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Abstract

In recent years there has been significant
progressn algorithmsandmethoddor inducing
Bayesiametworksfrom data.However, in com-
plex dataanalysisproblems,we needto go be-
yondbeingsatisfiedwvith inducingnetworkswith
high scoresWe needo provide confidencanea-
sureson featuresof thesenetworks:|Is the exis-
tenceof an edgebetweenwo nodeswarranted?
Is the Markov blanketof a given noderobust?
Canwe saysomethingaboutthe orderingof the
variables? We shouldbe able to addresghese
guestionsgven whenthe amountof datais not
enoughto inducea high scoringnetwork. In this
paperwe proposeEfron’s Bootstrapasa compu-
tationally efficient approacHor answeringhese
guestions.In addition, we proposeto usethese
confidencemeasuredo inducebetter structures
from thedata,andto detecthepresencef latent
variables.

1 Intr oduction

In the last decadetherehasbeena greatdeal of research
focusedon learningBayesiametworksfrom data[2, 12].
With few exceptions,theseresultshave concentratecn
computationallyefficientinductionmethodsand, morere-
cently on the issueof hiddenvariablesand missingdata.
The main concernin this line of work is the inductionof
high scoringnetworks,wherethe scoreof the networkre-
flectshow well doesthe networkfits the data. A Bayesian
network, however, also containsstructuralandqualitative
information aboutthe domain. We shouldbe ableto ex-
ploit this informationin complex dataanalysisproblems,
evenin situationswherethe availabledatais sparse.

Part of our motivationcomesfrom our ongoingwork on
an applicationof Bayesiametworksto molecularbiology
[11]. Oneof the centralgoalsof molecularbiology is to
understandhe mechanismshatcontrolandregulategene
expression. A geneis expressedvia a processhat tran-
scribesit into anRNA sequenceandthis RNA sequencées
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in turn translatedinto a proteinmolecule. Recenttechni-
calbreakthrough@ moleculaiology enablebiologiststo
measureof the expressionlevels of thousand®of genesin
oneexperiment[6, 17, 21]. Thedatageneratedrom these
experimentsconsistsof instancesgachone of which has
thousandsf attributes.However, thelargestdatasetswvail-
abletodaycontainonly few hundred®of instancesWe can-
notexpectto learna detailednodelfrom suchasparsealata
set.However, thesedatasetsclearlycontainvaluableinfor-
mation. For example,we would like to inducecorrelation
andcausatiorrelationsamonggenege.g.,high expression
levelsof onegene‘cause”thesuppressioof another]16].
The challenges then,to separatehe measurablésignal”
in this datafrom the “noise; thatis, the genuinecorre-
lations and causationgropertiesfrom spurious(random)
correlations.

Analysisof suchdataposesmary challengesin this pa-
per we examinehow we candeterminethe level of con-
fidenceaboutvarious structuralfeaturesof the Bayesian
networkswe inducefrom datasets. We consideran ap-
proachandmethodologypasednthe Bootstrapmethodof
Efron[7] for addressinghistype of challengesTheBoot-
strapis a computetbhasedmethodfor assigningmeasures
of accurag to statisticsestimatesand performingstatisti-
cal inference. We regardthesemeasure®f accurayg as
establishinga level of confidenceon the estimateswhere
confidencecanbeinterpretedn two ways. The moreim-
portant(and more elusive) notion assessethe likelihood
thata givenfeatureis actuallytrue. This confidencewill,
ultimately; standor fall by the methodof estimation.The
secondhotionis moreakin to anassessmermdf the degree
of supportof a particular techniquetowardsa given fea-
ture. This latter ideanicely separateshe variationin the
datafrom the shortcoming®f thealgorithm.lt is thislatter
interpretatiorof confidencahatwaspursuedn [10]. The
methodsntroducedin this paperencompasboth typesof
confidenceandfocusesntheformer(morebelow).

Although the Bootstrapis conceptuallyeasyto imple-
mentandapply in our context, thereare openquestionin
the theoreticalfoundations. The main difficulty (ascom-
paredto classicstatisticalestimationmethods)s the lack



of closedform expressiondor theeventsunderstudy(e.g.,

thatan edgeappearsn a network). Still, the widespread
use of the bootstrapdespitesuchdifficulties reflectsthe

generalkonditionsunderwhich bootstrapdistributionsare

consistent,even when the statisticscannotbe concisely
definedin a simple expression(see[7]). An exampleis

the applicationof the bootstrapin evolutionarybiology to

measureonfidencan inferencedrom phylogenetidrees.
Felsensteir9], hasappliedre-samplingtools to estimate
uncertaintyin edges(clades)of evolutionarytrees(which

specifythe phylogenetievolution of ageneovertime).

Similar to phylogenies,we test re-samplingstrategies
for Bayesiametworks,experimentally by beginning with
an explicit probability distribution and a known network
model (the "golden model”). In [10], we reportprelimi-
nary resultsthatindicatethat,in practice high confidence
estimate®n certainstructuralfeaturesareindicative of the
existenceof thesdeaturesn thegeneratingnodel.In these
experiments,we usededgesin partially directedgraphs
(PDAGSs) asthe featureof interest. Theseedgesdescribe
featuref equivalenceclasse®f networks(seebelow).

This paperextendstheresultsin [10] in threefundamen-
talways:Firstit includesotherimportantfeaturef thein-
ducedmodelssuchasthe Markov neighborhoof anode
(i.e., with what confidencecanwe assertthat X isin Y's
Markov Blanket),andorderingrelationsbetweervariables
in the PDAGS (with whatconfidencecanwe asserthat X
is an ancestorof Y). Secondwe focuson examining to
whatextendthe degreeof confidenceeturnedoy theboot-
strapcanbe interpretedasestablishinghe likelihood of a
featurebeingactuallytrue in thegeneratingnodel. To this
endwe performedan extensive setof experimentsvarying
variousparametersuchasthe searchmethodin thelearn-
ing algorithms the sizesof the datasetsandthe bootstrap
method. Third, we alsoexaminethe bootstrapas provid-
ing informationto guidetheinductionprocessWe look at
theincreasen performancavhenthelearningproceduras
biasedwith informationfrom the bootstrapestimates.

Our experiments,in Section4, yield the following re-
sults,thatto thebestor our knowledgeareunknonvn onthe
applicationof the bootstrapfor establishinghe likelihood
thata particularfeatureis in thegeneratingnodel:

1. The bootstrapestimatesare quite cautious. Features
inducedwith high confidenceare rarely false posi-
tives.

2. The Markov neighborhood and partial ordering
amongstvariablesfeaturesare more robust than the
existenceof anedgedn aPDAG.

3. The conclusionghat canbe establishean high con-
fidencefeaturesare reliable even in caseswherethe
datasetsaresmallfor the modelbeinginduced.

In Section5 we examine how to use the bootstrapesti-
matedto inducehigherscoringnetworks.Theseresultsare
still preliminarybut encouragingneverthelessAltogether

theseresultsprovide strongevidencefor the bootstrapas
an appropriatemethodfor extracting qualitative informa-
tion aboutthe domainof studyfrom featuresn theinduced
Bayesiametwork.

The study of methoddor establishinghe quality of in-
ducedBayesiannetworkshasnot beentotally ignoredin
theliterature. Cowell et al. [5] presenta methodbasedn
thelog-lossscoringfunctionto monitoreachvariablein a
given network. Thesemonitorscheckthe deviation of the
predictionsby thesevariablesfrom the obsenrationsin the
data.Heckermaretal. [14] presentanapproachbasecn
Bayesiarconsiderationdp establistthebeliefthatacausal
edgeis partof the underlyinggeneratingnodel. The prob-
lem of confidenceestimationthat we studyin this paper
is similar in spirit to the one investigatedby Heckerman
etal. Yet, the basisof the approachandthe algorithmic
implementations completelydifferent. Therelationis fur-
therexploredin [10] wherewe proposgandshaw results)
how the Bootstrapcanbe usedto implementa “practical”
Bayesiarestimateof the confidenceon featuresof models.
For completeneswe summarizedhis relationin Section6.

2 Learning BayesianNetworks

We briefly review learningof Bayesiametworksrom data.
For amorecompleteexpositionwe referthereadetto [12].

Considerfinite setX = {X;, ..., X, } of discreteran-
domvariablesvhereeachvariable X; maytakeonvalues
from afinite set. We usecapitalletters,suchas X, Y, 7,
for variablenamesand lowercasdettersz, y, z to denote
specificvaluestakenby thosevariables. Setsof variables
aredenotedy boldfacecapitallettersX, Y, Z, andassign-
mentsof valuesto thevariablesn thesesetsaredenotedy
boldfacelowercasdettersx, y, z.

A Bayesiannetwork is an annotateddirected ag/clic
graph that encodesa joint probability distribution of a
set of randomvariablesX. Formally, a Bayesiannet-
work for X is a pair B = (G, ©). Thefirst component,
namelyG, is a directedagyclic graphwhoseverticescor
respondto the randomvariablesXy, ..., X,,, andwhose
edgegepresentlirectdependencielsetweerthevariables.
The graphG encodeghe following set of independence
statements:eachvariable X; is independenbf its non-
descendantgiven its parentsin G. The secondcompo-
nentof the pair, namely ©, representshe setof param-
etersthat quantifiesthe network. It containsa parameter
0z, pa(=:) = Pr(zi | pa(z;)) for eachpossiblevaluez;
of X;, andpa(z;) of pa(X;), wherepa(X;) denoteghe
setof parentof X; in G. A Bayesiametwork B definesa
uniquejoint probabilitydistributionover X givenby:

Pp(Xy,..., Xn) =[] Ps(X: | pa(X:)).

i=1

The problemof learninga Bayesiannetwork structure
can be statedas follows. Given a training set D =



{x[1], ..., x[N]} of instanceof X, find a network B that
bestmathes D. The commonapproachto this problem
is to introducea scoringfunction (or a scoe) that evalu-

atesthe “fitness” of networkswith respecto the training
data,andthento searchfor the bestnetwork (according
to this score). In this paperwe usethe scoreproposedn

[13] whichis basedn Bayesiarconsiderationsandwhich

scoresa networkstructureaccordingto the posteriorprob-
ability of the graphstructuregiventhetraining data(up to

aconstant).

We notethatthe derivationof suchscoretreatsthe prob-
lem as a density estimationproblems. The desireis to
constructnetworksthatwill assigrhigh probabilityto new
(previously unseenfdatafrom the samesource.Thestruc-
tural featuresof the networksareinducedindirectly, since
presumabljthe “right” structureis the onethat canbetter
generalizédrom thetrainingdata.

Finding the structurethat maximizesthe scoreis usu-
ally anintractableproblem[4]. Thus,we usuallyresortto
heuristicsearchto find a high-scoringstructure. Standard
proposalsfor such searchinclude greedy hill-climbing,
stochastidill-climbing, andsimulatedannealingseg[13].
In this paper we will usea greedyhill-climbing strateyy
augmentedvith TABU lists andrandomrestartdo escape
local maxima.

In our experimentswe will notassesslirectly the confi-
denceonthefeaturesf theinducednetwork,but ratheron
thefeaturesn theclassof networksthatareequialenttoiit.
Two Bayesiametworkstructures7 andG’ areequivalent
if they imply exactly the samesetof independencstate-
ments. The characterizatiorof Bayesiannetwork equiva-
lenceclassess studiedin [3, 18, 19, 20]. Resultsin these
papersestablisithatequivalentnetworksagreeonthecon-
nectvity betweenvariables,but might disagreeon the di-
rectionof thearcs.Theseresultsalsoshav thateachequiv-
alenceclassof networkstructuresanbe representethy a
partially directedgraph(PDAG), whereadirectedX — Y
denoteghat all membersof the equivalenceclasscontain
thearc X — Y; and,anundirectededge X—Y denotes
that somemembersof the classcontainthearc X — Y,
andsomecontainthearcY — X. The scorein [13] is
structue equivalentin the sensethat equivalentnetworks
receve the samescore. In our experimentswe learnnet-
work structuresandthenusetheproceduralescribedn [3]
to corvertthemto to PDAGs.

3 Bootstrap for ConfidenceEstimation

Let G beanetworkstructure.A featuie of interestin this
structuremightbetheexistenceof anX — Y inthePDAG
thatcorrespondso GG. Anotherfeatureof interestmightbe
that X precedesy” in the PDAG that corresponddo G.
In general,we cantreatthesefeaturesas functionsfrom
networkstructuresnto theset{0, 1}. We will usuallyuse
thelettersf andyg to denotefeatures.

Supposewe are given a data set of N obsenations

D = {x[1],...,x[N]}, eachanassignmentf valuesto X.

Moreover, assumehattheseassignmentezeresampledn-

dependentlfrom a probabilisticnetwork B with structure
G. Let G(D) bethe networkstructurereturnedoy our in-

ductionalgorithminvokedwith data D asinput. For ary

featuref considerthefollowing quantity

pn(f) = Pr{f(G(D)) = 1 | |D| = N}.

This is the probability of inducinga networkwith the fea-
ture f amongall possibledataset®of size N that canbe
sampledrom B.! If ourinductionprocedurés consistent
thenwe expectthatasN growslarger, p (f) will corverge
to f(G). Thatis, we will give f confidencecloseto oneif
it holdsin (G, andcloseto 0 if it doesnot.

Thequantitypy (f) is a naturalmeasuref the power of
ary inductionalgorithm. Our goalis to estimatepy (f),
givenonly a singlesetof obsenationsD of size N. This
would mimic the usualinductionsituationwhenwe want
to learnamodelfrom data. We now describetwo possible
algorithms:the parametri@andnon-parametribootstraps.

We startwith the non-parametridootstrap. The under
lying intuition is thatwe shouldbe more confidenton fea-
turesthat would still be inducedwhen we “perturb” the
data.Thequestioris how to perturbthedataandyet main-
tain the generalstatisticalfeaturesof the dataset. In the
non-parametridootstrapwe generatesuch perturbations
by re-samplingfrom the given dataset.We then estimate
confidencan a featureby examiningin how mary of the
perturbeddataset# appearsnduced. Thenon-parametric
bootstrapgs performedoy executingthefollowing steps:

e Fori=1,2,...m
— Re-samplewith replacementN instancegrom
D. Denoteby D; theresultingdataset.

— Apply the learningprocedureon D; to inducea
networkstructureG; = G(D;).

o For eachfeatureof interestdefine
*,n 1 S A
PN (F) = — D F(Gi).
i=1

The parametricbootstrapis a similar process. Instead
of re-samplinghe datawith replacementrom thetraining
data,we samplenew dataset$rom the networkwe induce
from D:

e InduceanetworkB from D.
e Fori=1,2,...m

— SampleN instancedsrom B. Denoteby D; the
resultingdataset.

!More generallywe canconsiderthejoint distribution of sev-
eralfeatures Of coursetherearenontrivial relationshipbetween
confidenceestimatedor differentfeatures. For example,if we
consideredgesn PDAGs,thenclearlypy (X — Y) +pn (Y —
X)+pn(X—=Y) < L.
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Figure1: Quality of predictionof partially directededgesmarkos neighborhoodsandordersin the alarm domainwith
non-parametridootstrap.The columnscorrespondo averagenumberof True Positves,FalsePositives,and FalseNeg-
ativesclassifications.Eachcurve correspondo a value of the confidencehresholdt. The z-axis shavs the numberof
instancesandthe y-axis shavs the averagenumberof edgefeaturesin eachcategory. Theseaveragesaretakenfrom
bootstrapestimateseachwith 100resamplesfrom 10 datasetsampledrom the“alarm” network.

— Apply the learningprocedureon D; to inducea
networkstructureGG; = G(D;).

e For eachfeatureof interestdefine

m

P = 3 G

The parametridootstrags quite differentthanthe non-
parametriconein the following sense.We are usingsim-
ulationto answertthe question:If thetrue networkwasin-
deedB, couldwe induceit from dataset®f this size? By
answeringhis questionwe candeterminghelevel of con-
fidencein theresultsof ourinduction.

We notethatmaincomputationatostin bothvariantsof
the bootstraps dominatedby the repeatedtallsto thein-

ductionprocedureandnot by thesincethe samplingsteps.

An importantquestionis underwhat conditionswill the
Bootstrapestimatecorverge. Namely underwhat condi-
tions|pn (.) —piy (.)| will approactt asm andn tendto co.
The parametridootstragestimate®f py (e) will corverge

under more generalconditions than the non-parametric
bootstrap,provided, of course,that the parameterization
convergesto the true underlyingmodelat leastasymptot-
ically. On the otherhand,if this last conditionis not sat-
isfied then no consistenyg claim canbe made. The non-
parametridootstrapestimatesequireno suchmodelcon-
sisteny. The consisteng of the non-parametribootstrap,
however, requiresuniform corvergencein distribution of
the bootstrapstatisticaswell asa continuity condition(in
the parameters)The experimentsandresultspresentedn
[10] weredesignedo verify convergencein bothtypesof
bootstrafor thefeaturegested existenceof anedgein the
PDAGS). We are currently working on providing a thor-
ough theoreticalanalysisof theseconditionsin the con-
text of Bayesiametworkinduction. Theexperimentsn the
next sectiontestto whatextendwe canusethebootstrapes-
timatesasexpressinghelikelihoodthatthefeaturegested
belongto thegeneratingnodel.
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Figure2: Quality of predictionof partially directededges,markos neighborhoodsand ordersin the gene domainwith
non-parametribootstrap (Seecaptionof Figurel for details.)

4 Empirical Evaluation

To testthe bootstrap,we usesyntheticdatathat we gen-
eratedfrom known models.This allows usto comparethe
featureghatthebootstrags confidentaboutto thetruefea-
turesin the generatinghetwork. Thus,for example,if our
bootstrapconfidenceon node X belongingto the Markov
blanketof nodeY is high (above a determinedhreshold),
we expect X to bein the Markov blanketof Y in thegen-
eratingmodel. In addition, we alsowantto characterize
how doesthebootstrapestimateslependnvariousparam-
eters suchassizeof datasettype of feature,andbootstrap
method.

4.1 Methodology
We performedsimulationresultsfrom threenetworks:

e alarm [1]. Thisnetworkhas37randomvariablesand
46 edgespnly 4 of whichareundirectedn thePDAG.
Thisis astandardenchmarkn thelearningliterature.

e gene. A networkinducedusing a geneexpression
datasefrom [8] for 76 genes. Geneswere grouped
by a clusteringalgorithmthat searche$or groupsof
relatedgeneqdetailsof theinductioncanbefoundin

[11]). Thenetworkhas140edgespnly 5 of whichare
undirectedn the PDAG.

¢ text. A networkinducedfrom a datasebf messages

from 20 newsgroup[15]. Eachdocumentis repre-
sentedas an instancewith a variable denotingthe
newvsgroupand99boolearvariablesorrespondingo
mostfrequentwords (otherthan stopwords)andde-
notingwhethertheword appearsn the messageThe
network has 350 edges,only 12 of which are undi-
rectedin the PDAG.

¢ Fromthesenetworks ,we performedexperimentswith N
(the numberof instancesn our dataset) being 100, 250,
500, 1, 000. For eachnetworkandsamplesize , we sampled
10 “input” datasetdor the bootstrapprocedure.We then
appliedboththe parametricandnon-parametribootstraps
with m = 100.

In all of our experimentswe usedthe BDe scoreof [13]
with a uniform prior distribution with equivalentsample
size5. This prior was chosenas a relatively uninforma-
tive one. The searchprocedurewe usedis a greedyhill-
climbing searchwith randomrestarts. This procedureat-
temptsto applythe bestscoringchangeto the currentnet-
work until no further improvementcan be made. Once
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Figure3: Quality of predictionof partially directededges,markos neighborhoodsand ordersin the text domainwith
non-parametribootstrap (Seecaptionof Figurel for details.)

the hill-climbing procedures stuck at a local maxima, it
applies20 randomarcchangegaddition/deletbnfeversal)
and restartsthe search. The searchis terminatedafter a
fixednumberof restarts.

We computedthe bootstrapestimatedor threetypesof
features:

e Edgesn PDAGS.Wetreatthedirectedandundirected
edgedetweerpairsof variablesasdifferentfeatures.

¢ Orderingrelationsof theform“ X isanancestoof Y”
in the PDAG.

e Markov neighborhoodspf the form “X is in the
Markov blanketof Y (or vice verse). Two variables
areMarkov neighbordf thereis anarcbetweerthem,
or if they arebothparentof anothervariable.

4.2 Evaluation

Therearemary possiblewaysof interpretingthebootstrap
results.Perhapsthe simplestis to selectathreshold:, and
reportall featureshatwith py (f) > ¢. Thiswaywe can
label all featuresaseither“positive”, if the confidencean
themis above thethresholdpr “negative”, if it is below the
threshold.Givensucha labelingof featureswe canmea-
surethe numberof “true positives”, correctfeaturesof the

generatingnetwork that are correctly labeled,“false pos-
itives”, wrong featureshat arelabeledaspositives,“false
negatives”, correctfeatureghatarelabeledasnegative,and
“true nggatives”, wrong featureghatarelabeledcorrectly
We reportthe numbersn thefirst threecateyoriesin pre-
diction of thethreetype of featuredn Figuresl, 3, and2,
for thealarm,gene,andtext domainsrespectrely. There-
portednumbersare averagedover the estimategenerated
by the 10 non-parametribootstrapuns.

Thereareseveralnoticeabldrendsin theseresults.First,
asexpected,asthe numberof instancegrow, the predic-
tion qualityimproves. Thatis, the numberof true positives
increasesandthenumberof falsepositvesandfalsenega-
tivesdecreasedn addition,sinceasweincreasehethresh-
old we labelfewer featuresaspositive, the numberof true
positives and false positives decreasesyhile the number
falsenggative increases.

Secondandmoreinterestinglythebootstrapgsamplesire
quitecautious As we cansee thenumberof falsepositives
is usually smallerthan the numberof true positives and
false negatives. (Note the differentscalesin the graphs.)
Thus, most of the predictionerrorsare one-sidedin that
they usuallyomit correctfeaturesanddo notincludeincor-
rectones.
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Figure4: Comparisorof parametrido non-parameteribootstrap.The z-axisshavs theaveragenumberof falsepositives
andthe y-axis shows the averagenumberof false nggatives. The curve shaws the tradeof betweenfalse positvesand
false negativesat differentvaluesof ¢, 0.95, 0.8, 0.75, and 0.5, for the predictionsof a particularfeatureby oneof the
proceduresThe columnscorrespondo thetype of featurepredicted.

Third, we noticethatthe“reasonablefevel of confidence
for thresholdingdependsn the domain. For example,in
the alarm domainsettingt = 0.8 leadsto few false pos-
itivesand a reasonableaumberof true positives. On the
other hand, in the text domain,settingt = 0.8 leads
few positives predictions,while settingt = 0.65 returns
few falsepositives. Thus,we might beinclinedto usethis
lower thresholdvaluein this domain. It is unclearto us at
this stagewhatis the sourceof this phenomena.

Finally, somefeaturesare easierto predictthanothers.
For example, the prediction of Markov neighborhoodof
two variabless morerobustthanthatof PDAG edges Sim-
ilarly, orderinginformationcanalsobe quite reliably pre-
dicted basedon the bootstrapconfidencemeasures.This
last obsenration is a bit surprising. Clearly the “long-
range”orderingsbetweervariablesarea function of edge
direction. Thus,the factthatwe canpredictsomeof them
reliably indicateshatsomevariablesarerecognizedsan-
cestorsof others,althoughthis relationis determinedoy
differentdirectedpathsin differentbootstrapruns.

The ability to predict Markov neighborhoodspn the
other hand,seemin line with commonsense. This type

of featureis lesssensitie to the exact orderingbetween
variables. In fact, it might be aiguedthat thesefeatures
might be easily estimatedy othermethods.To testthis,

we performeda simpletest (suggestedy an anorymous
reviewer): insteadof learning networksin the bootstrap
sampleswe learnedBayesiametworkswith in-degreeat

mostone. Thesenetworksare easyto learnandtakeinto

accounbnly pairwiseinteractionsetweervariables.Fig-

ure 5 shaws the tradeof curvesfor non-parametridoot-

strapusing networksandtrees. As we can see,the tree-
basedestimatesareworse(bothin termsof falsepositives
andfalsenegatives),exceptfor the text domain. We sus-
pectthat this is partially due to the sparsenatureof the
sourcenetworkin this domain.

As a conclusion the bootstrapconfidencemeasuresre
quite informative aboutthe generatinglistribution. More-
over, someglobal features,suchas partial orderingrela-
tions,canbedeterminedrom smalldatasets.

Next, we comparedhe parametridootstrapto the non-
parametricone. Figure4 shows graphsof false positives
vs. falsenggative tradeofs betweerthe two methods.Al-
though, the performanceof the two methodsis similar,
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Figure6: Comparisorof non-parameteribootstrapandBayesiarweightednon-parametribootstrapnthealarm domain.

(Seecaptionof Figure4 for details.)

Domain N | Constrained | Unconstrained
avg. s.d.| avg. s.d.
alarm 100 | -21.64 0.65| -21.51 0.61
250 | -18.39 0.36| -18.41 0.37
500 | -17.01 0.17| -17.02 0.16
1000 -16.17 0.20| -16.19 0.20 Domain N | Constrained | Unconstrained
gene 100 | -58.81 2.03| -58.85 2.10 ag. sd.| ag  sd.
2501 -52.25 1.23]-52.53 1.22 alarm 100 | -17.67 0.26 | -17.54 0.22
500 | -48.04 0.62| -48.33 0.67 250 | -16.04 0.16 | -16.05 0.18
1000 | -45.21 0.52| -45.70 0.67 500 | -15.63 0.07 | -15.62 0.06
250 | -57.87 0.74) -57.77 0.76 gene 100 | -54.73 1.18| -54.82 1.02
500 -56.06 0.69) -55.90 0.57 250 | -47.30 0.51| -47.73 0.35
1000 | -54.68 0.52 | -54.69 0.53 1000 | -42.01 026 -4255 052
Table 1: Averageand standarddeviation of normalized text 100 | -57.08 0.24)-57.05 024
scoregBDe scoredividedby N) for networksearnedwith 250 | -55.57 0.07| -55.57 0.07
andwithout usingthe orderingconstrainedrom the non- 500 -54.53 0.07) -54.54 0.09
parametridoootstrapestimation. 1000 | -53.62 0.06| -53.65 0.07

thesegraphssuggesthatnon-parametribootstraphasbet-
ter performance. The performancecurves for the non-
parametricbootstrapare usually closerto the origin, im-
plying a smallernumberof errors.

Table2: Averageandstandardieviation of testsetlog-loss
of the networkslearnedwith and without using the con-
straintsfrom the non-parametribootstrapestimation.



5 Bootstrap for Network Induction

A commonideain learningis the useof prior knowledge.
In particular when learning structure,we can use prior
knowledgeonthestructuresve aresearchingo reducethe
sizeof thesearctspaceandthusimprove boththespeedf
inductionandmoreimportantly the quality of thelearned
network. Commonlyusedprior informationincludeorder
ing constraintson the randomvariables,or the existence
of certainarcs. In this sectionwe explore the useof the
Bootstrapfor determiningthis information. The proposal
consistof re-samplingrom thedataseto inducebootstrap
sampleandthengatherestimate®ntheconfidenceof these
features.Then,we canusestructuralpropertieswith high
confidencdo constrairthe searchprocess.

As apreliminaryexploration of this idea,we performed
the following experiment. We generatechon-parametric
bootstrapsamplesand collectedfrom themtwo typesof
constraints. First, if the estimatethat X precedes” has
confidencénigherthan(.8, thenwerequirethatthelearned
networkwill respecthis order Thatis, we disallowv learn-
ing networkswhereY” is anancestoof X. In addition,if
theconfidencdahat X is in the Markov neighborhooaf Y
is smallerthan0.05, thenwe disallow Y asaparentof X .
Theintuition, isthatif X andY” arecloselyrelatedthenwe
shouldbeableto detectthatin our bootstrapruns. If only a
tiny fractionof the bootstragnetworkshave thesetwo vari-
ablesconnectedo eachother thenthey are probablynot
related.

After collectingtheseconstraintswe invoke the search
procedureto learn a network from the original data set,
but we restrictit to consideronly structureghatsatisfythe
givenconstraintsWe repeatedhis experimentlOtimesfor
differentinitial datasets.In Table1 we reportthe scoreof
the networksinducedby this procedureln Table2 we re-
porttheerrorfrom thegeneratinglistribution (measuredh
termsof log-likelihoodassignedo testdata)for the same
networks.

Theseresultsshawv that for small training setswe can
find slightly betterscoringnetworksusingthe constraints
generatedy the bootstrap.Note thatgiventhe robustness
of the estimatedound in the previous section,theseim-
provementscanbe trusted,even thoughin somecaseghe
standarddeviations of the scoresandtest setlog-lossfor
the 10 experimentsmay seemrelatively large. We should
rememberhowever, thatmostof this variances dueto the
smallsamplesize.

6 Discussion:Bayesianestimation

TheBayesiarperspectie on confidenceestimationis quite
different than the “frequentist” measureswe discussed
abore. A Bayesianwould compute(or estimate}he poste-
rior probability of eachfeature.Via reasonindy caseghis

is simply:

Pr(f | D)= Pr(G|D)f(G). @)

G

Where f denotesthe featurebeing investigatedand the
termPr(G | D) is the posteriorof a structuregiventhe
trainingdata,andfor certainclasse®f priors,canbe com-
putedup to a multiplicative constan{wherethe constants
thesamefor all graphsz) [13].

A serioubstaclen computingthis posterioiis thatit re-
guiressummingover alarge (potentiallyexponential)num-
ber of equivalenceclassesHeckermaretal. [14] suggest
to approximate1) by finding asetg of high scoringstruc-
tures,andthenestimatingherelative masof thestructures
in G thatcontainsf.

S eeq Pr(G | D)F(C)
Pr(f D)~ S G D)

Thisraiseghequestiorof how we construct;. Onesim-
ple approacHor finding sucha setis to recordall thestruc-
turesexaminedduringthe searchandreturnthehigh scor
ing ones.Thesetof structuregoundin thismanneis quite
sensitie to the searchprocedurewe use. For example, if
we usegreedyhill-climbing, thenthe setof structureswe
will collectwill all bequitesimilar. Sucharestrictedsetof
candidateslsoshov upwhenwe considemultiplerestarts
of greedyhill-climbing andbeam-searchrhisis a serious
problemsincewe run therisk of gettingestimate®f con-
fidencethatarebasedon a biasedsampleof structures.A
way of avoidingthis problemis to runanextensve MCMC
simulationof the posteriorof G. Thenwe might expectto
geta morerepresentate groupof structures.This, proce-
dure,however, canbe quite expensve in termsof compu-
tationtime.

The bootstrapapproachsuggestsa relatively cheapal-
ternatie. We canusethe structuresG (D), ..., G(D,)
from thenon-parametribootstrapasour representate set
of structuresn the Bayesianapproximation. In this pro-
posalwe usethere-samplingn the Bootstrapprocesseas
way of wideningthe setcandidatesve examine. The con-
fidenceestimatds now quite similarto thenon-parametric
bootstrap,exceptthat structuresn the bootstrapsamples
areweightedin proportionto their posteriorprobability.

Figure 6 shavs a comparisorof the predictionsof this
approachwith the non-parametridootstrapon the alarm
domain.Thecomparisoron the othertwo domainds quite
similar, sowe omit it here.In generalthetwo approaches
agreeon high confidencefeatures. This is not surpris-
ing, sincethe high confidencdeaturesappeatin mostof
the bootstrapnetworks,and thus the Bayesianreweight-
ing would still assigrnto themmostof the mass.However,
whenwe examinelower thresholdsve canseesomedif-
ferencedetweerthe two approachesThis is particularly
visiblein theestimate®f orderingrelations.




We are currently exploring how to usethe bootstrapin
a more focusedway to get a good approximationof the
Bayesiarposteriorover features.

7 Conclusions

This paperproposesa methodologyfor computingconfi-

denceon featuresof an inducedmodel basedon Efron’s

bootstrapmethod. Whereasn a previous paper[10] we

studiedthe bootstrapasassessintghe degreeof supportof

aparticulartechniquetowardsagivenfeaturejn this paper
we examinethe moreimportantnotion of confidencethat
assessethe likelihood that a given featureappearsn the
generatingnodel. Our experimentdeadto several conclu-
sions: First, the bootstrapestimatesre cautiousandtrust-
worthy; high confidenceestimationsseldomcontainfalse
positives. Secondfeaturessuchasestablishinga Markov

neighborhoodind partial orderingrelationsamongstvari-

ablesare more robustthan featuressuchas the existence
of anedgedn a PDAG. Third, the conclusionghatcanbe
establishedn high confidencefeaturesare reliable even

in caseswherethe datasetsare small for the model be-
ing induced. Theseresultsextend,in our opinion,therole

that adaptve Bayesiannetwork are currently playing in

dataanalysigasks.enablinguserso exploit theamountof

gualitatve informationthatthe networkstructureprovides
aboutthedomain.

We alsoprovide preliminaryresultsasof the useof the
bootstrapfor the induction of networks,anddiscussedts
usein implementinga practicalversionof Bayesianesti-
mates.

Finally, theseresultsindicatethat the bootstrapcan be
a reliable methodfor detectinglatent causes. The prob-
lem of signalingthe existenceof latentcausesanduncor-
ering the setof variablesthey shoulddirectly influenceis
of greatinterest. Given that we are computingestimates
aboutthe Markov blanketof eachvariablest would seems
thata clique of variablesthataredefinitelyin eachother’s
Markov blanket, but the edge relationshipsare uncleay
would be indicative of the existenceof a hiddenvariable.
Given the reliability of theseestimatesve are optimistic
abouttheresults,andarecurrentlyexperimentingwith this
approach.
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