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Abstract

In recent years there has been significant
progressin algorithmsandmethodsfor inducing
Bayesiannetworksfrom data.However, in com-
plex dataanalysisproblems,we needto go be-
yondbeingsatisfiedwith inducingnetworkswith
highscores.Weneedto provideconfidencemea-
sureson featuresof thesenetworks:Is the exis-
tenceof anedgebetweentwo nodeswarranted?
Is the Markov blanketof a given noderobust?
Canwe saysomethingabouttheorderingof the
variables? We shouldbe able to addressthese
questions,even whenthe amountof datais not
enoughto inducea high scoringnetwork.In this
paperweproposeEfron’sBootstrapasa compu-
tationallyefficient approachfor answeringthese
questions.In addition,we proposeto usethese
confidencemeasuresto inducebetterstructures
from thedata,andto detectthepresenceof latent
variables.

1 Intr oduction

In the last decadetherehasbeena greatdealof research
focusedon learningBayesiannetworksfrom data[2, 12].
With few exceptions,theseresultshave concentratedon
computationallyefficient inductionmethodsand,morere-
cently, on the issueof hiddenvariablesandmissingdata.
The main concernin this line of work is the inductionof
high scoringnetworks,wherethescoreof thenetworkre-
flectshow well doesthenetworkfits thedata.A Bayesian
network,however, alsocontainsstructuralandqualitative
informationaboutthe domain. We shouldbe able to ex-
ploit this informationin complex dataanalysisproblems,
evenin situationswheretheavailabledatais sparse.

Part of ourmotivationcomesfrom ourongoingwork on
anapplicationof Bayesiannetworksto molecularbiology
[11]. Oneof the centralgoalsof molecularbiology is to
understandthemechanismsthatcontrolandregulategene
expression. A geneis expressedvia a processthat tran-
scribesit into anRNA sequence,andthisRNA sequenceis

in turn translatedinto a proteinmolecule.Recenttechni-
calbreakthroughsin molecularbiologyenablebiologiststo
measureof the expressionlevelsof thousandsof genesin
oneexperiment[6, 17, 21]. Thedatageneratedfrom these
experimentsconsistsof instances,eachoneof which has
thousandsof attributes.However, thelargestdatasetsavail-
abletodaycontainonly few hundredsof instances.Wecan-
notexpectto learnadetailedmodelfromsuchasparsedata
set.However, thesedatasetsclearlycontainvaluableinfor-
mation. For example,we would like to inducecorrelation
andcausationrelationsamonggenes(e.g.,highexpression
levelsof onegene“cause”thesuppressionof another)[16].
Thechallengeis then,to separatethemeasurable“signal”
in this data from the “noise,” that is, the genuinecorre-
lationsandcausationspropertiesfrom spurious(random)
correlations.

Analysisof suchdataposesmany challenges.In thispa-
per we examinehow we can determinethe level of con-
fidenceaboutvariousstructuralfeaturesof the Bayesian
networkswe inducefrom datasets. We consideran ap-
proachandmethodologybasedontheBootstrapmethodof
Efron [7] for addressingthis typeof challenges.TheBoot-
strapis a computer-basedmethodfor assigningmeasures
of accuracy to statisticsestimatesandperformingstatisti-
cal inference. We regardthesemeasuresof accuracy as
establishinga level of confidenceon the estimates,where
confidencecanbe interpretedin two ways. Themoreim-
portant(andmore elusive) notion assessesthe likelihood
thata given featureis actuallytrue. This confidencewill,
ultimately, standor fall by the methodof estimation.The
secondnotionis moreakin to anassessmentof thedegree
of supportof a particular techniquetowardsa given fea-
ture. This latter ideanicely separatesthe variationin the
datafrom theshortcomingsof thealgorithm.It is this latter
interpretationof confidencethatwaspursuedin [10]. The
methodsintroducedin this paperencompassboth typesof
confidence,andfocuseson theformer(morebelow).

Although the Bootstrapis conceptuallyeasyto imple-
mentandapply in our context, thereareopenquestionin
the theoreticalfoundations.The main difficulty (ascom-
paredto classicstatisticalestimationmethods)is the lack



of closedform expressionsfor theeventsunderstudy(e.g.,
that an edgeappearsin a network). Still, the widespread
use of the bootstrapdespitesuchdifficulties reflectsthe
generalconditionsunderwhich bootstrapdistributionsare
consistent,even when the statisticscannotbe concisely
definedin a simpleexpression(see[7]). An example is
theapplicationof the bootstrapin evolutionarybiology to
measureconfidencein inferencesfrom phylogenetictrees.
Felsenstein[9], hasappliedre-samplingtools to estimate
uncertaintyin edges(clades)of evolutionarytrees(which
specifythephylogeneticevolutionof a geneover time).

Similar to phylogenies,we test re-samplingstrategies
for Bayesiannetworks,experimentally, by beginningwith
an explicit probability distribution and a known network
model (the ”golden model”). In [10], we reportprelimi-
naryresultsthat indicatethat, in practice,high confidence
estimatesoncertainstructuralfeaturesareindicativeof the
existenceof thesefeaturesin thegeneratingmodel.In these
experiments,we usededgesin partially directedgraphs
(PDAGs) as the featureof interest. Theseedgesdescribe
featuresof equivalenceclassesof networks(seebelow).

Thispaperextendstheresultsin [10] in threefundamen-
tal ways:Firstit includesotherimportantfeaturesof thein-
ducedmodelssuchastheMarkov neighborhoodof a node
(i.e., with whatconfidencecanwe assertthat * is in + ’s
Markov Blanket),andorderingrelationsbetweenvariables
in thePDAGS(with whatconfidencecanweassertthat *
is an ancestorof + ). Second,we focuson examining to
whatextendthedegreeof confidencereturnedby theboot-
strapcanbe interpretedasestablishingthe likelihood of a
featurebeingactuallytrue in thegeneratingmodel.To this
endwe performedanextensive setof experimentsvarying
variousparameterssuchasthesearchmethodin thelearn-
ing algorithms,thesizesof thedatasets,andthebootstrap
method. Third, we alsoexaminethe bootstrapasprovid-
ing informationto guidetheinductionprocess.We look at
theincreasein performancewhenthelearningprocedureis
biasedwith informationfrom thebootstrapestimates.

Our experiments,in Section4, yield the following re-
sults,thatto thebestor ourknowledgeareunknownonthe
applicationof thebootstrapfor establishingthe likelihood
thataparticularfeatureis in thegeneratingmodel:

1. The bootstrapestimatesarequite cautious. Features
inducedwith high confidenceare rarely false posi-
tives.

2. The Markov neighborhood and partial ordering
amongstvariablesfeaturesaremore robust than the
existenceof anedgesin a PDAG.

3. Theconclusionsthatcanbeestablishedon high con-
fidencefeaturesare reliableeven in caseswherethe
datasetsaresmall for themodelbeinginduced.

In Section5 we examinehow to use the bootstrapesti-
matedto inducehigherscoringnetworks.Theseresultsare
still preliminarybut encouragingnevertheless.Altogether,

theseresultsprovide strongevidencefor the bootstrapas
an appropriatemethodfor extractingqualitative informa-
tion aboutthedomainof studyfrom featuresin theinduced
Bayesiannetwork.

Thestudyof methodsfor establishingthequality of in-
ducedBayesiannetworkshasnot beentotally ignoredin
the literature.Cowell et al. [5] presenta methodbasedon
the log-lossscoringfunctionto monitoreachvariablein a
givennetwork. Thesemonitorscheckthe deviation of the
predictionsby thesevariablesfrom theobservationsin the
data.Heckermanet al. [14] presentanapproach,basedon
Bayesianconsiderations,toestablishthebeliefthatacausal
edgeis partof theunderlyinggeneratingmodel.Theprob-
lem of confidenceestimationthat we study in this paper,
is similar in spirit to the one investigatedby Heckerman
et al. Yet, the basisof the approachand the algorithmic
implementationis completelydifferent.Therelationis fur-
therexploredin [10] wherewepropose(andshow results)
how theBootstrapcanbeusedto implementa “practical”
Bayesianestimateof theconfidenceonfeaturesof models.
For completenesswesummarizedthisrelationin Section6.

2 Learning BayesianNetworks

Webrieflyreview learningof Bayesiannetworksfromdata.
For amorecompleteexpositionwereferthereaderto [12].

Considera finite set ,.-0/�*2143�5�5�5
3�*7698 of discreteran-
domvariableswhereeachvariable*;: maytakeon values
from a finite set. We usecapital letters,suchas *<3�+!3
= ,
for variablenamesand lowercaseletters >?3�@A3�B to denote
specificvaluestakenby thosevariables.Setsof variables
aredenotedby boldfacecapitalletters,C3�DE3�F , andassign-
mentsof valuesto thevariablesin thesesetsaredenotedby
boldfacelowercaselettersGH3�I!3�J .

A Bayesiannetwork is an annotateddirectedacyclic
graph that encodesa joint probability distribution of a
set of randomvariables , . Formally, a Bayesiannet-
work for , is a pair KL-NM�OP3
QSR . The first component,
namely O , is a directedacyclic graphwhoseverticescor-
respondto the randomvariables*2143�5�5�5
3�*76 , andwhose
edgesrepresentdirectdependenciesbetweenthevariables.
The graph O encodesthe following set of independence
statements:eachvariable * : is independentof its non-
descendantsgiven its parentsin O . The secondcompo-
nent of the pair, namely Q , representsthe set of param-
etersthat quantifiesthe network. It containsa parameterT%U�V�W

pa X UYV[Z -]\?^`_�> :ba pa _�> :�c�c for eachpossiblevalue > :
of * : , andpa _�> :dc of pa _�* :�c , wherepa _�* :�c denotesthe
setof parentsof *;: in O . A Bayesiannetwork K definesa
uniquejoint probabilitydistributionover , givenby:

\?^`_�* 1 3�5�5�5
3�* 6(c - 6e:�f?1 \?^S_g* :!a pa _�* :�c�c 5
The problemof learninga Bayesiannetwork structure

can be statedas follows. Given a training set h -



/�GHikjmln3�5�5�5�3�GHi�o2l�8 of instancesof , , find a network K that
bestmatches h . The commonapproachto this problem
is to introducea scoringfunction (or a score) that evalu-
atesthe “fitness” of networkswith respectto the training
data,and then to searchfor the bestnetwork (according
to this score). In this paperwe usethe scoreproposedin
[13] whichis basedonBayesianconsiderations,andwhich
scoresa networkstructureaccordingto theposteriorprob-
ability of thegraphstructuregiventhetrainingdata(up to
a constant).

We notethatthederivationof suchscoretreatstheprob-
lem as a density estimationproblems. The desireis to
constructnetworksthatwill assignhighprobabilityto new
(previouslyunseen)datafrom thesamesource.Thestruc-
tural featuresof thenetworksareinducedindirectly, since
presumablythe“right” structureis the onethatcanbetter
generalizefrom thetrainingdata.

Finding the structurethat maximizesthe scoreis usu-
ally an intractableproblem[4]. Thus,we usuallyresortto
heuristicsearchto find a high-scoringstructure.Standard
proposalsfor such searchinclude greedy hill-climbing,
stochastichill-climbing, andsimulatedannealing;see[13].
In this paper, we will usea greedyhill-climbing strategy
augmentedwith TABU lists andrandomrestartsto escape
localmaxima.

In ourexperiments,wewill not assessdirectly theconfi-
denceonthefeaturesof theinducednetwork,but rather, on
thefeaturesin theclassof networksthatareequivalentto it.
Two BayesiannetworkstructuresO and Oqp areequivalent,
if they imply exactly the samesetof independencestate-
ments. The characterizationof Bayesiannetworkequiva-
lenceclassesis studiedin [3, 18, 19, 20]. Resultsin these
papersestablishthatequivalentnetworksagreeonthecon-
nectivity betweenvariables,but might disagreeon the di-
rectionof thearcs.Theseresultsalsoshow thateachequiv-
alenceclassof networkstructurescanbe representedby a
partially directedgraph(PDAG),whereadirected*srN+
denotesthat all membersof the equivalenceclasscontain
the arc *tru+ ; and,an undirectededge * — + denotes
that somemembersof the classcontainthe arc *vru+ ,
andsomecontainthe arc +wrx* . The scorein [13] is
structure equivalentin the sensethat equivalentnetworks
receive the samescore. In our experiments,we learnnet-
work structuresandthenusetheproceduredescribedin [3]
to convert themto to PDAGs.

3 Bootstrap for ConfidenceEstimation

Let O bea networkstructure.A feature of interestin this
structuremightbetheexistenceof an *]rN+ in thePDAG
thatcorrespondsto O . Anotherfeatureof interestmightbe
that * precedes+ in the PDAG that correspondsto O .
In general,we can treat thesefeaturesas functionsfrom
networkstructuresinto theset /4yA3�jz8 . We will usuallyuse
theletters { and | to denotefeatures.

Supposewe are given a data set of o observations

h}-~/�GHikj
l�3�5�5�5�3�GHi�o2l�8 , eachanassignmentof valuesto , .
Moreover, assumethattheseassignmentsweresampledin-
dependentlyfrom a probabilisticnetwork K with structureO . Let �O7_dh c bethenetworkstructurereturnedby our in-
ductionalgorithminvokedwith data h asinput. For any
feature{ considerthefollowing quantity�A� _d{ c -�����/�{�_ �OP_dh c�c -�j a(a h a -�o�8�5
This is theprobabilityof inducinga networkwith thefea-
ture { amongall possibledatasetsof size o that can be
sampledfrom K . 1 If our inductionprocedureis consistent,
thenweexpectthatas o growslarger, � � _d{ c will converge
to {?_dO c . Thatis, we will give { confidencecloseto oneif
it holdsin O , andcloseto y if it doesnot.

Thequantity�A� _d{ c is a naturalmeasureof thepowerof
any inductionalgorithm. Our goal is to estimate�(� _�{ c ,
givenonly a singlesetof observations h of size o . This
would mimic the usualinductionsituationwhenwe want
to learna modelfrom data.We now describetwo possible
algorithms:theparametricandnon-parametricbootstraps.

We startwith the non-parametricbootstrap.Theunder-
lying intuition is thatwe shouldbemoreconfidenton fea-
turesthat would still be inducedwhen we “perturb” the
data.Thequestionis how to perturbthedataandyetmain-
tain the generalstatisticalfeaturesof the dataset. In the
non-parametricbootstrapwe generatesuchperturbations
by re-samplingfrom the given dataset.We thenestimate
confidencein a featureby examiningin how many of the
perturbeddatasetsit appearsinduced. Thenon-parametric
bootstrapis performedby executingthefollowing steps:� For � = j�3
�(3�5�5�5d�

– Re-sample,with replacement,o instancesfromh . Denoteby h : theresultingdataset.
– Apply the learningprocedureon h�: to inducea

networkstructure �O�:�- �OP_dh�: c .� For eachfeatureof interest,define

�&�%� 6� _d{ c - j�
�� :�f?1 {?_��O :�c 5

The parametricbootstrapis a similar process. Instead
of re-samplingthedatawith replacementfrom thetraining
data,we samplenew datasetsfrom thenetworkwe induce
from h :� Inducea network K from h .� For � = j�3
�(3�5�5�5d�

– Sampleo instancesfrom K . Denoteby h�: the
resultingdataset.�

Moregenerally, wecanconsiderthejoint distribution of sev-
eralfeatures.Of course,therearenontrivial relationshipsbetween
confidenceestimatesfor different features. For example,if we
consideredgesin PDAGs,thenclearly ���������. ¢¡(£������d ¤��b¡(£¥������� —  ¦¡#§©¨ .
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Figure1: Quality of predictionof partially directededges,markov neighborhoods,andordersin the ªz«�ªz��¬ domainwith
non-parametricbootstrap.Thecolumnscorrespondto averagenumberof TruePositives,FalsePositives,andFalseNeg-
ativesclassifications.Eachcurve correspondto a valueof the confidencethreshold­ . The > -axis shows the numberof
instances,and the @ -axis shows the averagenumberof edgefeaturesin eachcategory. Theseaveragesaretakenfrom
bootstrapestimates,eachwith 100resamples,from 10datasetssampledfrom the“alarm” network.

– Apply the learningprocedureon h�: to inducea
networkstructure �O�:�- �OP_dh�: c .� For eachfeatureof interest,define

�&�%� ®� _d{ c - j�
�� :�f?1 {?_ �O :�c 5

Theparametricbootstrapis quitedifferentthanthenon-
parametriconein the following sense.We areusingsim-
ulationto answerthequestion:If thetruenetworkwasin-
deedK , couldwe induceit from datasetsof this size?By
answeringthisquestionwecandeterminethelevel of con-
fidencein theresultsof our induction.

Wenotethatmaincomputationalcostin bothvariantsof
the bootstrapis dominatedby the repeatedcalls to the in-
ductionprocedure,andnotby thesincethesamplingsteps.

An importantquestionis underwhatconditionswill the
Bootstrapestimateconverge. Namely, underwhat condi-
tions a �A� _�5 c4¯ � �� _�5 c�a will approachy as � and ° tendto ± .
Theparametricbootstrapestimatesof �(� _d² c will converge

under more generalconditions than the non-parametric
bootstrap,provided, of course,that the parameterization
convergesto the true underlyingmodelat leastasymptot-
ically. On the otherhand,if this last conditionis not sat-
isfied then no consistency claim can be made. The non-
parametricbootstrapestimatesrequireno suchmodelcon-
sistency. Theconsistency of thenon-parametricbootstrap,
however, requiresuniform convergencein distribution of
thebootstrapstatisticaswell asa continuitycondition(in
theparameters).Theexperimentsandresultspresentedin
[10] weredesignedto verify convergencein both typesof
bootstrapfor thefeaturestested(existenceof anedgein the
PDAGS). We are currentlyworking on providing a thor-
ough theoreticalanalysisof theseconditionsin the con-
text of Bayesiannetworkinduction.Theexperimentsin the
next sectiontesttowhatextendwecanusethebootstrapes-
timatesasexpressingthelikelihoodthatthefeaturestested
belongto thegeneratingmodel.
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Figure2: Quality of predictionof partially directededges,markov neighborhoods,andordersin the ³�´�µ(´ domainwith
non-parametricbootstrap.(Seecaptionof Figure1 for details.)

4 Empirical Evaluation

To test the bootstrap,we usesyntheticdatathat we gen-
eratedfrom known models.This allows usto comparethe
featuresthatthebootstrapis confidentaboutto thetruefea-
turesin thegeneratingnetwork. Thus,for example,if our
bootstrapconfidenceon node * belongingto the Markov
blanketof node + is high (above a determinedthreshold),
we expect * to be in theMarkov blanketof + in thegen-
eratingmodel. In addition,we alsowant to characterize
how doesthebootstrapestimatesdependonvariousparam-
eters,suchassizeof dataset,typeof feature,andbootstrap
method.

4.1 Methodology

We performedsimulationresultsfrom threenetworks:� ªz«�ªz��¬ [1]. Thisnetworkhas37randomvariablesand
46edges,only4 of whichareundirectedin thePDAG.
Thisis astandardbenchmarkin thelearningliterature.� ³Y´�µ(´ . A network inducedusing a geneexpression
datasetfrom [8] for 76 genes. Genesweregrouped
by a clusteringalgorithmthat searchesfor groupsof
relatedgenes(detailsof theinductioncanbefoundin

[11]). Thenetworkhas140edges,only 5 of whichare
undirectedin thePDAG.�E¶ ´�· ¶ . A networkinducedfrom a datasetof messages
from 20 newsgroup[15]. Eachdocumentis repre-
sentedas an instancewith a variable denotingthe
newsgroup,and99booleanvariablescorrespondingto
mostfrequentwords(otherthanstopwords)andde-
notingwhetherthewordappearsin themessage.The
network has350 edges,only 12 of which areundi-
rectedin thePDAG.

¿Fromthesenetworks,we performedexperimentswith o
(the numberof instancesin our dataset)being j�yYy , ��¸Yy ,¸�yYy , j�3
y�yYy . For eachnetworkandsamplesize,wesampled
10 “input” datasetsfor the bootstrapprocedure.We then
appliedboththeparametricandnon-parametricbootstraps
with �¹-�j�y�y .

In all of ourexperiments,weusedtheBDe scoreof [13]
with a uniform prior distribution with equivalent sample
size 5. This prior waschosenas a relatively uninforma-
tive one. The searchprocedurewe usedis a greedyhill-
climbing searchwith randomrestarts.This procedureat-
temptsto applythebestscoringchangeto thecurrentnet-
work until no further improvementcan be made. Once
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Figure3: Quality of predictionof partially directededges,markov neighborhoods,andordersin the ¶ ´�· ¶ domainwith
non-parametricbootstrap.(Seecaptionof Figure1 for details.)

the hill-climbing procedureis stuckat a local maxima,it
applies20 randomarcchanges(addition/deletion/reversal)
and restartsthe search. The searchis terminatedafter a
fixednumberof restarts.

We computedthe bootstrapestimatesfor threetypesof
features:� Edgesin PDAGS.Wetreatthedirectedandundirected

edgesbetweenpairsof variablesasdifferentfeatures.� Orderingrelationsof theform “ * is anancestorof + ”
in thePDAG.� Markov neighborhoods,of the form “ * is in the
Markov blanketof + ” (or vice verse).Two variables
areMarkov neighborsif thereis anarcbetweenthem,
or if they arebothparentsof anothervariable.

4.2 Evaluation

Therearemany possiblewaysof interpretingthebootstrap
results.Perhaps,thesimplestis to selecta threshold­ , and
reportall featuresthatwith � � _�{ c7º ­ . This way we can
label all featuresaseither “positive”, if the confidencein
themis above thethreshold,or “negative”, if it is below the
threshold.Givensucha labelingof features,we canmea-
surethenumberof “true positives”,correctfeaturesof the

generatingnetwork that arecorrectly labeled,“false pos-
iti ves”,wrongfeaturesthatarelabeledaspositives,“false
negatives”,correctfeaturesthatarelabeledasnegative,and
“true negatives”,wrongfeaturesthatarelabeledcorrectly.
We report thenumbersin thefirst threecategoriesin pre-
diction of thethreetypeof featuresin Figures1, 3, and2,
for thealarm,gene,andtext domainsrespectively. There-
portednumbersareaveragedover the estimatesgenerated
by the10non-parametricbootstrapruns.

Thereareseveralnoticeabletrendsin theseresults.First,
asexpected,asthe numberof instancesgrow, the predic-
tion quality improves.Thatis, thenumberof truepositives
increases,andthenumberof falsepositivesandfalsenega-
tivesdecreases.In addition,sinceasweincreasethethresh-
old we labelfewer featuresaspositive, thenumberof true
positivesand falsepositivesdecreases,while the number
falsenegative increases.

Second,andmoreinterestingly, thebootstrapsamplesare
quitecautious.As wecansee,thenumberof falsepositives
is usually smaller than the numberof true positives and
falsenegatives. (Note the differentscalesin the graphs.)
Thus, mostof the predictionerrorsareone-sidedin that
they usuallyomit correctfeaturesanddonot includeincor-
rectones.
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Figure4: Comparisonof parametricto non-parametericbootstrap.The > -axisshowstheaveragenumberof falsepositives
andthe @ -axis shows the averagenumberof falsenegatives. The curve shows the tradeoff betweenfalsepositivesand
falsenegativesat differentvaluesof ­ , y(5�»Y¸ , y(5�¼ , yA5�½�¸ , and y(5�¸ , for the predictionsof a particularfeatureby oneof the
procedures.Thecolumnscorrespondto thetypeof featurepredicted.

Third,wenoticethatthe“reasonable”levelof confidence
for thresholdingdependson the domain. For example,in
the ª�«�ª���¬ domainsetting ­�-]yA5�¼ leadsto few falsepos-
iti vesanda reasonablenumberof true positives. On the
other hand, in the ¶ ´%· ¶ domain, setting ­¾-¿y(5�¼ leads
few positivespredictions,while setting ­À-LyA5�Á�¸ returns
few falsepositives.Thus,we might be inclinedto usethis
lower thresholdvaluein this domain.It is unclearto usat
thisstagewhatis thesourceof thisphenomena.

Finally, somefeaturesareeasierto predictthanothers.
For example, the predictionof Markov neighborhoodof
twovariablesis morerobustthanthatof PDAGedges.Sim-
ilarly, orderinginformationcanalsobequite reliably pre-
dictedbasedon the bootstrapconfidencemeasures.This
last observation is a bit surprising. Clearly, the “long-
range”orderingsbetweenvariablesarea functionof edge
direction. Thus,the fact thatwe canpredictsomeof them
reliably indicatesthatsomevariablesarerecognizedasan-
cestorsof others,althoughthis relation is determinedby
differentdirectedpathsin differentbootstrapruns.

The ability to predict Markov neighborhoods,on the
other hand,seemin line with commonsense. This type

of featureis lesssensitive to the exact orderingbetween
variables. In fact, it might be arguedthat thesefeatures
might be easilyestimatedby othermethods.To test this,
we performeda simpletest (suggestedby an anonymous
reviewer): insteadof learningnetworksin the bootstrap
samples,we learnedBayesiannetworkswith in-degreeat
mostone. Thesenetworksareeasyto learnandtakeinto
accountonly pairwiseinteractionsbetweenvariables.Fig-
ure 5 shows the tradeoff curves for non-parametricboot-
strapusingnetworksand trees. As we can see,the tree-
basedestimatesareworse(bothin termsof falsepositives
andfalsenegatives),except for the ¶ ´�· ¶ domain. We sus-
pect that this is partially due to the sparsenatureof the
sourcenetworkin this domain.

As a conclusion,the bootstrapconfidencemeasuresare
quite informative aboutthegeneratingdistribution. More-
over, someglobal features,suchas partial orderingrela-
tions,canbedeterminedfrom smalldatasets.

Next, we comparedtheparametricbootstrapto thenon-
parametricone. Figure4 shows graphsof falsepositives
vs. falsenegative tradeoffs betweenthe two methods.Al-
though, the performanceof the two methodsis similar,
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Domain o Constrained Unconstrained
avg. s.d. avg. s.d.

alarm 100 -21.64 0.65 -21.51 0.61
250 -18.39 0.36 -18.41 0.37
500 -17.01 0.17 -17.02 0.16

1000 -16.17 0.20 -16.19 0.20
gene 100 -58.81 2.03 -58.85 2.10

250 -52.25 1.23 -52.53 1.22
500 -48.04 0.62 -48.33 0.67

1000 -45.21 0.52 -45.70 0.67
text 100 -60.44 1.00 -60.44 1.00

250 -57.87 0.74 -57.77 0.76
500 -56.06 0.69 -55.90 0.57

1000 -54.68 0.52 -54.69 0.53

Table 1: Averageand standarddeviation of normalized
scores(BDescoredividedby o ) for networkslearnedwith
andwithout usingthe orderingconstrainedfrom the non-
parametricbootstrapestimation.

thesegraphssuggestthatnon-parametricbootstraphasbet-
ter performance. The performancecurves for the non-
parametricbootstrapareusually closerto the origin, im-
plying a smallernumberof errors.

Domain o Constrained Unconstrained
avg. s.d. avg. s.d.

alarm 100 -17.67 0.26 -17.54 0.22
250 -16.04 0.16 -16.05 0.18
500 -15.63 0.07 -15.62 0.06

1000 -15.34 0.02 -15.36 0.03
gene 100 -54.73 1.18 -54.82 1.02

250 -47.30 0.51 -47.73 0.35
1000 -42.01 0.26 -42.55 0.52

text 100 -57.08 0.24 -57.05 0.24
250 -55.57 0.07 -55.57 0.07
500 -54.53 0.07 -54.54 0.09

1000 -53.62 0.06 -53.65 0.07

Table2: Averageandstandarddeviationof testsetlog-loss
of the networkslearnedwith and without using the con-
straintsfrom thenon-parametricbootstrapestimation.



5 Bootstrap for Network Induction

A commonideain learningis theuseof prior knowledge.
In particular, when learningstructure,we can use prior
knowledgeonthestructureswearesearchingto reducethe
sizeof thesearchspace,andthusimproveboththespeedof
inductionandmoreimportantly, thequality of the learned
network.Commonlyusedprior informationincludeorder-
ing constraintson the randomvariables,or the existence
of certainarcs. In this sectionwe explore the useof the
Bootstrapfor determiningthis information. The proposal
consistsof re-samplingfromthedatasetto inducebootstrap
sampleandthengatherestimatesontheconfidenceof these
features.Then,we canusestructuralpropertieswith high
confidenceto constrainthesearchprocess.

As a preliminaryexplorationof this idea,we performed
the following experiment. We generatednon-parametric
bootstrapsamples,andcollectedfrom themtwo typesof
constraints.First, if the estimatethat * precedes+ has
confidencehigherthan y(5�¼ , thenwerequirethatthelearned
networkwill respectthis order. Thatis, we disallow learn-
ing networkswhere + is anancestorof * . In addition,if
theconfidencethat * is in theMarkov neighborhoodof +
is smallerthan yA5 yY¸ , thenwe disallow + asa parentof * .
Theintuition, is thatif * and + arecloselyrelated,thenwe
shouldbeableto detectthatin ourbootstrapruns.If only a
tiny fractionof thebootstrapnetworkshave thesetwo vari-
ablesconnectedto eachother, thenthey areprobablynot
related.

After collectingtheseconstraints,we invokethe search
procedureto learn a network from the original data set,
but we restrictit to consideronly structuresthatsatisfythe
givenconstraints.Werepeatedthisexperiment10timesfor
differentinitial datasets.In Table1 wereportthescoreof
thenetworksinducedby this procedure.In Table2 we re-
port theerrorfrom thegeneratingdistribution(measuredin
termsof log-likelihoodassignedto testdata)for the same
networks.

Theseresultsshow that for small training setswe can
find slightly betterscoringnetworksusingthe constraints
generatedby thebootstrap.Notethatgiventherobustness
of the estimatesfound in the previous section,theseim-
provementscanbetrusted,even thoughin somecasesthe
standarddeviationsof the scoresandtest set log-lossfor
the 10 experimentsmay seemrelatively large. We should
remember, however, thatmostof thisvarianceis dueto the
smallsamplesize.

6 Discussion:Bayesianestimation

TheBayesianperspectiveonconfidenceestimationis quite
different than the “frequentist” measureswe discussed
above. A Bayesianwouldcompute(or estimate)theposte-
rior probabilityof eachfeature.Via reasoningby casesthis

is simply:

�#��_d{ a h c - �
Â �#��_dO a h c {?_dO c 5 (1)

Where { denotesthe featurebeing investigatedand the
term ���4_�O a h c is the posteriorof a structuregiven the
trainingdata,andfor certainclassesof priors,canbecom-
putedup to a multiplicativeconstant(wheretheconstantis
thesamefor all graphsO ) [13].

A seriousobstaclein computingthisposterioris thatit re-
quiressummingoveralarge(potentiallyexponential)num-
berof equivalenceclasses.Heckermanet al. [14] suggest
to approximate(1) by findingaset Ã of highscoringstruc-
tures,andthenestimatingtherelativemassof thestructures
in Ã thatcontains{ .

�#��_d{ a h cHÄÆÅ
Â�Ç4È �#��_�O a h c {?_dO c
Å
Â�Ç4È �#��_�O a h c 5

Thisraisesthequestionof how weconstructÃ . Onesim-
pleapproachfor findingsuchasetis to recordall thestruc-
turesexaminedduringthesearch,andreturnthehighscor-
ing ones.Thesetof structuresfoundin thismanneris quite
sensitive to the searchprocedurewe use. For example,if
we usegreedyhill-climbing, thenthe setof structureswe
will collectwill all bequitesimilar. Sucharestrictedsetof
candidatesalsoshow upwhenweconsidermultiplerestarts
of greedyhill-climbing andbeam-search.This is a serious
problemsincewe run therisk of gettingestimatesof con-
fidencethatarebasedon a biasedsampleof structures.A
wayof avoidingthisproblemis to runanextensiveMCMC
simulationof theposteriorof O . Thenwe might expectto
geta morerepresentative groupof structures.This,proce-
dure,however, canbequiteexpensive in termsof compu-
tationtime.

The bootstrapapproachsuggestsa relatively cheapal-
ternative. We can usethe structures �OP_dh 1mc 3�5�5�5�3 �O7_dh � c
from thenon-parametricbootstrapasourrepresentativeset
of structuresin the Bayesianapproximation. In this pro-
posalweusethere-samplingin theBootstrapprocessesas
way of wideningthesetcandidateswe examine.Thecon-
fidenceestimateis now quitesimilar to thenon-parametric
bootstrap,except that structuresin the bootstrapsamples
areweightedin proportionto theirposteriorprobability.

Figure6 shows a comparisonof the predictionsof this
approachwith the non-parametricbootstrapon the ªz«�ª���¬
domain.Thecomparisonon theothertwo domainsis quite
similar, sowe omit it here.In general,thetwo approaches
agreeon high confidencefeatures. This is not surpris-
ing, sincethe high confidencefeaturesappearin mostof
the bootstrapnetworks,and thus the Bayesianreweight-
ing wouldstill assignto themmostof themass.However,
whenwe examinelower thresholdswe canseesomedif-
ferencesbetweenthe two approaches.This is particularly
visible in theestimatesof orderingrelations.



We arecurrentlyexploring how to usethe bootstrapin
a more focusedway to get a good approximationof the
Bayesianposteriorover features.

7 Conclusions

This paperproposesa methodologyfor computingconfi-
denceon featuresof an inducedmodelbasedon Efron’s
bootstrapmethod. Whereasin a previous paper[10] we
studiedthebootstrapasassessingthedegreeof supportof
aparticular techniquetowardsagivenfeature,in thispaper
we examinethe moreimportantnotion of confidencethat
assessesthe likelihood that a given featureappearsin the
generatingmodel.Our experimentsleadto severalconclu-
sions:First, thebootstrapestimatesarecautiousandtrust-
worthy; high confidenceestimationsseldomcontainfalse
positives. Second,featuressuchasestablishinga Markov
neighborhoodandpartial orderingrelationsamongstvari-
ablesaremore robust thanfeaturessuchas the existence
of anedgesin a PDAG. Third, theconclusionsthatcanbe
establishedon high confidencefeaturesare reliableeven
in caseswherethe datasetsaresmall for the model be-
ing induced.Theseresultsextend,in our opinion,therole
that adaptive Bayesiannetwork are currently playing in
dataanalysistasks,enablingusersto exploit theamountof
qualitative informationthatthenetworkstructureprovides
aboutthedomain.

We alsoprovide preliminaryresultsasof the useof the
bootstrapfor the inductionof networks,anddiscussedits
usein implementinga practicalversionof Bayesianesti-
mates.

Finally, theseresultsindicatethat the bootstrapcan be
a reliable methodfor detectinglatent causes.The prob-
lem of signalingtheexistenceof latentcauses,anduncov-
ering the setof variablesthey shoulddirectly influenceis
of greatinterest. Given that we arecomputingestimates
abouttheMarkov blanketof eachvariablesit wouldseems
thata cliqueof variablesthataredefinitely in eachother’s
Markov blanket, but the edgerelationshipsare unclear,
would be indicative of the existenceof a hiddenvariable.
Given the reliability of theseestimateswe areoptimistic
abouttheresults,andarecurrentlyexperimentingwith this
approach.
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