables.This suggesthatwe
wish to maximizeis 7o,

Thegeneralized.agrangiarcanbewrittenas

— IGm _ﬂIGout ,
2)
andthevariationis donesubjectto the normalizationcon-
straintson the partition distributions. It leadsto tractable
self-consistenequationsaswe henceforthshow.

It is easyto seethattheform of this Lagrangiaris adirect
generalizatiorof theoriginal IB principle. Again,wetry to
balancebetweenthe informationT losesaboutX in G;,
andtheinformationit presereswith respecto G,;.

LO[P(Ty | Pag), ..., P(Ty, | Pag")]

Example4.1: As a simpleexample,considerapplication
of the variationalprinciplewith G, ande,a) of Figurel.

ut
G specifieghatT compressest andGEjf}t specifieghat
we wantT to predictB. For this choiceof DAGs,Z%» =
I(T; A) + I(4; B) andZ%= = I(T;A). Theresulting

Lagrangiars
LY = [(T; A) + I(A; B) — BI(T; B)

Since,I(A; B) is constantwe canignoreit, andwe end
up with a Lagrangianequialentto that of the original IB
method.

5 Analogous Variational Principle

We now describea closely relatedvariational principle.
Thisoneis basedn approximatingdistributionsby aclass
defined by the Bayesiannetwork G,.;, ratherthan on
preserationof multi-information.

We facethe problemof choosingheconditionaldistribu-
tionsP(T} | Pa%i“). Thus,we alsoneedto specifywhatis
exactly our targetin constructingthesevariables.As with
the original IB method,we aregoingto assumehatthere
aretwo goals.

On the one hand, we want to compress,or partition,
the original variables. As beforethe naturalmultivariate
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Figure 1: The sourceandtarget networks for the original
IB.

form of this is to minimize the multi-information of P.
SinceP is consistenwith G;,, we candenotethis multi-
informationasZ%.

While in the previoussectionthe secondyoalwasto pre-
sene the multi-informationto other(target, relevant) vari-
ables herewethink of atargetclassof modeldistributions,
specifiedby a target Bayesiametwork. In thatinterpreta-
tion the compressedariablesshouldhelpusin describing
the joint distribution in a differentdesiredstructure. We
specifythis structureby anotheDAG G ,,,; thatrepresents
whichindependenciese would like to impose.

To make this more concreteconsiderthe simple two-
variablecaseshavn in Figure 1. In this example,we are
giventhedistribution of two variables4 and B. The DAG
Gy, specifieghatT is a compressedersionof A. Onthe
otherhand,we would like this T' to make A and B asin-
dependenaispossible. A way of formally specifyingthis

desire,is to specify the DAG foﬁt of Figure 1 suchthat
hereT separatebetweend andB.

The questionnow is how to force the constructionof
P(T | A) suchthatit will leadto the independenciethat
arespecifiedn thetargetDAG. Noticethatthesewo DAGs
are,in generalincompatible:Exceptfor trivial caseswe
cannotachiese bothsetsof independenciesimultaneously
Instead we aim to comeascloseaspossibleto achiesing
this by a tradeof betweenthe two. We formalize this by
requiringthat P canbecloselyapproximatedoy adistribu-
tion consistenwith G ,.,;. As previously discusseda nhatu-
ral informationtheoreticmeasurdor this approximations
D(P|@), theminimal KL divergencefrom P to distribu-
tionsconsistentvith G ;.

As before,we introducea Lagrangemultiplier that con-
trols the tradeof betweentheseobjectives. To distinguish
it from the parametewe useabove, we denotethis param-
eterby 4. The Lagrangianwe wantto minimize in this
formulationis thus:

L? =7% 4 yD(P|G out) ©)

wherethe parametershatwe canchangeduring the mini-

mizationareagainovertheconditionaldistributions P(T} |

Pa%?“). Therangeof v is between), in which casewe
have atrivial solutionin which the T};’s areindependenof
theirparentsandoo, in whichwe striveto make P asclose
aspossibleto Gy

Example5.1: Consideragainthe exampleof Figure 1
with G, and G® . In this case,we have that Z¢» =

out*

I(A; B)+I(T; A) andZ¢» = I(T; A) + I(T; B). Using
Proposition3.2,we havethat D (P|G ,y¢) = TG — TG out,
Putting,thesetogetheywe getthe Lagrangian

£® = I(T; A) —vI(T; B) + (1 + 7)I(4; B)

Since,I(A; B) is constantwe canignoreit, andwe end
up with a Lagrangianequialentto that of the original IB
method(settingy = ). Thus,we canthink of theIB as
finding a compressior?” of A thatresultsin a joint distri-
bution thatis ascloseaspossibleto the DAG whereA and
B areindependengjivenT'.

Going back to the generalcase,we can apply Propo-
sition 3.2 to rewrite the Lagrangianin terms of multi-
informations:

£2 = 7Gm +’y(IGi“ _IGouz)

(1 + fy)ZG"” _ VIG{)ut

which is equialentto the LagrangianZ() presentedn
the previous section,underthe transformations = %
Wherethe rangey € [0,00) correspondgo the range
B € [0,1). (Note thatwhen = 1, we have that
LY = D(P|Gy:), Which is the extremecaseof £(2).)
Thus, from a mathematicaperspectie, £(?) is a special
caseof £V with therestrictions < 1.

Thistransformatiorraiseshe questionof therelationbe-
tweenthe two variationalprinciples. As we have seenin
Examples4.1and5.1, we needdifferentversionsof G ;.
in the two Lagrangiango reconstructhe original IB. To
betterunderstandhedifferencedetweerthetwo, we con-
sidertherangeof solutionsfor extremevaluesof g and-.

Wheng — 0 andy — 0, bothLagrangiansninimizethe
termZ%~ . Thatis, theemphasiss on loosinginformation
in thetransformatiorfrom X to T.

In the other extreme case,the two Lagrangiangdiffer.
Wheng — oo, minimizing £ is equivalentto maximiz-
ing Z¢-« . Thatis, the emphasiss on preservingnforma-
tion aboutvariablesthathave parentsin G,.;. For exam-

ple, in the applicationof £(1) in Example4.1with G'%)

out?’

this extremecaseresultsin maximizationof I(T; B). On
the otherhand,if we apply £V with G**),, thenwe maxi-

out?’
mizeI(T; A) + I(T; B). In this casewhenf approaches
oo informationaboutA will bepreseredevenif it isirrel-
evantto B.

When~y — oo, minimizing £2 is equialentto min-
imizing D(P|G,u). By Proposition3.2 this is equiva-
lent to minimizing the violations of conditionalindepen-

denciesimplied by Go,:. Thus, for G(obgt, this mini-
mizesI(A; B | T). Using the structureof P, we can
write I(A; B | T) = I(A; B) — I(T; B) (asimplied by
Proposition3.2), and so this is equivalentto maximizing

I(T; B). If insteadwe useGEjL’t, we minimize the infor-
mationI(A4; B,T) = I(A; B)+I(T; A) — I(T; B). Thus,
we minimize I(T'; A) while maximizing(T'; B). Unlike,
theapplicationof £1) to G'%),, we cannotignoretheterm
I(A;T).
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Figure 2: The sourceandtarget networks for the parallel
andsymmetricBottleneckexamples.

To summarize we might loosely say that £(1) focuses
on the edgesthat are presentn G ., while £(?) focuses
on the edgesthat are not presentin G,,; (or more pre-
cisely the conditionalindependenciethey imply). This
explainsthe somavhatdifferentintuitionsthatapplyto un-
derstandinghe solutionsfound by the variationalprinci-
ples. Thus, althoughboth variantscan be appliedto any
choiceof G ,,;, somechoicesmight make more sensefor
LM thanfor £, andvice versa.

6 Bottleneck Variations

We now considertwo examplesof theseprinciplesapplied
to differentsituations.

Example 6.1: We first considera simple extensionof the
original IB. Supposewe introducetwo variablesT; and
T,. As specifiedin G, of Figure2(a), both of thesevari-
ablesare stochastidunctionsof A. In addition,similarly
to the original IB, we wantT; andT; to extractinforma-
tion about B from A. We call this examplethe parallel
bottleneckasT; andT, compressA in “parallel”.

TheDAG G(o‘;)t specifieghatT; andT> shouldpredictB.
Basedonthesetwo choicesZ%» = I(A; B) + I(A; Ty) +
I(A;Ty) andZG = I(B;T;,Ty). After droppingthe
constantermI(A; B), theLagrangianC(!) canbewritten
as

LY =T1(4;T) + I(A;T) — BU(B; Ty, Ts)) . (4)

Thus, we attemptto minimize the information between
A andT; andT> while maximizingthe informationthey
presere aboutB. SinceTl; and7» areindependengiven
A, we canalsorewrite?

(AT, T2) = I(A;Th) + I(A; 1) — I(Th; T2) - (B)
Thus, minimizing I(Ty; A) + I(Tz; A) is equivalent for
minimizing I(Ty,T2; A) + I(T1;T»). In otherwords,an-

2Proof: I(A; T1, T>) = E[log
_ P(A)P(Ty|A)P(Ta|A)
= Eflog =5 045pmy, 1)

P(A,T1,T3) ]
P(A)P(T1,T2)
. P(Tl)P(T2)]

P(T1)P(T2)
I(Tl, Tz)

otherinterpretationfor the above optimizationis that we
aimto find T; andT> thattogethertry to compress4, pre-
sene the informationabout B andremainindependenof
eachotheraspossible. In this sensewe cansaythatwe
aretrying to decompos¢he information A containsabout
B into two “orthogonal’components.

Recall, that using £(?) we aim at minimizing violation
of independencies G,.;. This suggestdhat the DAG

G(b)t of Figure 2(a) capturesour intuitions above. In this
DAG, A and B areindependengivenT; and7. More-

over, hereagalnG(b)t specifiesanadditionalindependence
requiremenbover 77 and7,. To seethatwe examinethe
Lagrangiandefinedby the principle. In this case,IbG""’ =
I(A;T1,T5)+1(B;Ty,Ts). UsingEqg.(5)anddroppingthe
constantermI(A; B), theLagrangianC(? canbewritten
as

LP = I(A;T)+I(A; To) +y(I(Ty; To) = I1(B; Ty, To)) -

Thus, again,we attemptto minimize the information be-
tweenT; andT> while maximizingthe informationthey
togethercontainaboutB.

Example 6.2: We now considerthe symmetridbottleneck.
In this casewe wantto compressA into T4 andB into T's
sothatT4 extractstheinformationA containsaaboutB, and
at the sametime T'g extractsthe information B contains
aboutA. TheDAG G, of Figure2(b) capturegheform of
thecompressionThe choiceof G, is lessobvious.

Onealternatve, shovn asGE,‘f}t in Figure 2(b), attempts
to make eachof T4y andT’s sufficient to separated from
B. As we cansee,in this network A is independenof
B andT givenT4. Similarly, Ts separate$3 from the
other variables. The structureof the network statesthat
T4 andTp aredependenbdf eachother Developingthe

Lagrangiardefinedby this network, we get:
LP = I(Ta; A) + I(Ts; B) — vI(Ta; Ts)

Thus,ononehandwe attempto compressandontheother
handwe attemptto make T4 andT’s asinformative about
eachotheraspossible (Notethatif T4 isinformativeabout
Ts, thenit is alsoinformative aboutB.)

Alternatively, we mightarguethatT 4 andT's shouldeach
compresdlifferent“aspects”of the connectiorbetweenA
and B. This intuition is specifiedby the target network

G(”)t of Figure2(b). In this network T'4 andT's areinde-
pendenbf eachother andbothareneededo make A and
B conditionallyindependent.In this senseour aim is to
find T4 andT'g that captureindependenattributesof the
connectiorbetweend andB. Indeedfollowing arithmetic
similarto thatof Example6.1,we canwrite theLagrangian
as:

£? = I(Ta;A)+I(Ts; B) +
Y(2I(Ta;TB) — I(T; A) — I(T'a; B))
Thatis, we attemptto maximizetheinformationTy main-
tainsaboutB andT'g about4, andatthe sametime try to
minimizetheinformationbetweerl’y andTs.



7 Characterization of the Solution

In the previous sectionswe stateda variationalprinciple.
In this sectionwe considetthe form of the solutionsof the
principle. More preciselyweassumehatG,,, Gou:, ands
(or~) aregiven. We now wantto describehepropertieof
thedistributions P(T}; | Paf"). We presenthis character

ization for the Lagrangian®f the form of £(1). However,
we can easily recover the correspondingcharacterization
for Lagrangian®f theform £(?) (usingthetransformation
B=L).

In the presentatiomf this characterizationje needsome
additional notational shorthands. We denoteby U; =
Pa%"”, Vi, = Pa%"“", andVy, = Pa$:. We alsode-
noteV}ZTj = V1, —{T;} andsimilarly for V}iT". Tosim-
plify the presentatiorwe alsoassumehatU; NV, = 0.

In addition,we usethe notation

Epup [D(P(Y | Z,w;)| P(Y | Z,1;))]
Y P(Z|w)D(P(Y | Z,u))|P(Y | Z,t;))
z

P(Y | Zuuj)]
P(Y | Z,t;)

Ep(uyllog

whereY and Z are variables(or setsof variables)and
P(- | u;) is thejoint distribution over all variablesgiven
the specificvalueof U;. Notethatthis termsimplies aver-
agingoverall valuesof Y andZ usingthe conditionaldis-
tribution. In particulay if Y or Z intersectswith Uj, then
only the valuesconsistentvith u; have positive weightsin
thisaveraging.Also notethatif Z is empty thenthisisterm
reducedo the standarckL divergencebetweenP(Y | u;)
andP(Y | t;).
Themainresultof this sectionis asfollows.

Theorem 7.1: Assumehat P(X), Gy, Gout, and 3 are
given. The conditionaldistributions { P(T; | U;)} area
stationarypointof £(1) = ZGi» — BZGew if anonlyif

P(t;)

e*ﬁd(tja“j)
ZT]' (11]', /B)

P(tj | uj) = (6)

whee Zr; (u;, ) is anormalizationterm,andd(t;, u;) is
givenby

S Epup[D(PX | Vi, w))[P(X; | Vi 1))
i:TjEin

—T; —T;
+ S By ID(PT | V5w |P(T | V5, 4))]
EIT]‘EVTZ
+Ep(juy[D(P(V1, | uy)|P(V1y | t5))] .

whete all probabilitiesin this term are derivedfrom the
definitionof themodelin Eq. (1). 3

3This can be done by standard variable elimination
procedures.

SeeAppendixA for aproofoutline.

Theessencef thistheoremis thatit definesP(¢; | u;) in
termsof the distortiond(t;, u;). This distortionmeasures
how close are the conditionaldistribution in which ¢; is
involvedinto thesewherewe replacet; with u;. In other
words, we canunderstandhis as measuringhow well ¢;
performsasa “representatie” of the particularassignment
u;. Theconditionaldistribution P(T; | u;) depend®nthe
differencesn thedistortionfor differentvaluesof Tj.

The theoremalsoallows us to understandherole of 3.
When g is small, the conditionaldistribution is diffused,
sincep reduceghedifferencesetweerthe distortionsfor
differentvaluesof T;. Ontheotherhand,wheng is large,
the exponentialterm actsas a “softmax” gate,and most
of the conditionalprobability masswill be assignedo the
valuet; with thesmallesdistortion. Thisbehavior matches
theintuition thatwheng is small, mostof the emphasiss
on compressingheinputvariablesU; into T; andwheng
is large,mostof theemphasiss on predictingthe“outputs”
variablesof T}, asspecifiedy G ;s

Example7.2: To seea concreteexample,we reconsider
the parallelbottleneckof Example6.1. Applying the the-
oremto £ of Eq. (4), we getthatthe distortionterm for
T is

d(ti,a) = Ep(o)[D(P(B|a,T2)|P(B | t1,T2))]
This term correspondso theinformationof B andT, T5.
We seethat P(t; | a) increasesvhenthe predictionsof B
givent; aresimilarto thosegivena (Wwhenaveragingover
T,). Thedistortionfor T is definedanalogously

Example7.3: Considernow the symmetric bottleneck
caseof G'%, in Example6.2. Applying the theoremwe

out

getthatthedistortiontermfor T4 is

d(tA,a)

Ep(1o)[D(P(TE | a)|P(TB | ta))] +
Ep(1o)[D(P(A ] a)|P(A | ta))]

Thefirst termis asimpleKL divergenceandlasttermcan
besimplifiedto —logP(a | t4) = —logp(ta)—log P(a)+
log P(ta | a). By simplearithmeticoperationsandusing
v = %, we getthe setof self-consistenéquations

P(ta | a) %ewwmﬂnp%mn
Ta\Q,7Y
P(t

Plts |b) = ﬁe—w(mnwwmus»
B b

Thus, T4 attemptgo make predictionsassimilarto theseof
A aboutT'g, andsimilarly T'g attemptg¢o make predictions
assimilarto theseof B aboutT 4.

8

We now consideralgorithmsfor constructingsolutionsof
thevariationalprinciple.

[terative Optimization Algorithm



P(A;B) sorted by the clustering solution

Symmetric compression, Information curves, synthetic example

o o o
o o N
~

Preserved information
o
S

o o
Now

o T AVH(A) Vs, (T, ;B
_, I(TgBYH(®) vs. I(T:AYI

o
[

0.2 0.4 0.6 0.8 1
Compression factor

(©

<)

Figure 3: Application of the symmetricbottleneckon a simple syntheticexample. (a) input joint distribution, (b) the
samejoint distribution whererows and columnswere permutedio matchthe clusteringfound; dottedlines show cluster
boundaries.(c) informationcurvesshaving the progressioralongthe informationtradeof graphfor increasings. The
z-axis is the fraction of the information aboutthe original variablethatis maintainedby the compressedariable,and
the y-axisis the fraction of the informationbetweenA and B thatis capturedby I(T'4; B) or I(Ts; A). Circlesdenote

bifurcationevents.

We startwith the casewhereg is fixed. In this case fol-
lowing standardstratey in variationalmethods,we sim-
ply applythe self-consistenéquationsMore preciselywe
usean iterative algorithm,thatat the m’th iterationmain-
tainsthe conditionaldistributions { PU™)(T; | U;) : j =
1,...,k}. At them + 1'thiteration,thealgorithmapplies
anupdatestep

P (t;)

—Bd™ (tu5)  (7)
e
7("_7' +1) (u]’ IB)

P (85 | uy)

where P(t;)(™ and d(™(t;,u;) are computedwith re-
spectto the conditional probabilities { P(™)(T; | U;) :
j=1,...k}.

Therearetwo mainvariantsof this algorithm.In thesyn-
chronousvariant,we apply the updatestepfor all the con-
ditional distributionsin eachiteration. Thatis, eachcon-
ditional probability P(T; | Uj;) is updatedby computing
the distortionbasedon the conditionalprobabilitiesof the
previousiterations.In theasyntironousvariant,we choose
onevariableT};, andperformthe updateonly for this vari-
able.Forall £ # j, wesetP("™+) (T, | U,) = P"™) (T} |
U,). Themaindifferencebetweerthe two variantsis that
the updateof T in the asynchronousipdateincorporates
theimplicationsof the updatef the othervariables.

Theorem 8.1 : Asyn@ironous iterations of the self-
consistenequationscorverge to a stationarypoint of the
optimizationproblem.

SeeAppendixA for a proof for thecaseg < 1. Thecon-
vergenceproof for the generalcaseis moreinvolved and
will appeain thefull versionof this paper

At the currentstagewe do not have a proof of corver
gencefor the synchronougase althoughin all our experi-
ments,synchronousipdatesorvergeaswell.

A key questionis how to initialize this procedureasdif-
ferentinitialization points canleadto differentsolutions.
We now describea deterministicannealinglik e procedure
[8, 13]. This proceduravorkshby iteratively increasinghe
parameteps andthenadaptinghesolutionfor the previous
value of g to the new one. This allows the algorithmto
“track” the changesn the solutionasthe systemshifts its
preferencefrom compressioito prediction*

Recallthatwhens — 0, the optimizationproblemtends
to make T); independendf its parents At this pointthe so-
lution consistsof essentiallyonly one clusterfor eachT;
whichis not predictve aboutary othervariable.As we in-
creased, we suddenlyreacha pointwherethevaluesof T;
divergeandshawv two differentbehaviors. Thisphenomena
is a phase-transitiomf the system. Successie increases
of g will reachadditionalphasetransitionsin which addi-
tional splits of valuesof T; emege. The generalidea of
thisannealingorocedurés to identify thesebifurcationsof
clusters At eachstepof the procedureywe maintaina setof
valuesfor eachT. Initially, wheng = 0, eachT; hasasin-
gle value. We thenprogressiely increase3 andtry to de-
tectbifurcations.At theendof the procedureve recordfor
eachT; abifurcatingtreethattracesthe sequencef solu-
tionsatdifferentvaluesof 3 (seefor exampleFigure4(a)).

The main technicalproblemis how to detectsuch bi-
furcations. We adoptthe methodsof Tishby et al. [13]
to multiple variables. At eachstep,we take the solution
from the previous step(i.e., for the previousvalueof g we
considered)and constructan initial problemin which we
duplicateeachvalue of eachT;. To definesuchan ini-
tial solutionwe needto specify the conditionalprobabili-
ties of these*doubled” valuesgiven eachvalueU;. Sup-

4In deterministicannealingterminology % is the “tempera-

ture” of the system,andthusincreasing3 corresponds$o “cool-
ing” thesystem.
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Figure 4: Application of the symmetricbottleneckto the 20 newsgroupdatasetwith 300 informative words. (a) The
learnedclusterhierarchyof categories. (b) information curvesshaving the progressioralong the information tradeof
graph.Notethatwith 16 word clusterswe presere mostof theinformationpresenin thedata.

posethatt; , andt;;, arethe two copiesof the valuet;.

Thenwe setP*(t, | u;) = P(t; | u;) (3 + ae(uy))

and P*(th) | llj) = P(t] | llj) (% —046(11]')) where
e(u;) ~ U[—%, 1] isanoisetermand0 < a < lisascale
parameterThus,eachcopy t;,, andt; , is a perturbedver

sionof t;. If g is high enough,this randomperturbation
sufficesto allow thetwo copiesof ¢; to diverge. If 3 is too
smallto supportsuchbifurcation, both perturbedversions
will collapseto the samesolution.

After constructingthis initial point, we iteratively per
form the updateequationsof (7) until corvergence. If at
the corvergencepoint the behavior of ¢; , andt; ; is iden-
tical, thenwe declarethatthevaluet; hasnotsplit. Onthe
otherhand,if the distribution P(t;, | u;) is sufiiciently
differentfrom P(t; 4 | u;) for somevaluesof Uj, thenwe
declarethatthevaluet; hassplit, andincorporatet; , and
t;,» into the bifurcationwe constructfor 7. Finally, we
increased andrepeathewholeprocess.

We stresgthatthis annealingproceduras heuristicin na-
ture. We do not have formal guaranteethatit will find the
globaloptima.Nonethelesst hasthedistinctadvantagen
thatchartsthe behavior of the systemat differentvaluesof

B.

An alternatve and simpler approachthat proved useful
for the original IB formulation employed agglomeratie
clusteringtechniquedo find a bifurcatingtreein abottom-
up fashion[9]. Suchan approachcanalsoappliedto the
multivariatecaseandwill be presentealIsavhere.

9 Examples

To illustrate the ideasdescribedabore, we how examine
few applicationsof symmetricandparallelversionsof the
bottleneck.

As a simplesyntheticexamplewe produceda joint prob-
ability matrix P(A, B) (seeFigure3(a))where|A| = 80
and|B| = 20. Usingthesymmetriccompressior(ﬁgf) of
Example6.2) we find 6 naturalclustersfor A and3 nat-
ural clustersfor B. Sorting the joint probability matrix

by this solutionillustratesthis structure(Figure 3(b)). It
is alsointerestingto seethe fraction of information pre-
senedby our clusters.Oneway of presentingheseresults
is by consideringthe fraction of informationpresered by
T4 aboutB, andanalogouslythe fraction of information
preseredin Tg aboutA. This amountof preseredinfor-
mationshouldbe plotted with respectto the compression
factor i.e.,how compacis thenew clustergepresentation.
Thisis givenof courseby I(T4; A) andI(Ts; B) respec-
tively. In Figure 3(c) we presentthesetwo information
curves.In bothcurveswe seethatsplitting thecurrentclus-
terssetincreaseheamountof informationpreseredabout
therelevantvariable,andsimultaneouslyeduceghe com-
pressiorn(sincemoreclusteranducedesscompression)ln
thefirst splitwefind 2 clustersn T4 and2 in T's. Thesec-
ondsplitresultswith 4 clustersn T4 and3 in Ts. Thenext
split finds 6 clustersin T4 andleavesTs with 3 clusters.
Thisisindeedthe”real” structureof thisdata.Interestingly
dueto this last split, the informationT's presere aboutA
is increasedthoughtherewasno split in Tg. The rea-
son,of course,is thatTp predictsA throughT4, thusthe
splitin T4 increased (Ts; A). On the otherhand,since
therewasno split (at this step)in T's, I(T'4; B) remains
unchanged.The next splits are practically overfitting ef-
fectsandaccordinglythereis no realinformationgaindue
to thesesplits.

As a more realistic example we usedthe standard20
newsgroupscorpus. This natural languagecorpuscon-
tains about 20, 000 articles evenly distributed among20
USENETdiscussiorgroups][5] andhasbeenemployedfor
evaluatingtext classificatiortechniquege.g.,[12]). Many
of thesegroupshave similar topics. Five groupsdiscuss
differentissuesoncerningcomputersthreegroupsdiscuss
religion issues,etc. Thus, thereis aninherenthierarchy
amongthesegroups.

To modelthis domainin our setting, we introducetwo
randomvariablesWe let W denotewords,andC' denotea
catgory (i.e., anewsgroup).Thejoint probability P(w, ¢)
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is the probability that a randomword-position(e.g.,word
218in documentl255)in this collectionis equalto w and
at the sametime the catayory of the documentis ¢. To

obtainsucha joint distribution we performedseveral pre-
processingteps:We removedfile headerstransformedll

wordsto lower case,and removed stop words and words
containingdigits or non-alphanumericharactersWe then
sortedall wordsby the contribtution to the mutualinforma-
tion aboutthe cateyory variable.More formally, we sorted
all wordsby I(w) = P(w) ¥, Plc | w)log Z55), and
usedthe subsetof the top 300 most“informative” words.
After re-normalizationwe hada joint probability matrix
with |[W| = 300 and|C| = 20.

We first usedthe symmetrichottleneckalgorithmto clus-
ter both dimensionsof this matrix into two setsof clus-
ters: clustersof words, T,,,, andclustersof categories,T..
The hierarchyfoundin T, shovn in Figure4(a)is in high
agreementith the naturalhierarchyonewould construct.
Additionally, eachof the word clustersis in high correla-
tion with one of thesecategory clusters. For example,for
thesecondvord cluster the5 mostprobablewords(i.e. the
5 wordsthatmaximize P (t,,, | W)), were'islamic’, 'reli-
gious’,’homoseaual’, 'peace’and’religion’. Accordingly
P(T. | ty,) wasmaximizedfor the“religion” clusterin T,
(left clusterin Figure4(a)).

As alreadyexplained, the generalmappingschemewe
useis a “soft” one. Thatis, eachobjectcould be assigned
to eachclusterwith somenormalizedorobability. Theclus-
teringof C' into T,, wastypically “hard” (for everyc € C,
P(T. | ¢) wasapproximatelyl for oneclusterand0 for
the others).However, the clusteringof W into T, utilized
the “soft” aspectof the clusteringto dealwith wordsthat
arerelevantto several cateyory clusters.Thus,someof the
wordswere assignedo morethanonecluster For exam-
ple, theword 'Clinton’ wasassignedo two differentword
clustersdealingwith politics. The word 'sexual’ was as-
signedto the sametwo clustersandalso(with lower prob-
ability) to a clusterof wordsdealingwith religiousissues.

For the samedatawe usedalsothe parallelcompression
(LM of Example6.1). In this casewe have two compres-

sionvariablesT} ., T».,, thattry simultaneouslyandin-
dependently)fo clusterthe setof wordsW in a way that
will presere the information aboutthe cateyory variable
C, ashigh aspossible.In Figure5, we presenthe infor-
mationcurvesfor thesetwo clustersets.Clearly, usingthe
combinatiorof thecompressiowariabless muchmorein-
formative thanusingeachone of themindependentlyFor
example,afterthe secondsplit, |74 | = |T2,»| = 4, and
I(Th ; C) andI(T ,,; C) presere 38% and20% of the
original information I(W; C), respectiely. On the other
hand,atthe samestage J (T4, I2,4; C) preseresalmost
80% of I(W; C). Thus,only 8 word-clustersareenougtto
presene mostof the information aboutthe cateyory vari-
able.

10 Discussion

We presented novel generaframevork for dataanalysis.
This new framework providesa naturalgeneralizatiorof
theinformationbottleneckmethod. Moreover, aswe have
shawn, it immediatelysuggestsiew bottlenecklike con-
structionsandprovidesgenerictoolsto implementthem.

Many connectionswith other data analysis methods
should be explored. The generalstructureof the itera-
tive procedureis reminiscentof EM and k-meansproce-
dures. Otherconnectionsare, for example,to dimension-
ality reductiontechniquessuchasICA [2]. The parallel
bottleneckconstructionprovides an ICA-lik e decomposi-
tion with animportantdistinction. In contrastto ICA, it is
aimedat preservinginformation aboutspecificaspectof
thedata,definedby the user

The suggestedramawvork allows us to extract structure
from datain numerousvays.In ourexampleswe explored
only few relatively simplecasesbut clearlythisis thetip of
theicebeg. We arecurrentlyworking on severaladditional
applicationaunderthis framewvork. Theseincludeanalysis
of geneexpressiordata,neuralcodingandDNA sequence
analysisdocumentlusteringandcomputationalinguistic
applications.
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A Proofs

We now sketchthe proofs of the two main theorems. We start
with Theorem?.1.

Proof: Thebasicideais to find stationarypointsof £ subject
to the normalizationconstraints. Thus, we add Lagrangemulti-
pliersandgetthe Lagrangian
J =TI — BT =37 3 Ay 20, Pty | ay).

To differentiateJ we usethefollowmg lemma.
% = P(u;)(Ep (. 1;,u;log 255521 - 1).
We now candifferentiateeachmutualinformationterm that ap-
pearsin J. Note thatwe canignoretermsthatdo not dependon
the value of T}, sincethesewill be absorbedy the normaliza-
tion constantThus,atermof theform Ep . ¢, u;)llog P(Y | Z)]
whereT; ¢ Z U {Y'} canbe ignored. Collectingtermsthatdo
referto ¢;, equatingto 0, anddividing by P(u;) we getthefol-
lowing equation.

LemmaA.l:

log P(tj |u;) = logP(t;)
+8 )" Ep(iyyuplog P(Xi | Vx,)]
'i:TjEin
+8 D" Ep(ityupllog P(T2 | V)]
l:TjEVTe
P(t; | Vr,)
Ep(is. unlog —21 137
+BEp(.|t;,u;llog PE) ]
+c;(uy) (8)

wherec; (u;) is atermthatdoesnotdependnt;.

To get the desired form of the self-consistentequations,
we apply several manipulations. First, we can write
Ep(jt;upllog P(Xi | Vx;)] = EP(\uJ)[IOgP(Xi |

Vi o ,t;)] sinceall the variablesin V' 5 are independenbof

T; given U;. Second,we can transformthe latter term into
a KL divergenceby extractingthe term —Ep(.|u;)[log P(X; |
V;{,Tj,uj)] from ¢;(u;). Similar transformatiorappliesto the
terms that deal with Ty. Third, we use Bayesrule to rewrite
P(t;|Vr,) P(Vr;lt;)
Ep(it;u)108 =551 = Erit;u)108
P(Vr;) doesnot involve t; we canignoreit. To geta KL di-
vergenceterm, we subtractthe term Ep .4, ,u,)[log Vz; | u;].
Finally, we apply the normalizationconstraintdor eachdistribu-
tion P(T; | u;) to getthedesiredequationsil

]. Since

We now turnto the proof of Theorem8.1.

Proof: To prove convergenceit suficesto prove that unless
we are at a stationarypoint, eachapplicationof the assignment
Eq. (7) reduceghe LagrangianCV[P] = Z¢» — BZCu, Re-
call, thatwe requirethat P |= Gi.. Also, recallthatwheng < 1,
minimizing this Lagrangianis equivalentto minimizing the La-
grangianC® [P] = 2% + {£2D(P|Gout).

To shov corvergence, we will introduce an auxiliary La-
grangian:F[P, R,Q] = D(P|R) + %D(P"Q) subjectto the
constraintshat P |= Gin, Q@ = Gouw, andR = Gy, Where
Gy is the DAG without edges. It is easyto seethat £(2 and F
coincidewhen@ = [[, P(X; | Vx;)[[; P(T; | V1;) and
R =[], P(X;) [, P(T;) . Thatis, whenQ and R aretheKL-
projectionsof P onto the spaceof distributions consistentwith
Gouwt aNdGip,.

Usingpropertiesof KL-projections,we get.

LemmaA.2: For anychoiceof P, R and@ thatare consistent
With Gin, Gou: andGy, respectively. P [P] < F[P, Q, R], with
equalityif andonlyif @ and R aretheprojectionsof P onto G ou:
andGy, respectively

Assumethat@ and R arefixed,andsupposave wantto modify
P(Tj | u;) to minimize . Takingderiativesof F with respect
to P(t; | u;) andequatingto 0, we getthefollowing self consis-
tentequations:

R(t))
Z(B,uy)

It is easyto verify thatthe right handside of this equationdoes
notdependdn P(t; | u;). Thus,theassignment

_R(@)
(ﬁ: uJ)

and P'(t;, | w) «+ P(t; | u,) for £ # j resultsin a distri-
bution P’ suchthat F[P', Q, R] is a stationarypoint with re-
spectto changesn P(T; | U;). Moreover, it is easyto ver
ify that the seconddervative of F with respectto P(t; | u;)
is positive, and thusthis point is a local minima. We conclude
that F[P',Q,R] < F[P,Q,R], with equality if and only if
P(T; | U;) minimizesF (with respectto fixed choiceof @,
R,andP(T; | Uy) for £ # j).

We now put all thesetogether Supposehat@ and R arethe
projectionsof P on G..: andGy, respectiely. Then,

P(t; | uy) = oA (Bp(e; )08 Q1-log B())

P'(t; | uj) + o (BpCie; ) los Q1-log R(t;))

LP[P'] < FIP',Q,R] < F[P,Q,R] = L?[P].

Moreover, we have equalityonly if P’ = P. This shavs thatan
updatestepreduceghe value of the Lagrangian.The only situa-
tion wherethe valueremainsthe sameis whenthe self consistent
equationfor P(T; | Ujy) is satisfied.

Theonly remainingissueis to shaw thatthis iterationis equiv-
alentto the asynchronougterationof Eq. (7) when@ andR are
the projectionsof P on G,.: andGy, respectrely. Thisis canbe
easilyverifiedby comparingto Eq. (8). 1



