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Abstract

In this paper we useevidence-specifiwalueab-
stractionfor speedingBayesiannetworks infer-
ence. This is done by grouping variable val-
uesand treatingthe combinedvaluesas a sin-
gle entity. As we shaw, suchabstractionganex-
ploit regularitiesin conditionalprobability distri-
butionsand alsothe specificvaluesof obsened
variables. To formally justify value abstraction,
we define the notion of safe value abstraction
anddeviseinferencealgorithmsthatuseit to re-
ducethe costof inference.Our procedurds par
ticularly useful for learning complex networks
with mary hiddenvariables. In suchcases/e-
peatediik elihood computationsare requiredfor
EM or otherparameteoptimizationtechniques.
Sincethesecomputationsare repeatedwith re-
spectto the sameevidenceset,our methodscan
provide significantspeedupo the learningpro-
cedure We demonstratéhealgorithmon genetic
linkageproblemswherethe useof valueabstrac-
tion sometimedifferentiatebetweena feasible
andnon-feasiblesolution.

1 Intr oduction

Inferencein probabilisticmodelsplaysa significantrole in
mary applications.In this paperwe focuson an applica-
tion in genetics: linkage analysis Linkage analysisis a
crucialtool for locatingthe genegesponsibldor complex
traits (e.g., geneticallytransmitteddisease®r susceptibil-
ity to diseases) Thisanalysisusesstatisticatoolsto locate
genesandidentify the biological function of proteinsthey
encode.

Linkage analysisis basedon a clear probabilisticmodel
of geneticevents. Mapping of diseasegenesis doneby
performingparameteoptimizationto find the geneticmap
locationthatmaximizeghelik elihoodof theevidence(i.e.,
maximumlik elihoodestimation). This probabilisticinfer-
enceis closelyrelatedto Bayesiametwork inference.

Ourstartingpointis theVITESSEalgorithm[11], afairly
recentalgorithmfor linkageanalysighatimplementsome
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interestingheuristicsfor speedingup computationsThese
heuristicsachieve impressve speedupghat allow to an-

alyze linkage problemsthat could not be dealt with us-

ing the prior stateof the art procedures.In the language
of Bayesiannetworks theseheuristicscan be understood
asfinding Value abstractions(reminiscentof the abstrac-
tions studiedby [15]). Theseabstractiong@refoundin an

evidence-specifianannerto saze computationdor a spe-
cific trainingexample.

In the remainderof this paperwe review geneticlinkage
analysigproblems.Thenwe developa methodto find value
abstractionghat generalizeghe ideasof [11] in a manner
that is independenbf the inferenceprocedureused. We
thenextendtheseideasin combinationwith clique-treein-
ferenceprocedures Finally, we describeexperimentalre-
sultsthatexaminethe effectivenesof theseideas.

2 GeneticLinkage Analysis

We now briefly introducethe relevantgeneticnotionsthat
areneededor thediscussiorbelov. We referthereadetto
[12] for acomprehensie introductionto linkageanalysis.

The humangeneticmaterialconsistof 22 pairsof auto-
somalchromosomesand a pair of the sex chromosomes.
Thesituationwith thelaterpairis slightly different,andwe
will restrictthe discussiorhereto the autosomatase al-
thoughall thetechniquesve discussapplyto this casewith
minor modifications. In eachpair of chromosomespne
chromosomas the paternal chromosomeinheritedfrom
the father andthe otheris the maternalchromosomein-
heritedfrom the mother We distinguishparticularloci in
eachchromosomeair. Loci thatarebiologically expressed
arecalledgenes At eachlocus,a chromosomencodes
particularsequenceof DNA nucleotides. The variations
in thesesequencearethe sourceof the variationswe see
amongspecieamembers.The possiblevariantsthat might
appearat a particularlocusare calledalleles In general,
thematernalcopy andpaternalcopy of the samelocuscan
bedifferent.

The aim of linkageanalysisto constructgeneticmapsof
known loci, andto positionnewly discoveredloci with re-
spectto suchmaps. Geneticmapsdescribethe relative
positionsof loci of interest(which can be genes,or ge-
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Figurel: lllustrationof recombinatiorduringmeiosis.

netic markers)in termsof their geneticdistance.This dis-
tancemeasureghe probability of crosswers betweerpairs
of loci during meiosis the procesof cell division leading
to creationof gemetegeitherspermsor egg cells). During
the formation of gemetesthe geneticmaterialundegoes
recombinationasshown in aschematidormin Figurel.

The geneticdistancebetweentwo loci is measuredn
terms of the recombinationfraction betweentwo loci,
which is just the probability of recombinationof the two
loci. The smallerthis fraction is, the closerthe two loci
are.A recombinatiorfractioncloseto 0.5indicateghatthe
two loci aresufiiciently far sothattheirinheritanceappears
independent.

Estimationof thesefractionsis complicatedby the fact
that we do not obsere alleleson chromosomes.Instead
we canobsene phenotypewhich might be traits, suchas
blood type, eye color, or onsetof a diseasepr they might
be the result of genetictyping. Genetictyping provides
the allelespresentin eachlocus, but doesnot provide an
alignmentwith the maternal/paternathromosome.Thus,
whengenetictyping shavs anindividual hasallelesa and
A in onelocus,andallelesb and B in anotherlocus, we
do not know if a andb wherein inheritedfrom the same
parent. In sucha situationthereare 4 four possiblecon-
figurations(ab/AB, aB/Ab, Ab/aB, AB/ab). Whenwe
considermultiple loci, the numberof possibleconfigura-
tionsgrows exponentially

2.1 Probabilistic Networks Models of Pedigrees

We startby shaving how the underlyingmodelof linkage

analysisproblemscanbe representedby probabilisticnet-

works, andthendiscussstandardapproachedor comput-

ing likelihoodsin pedigrees.We notethatthe representa-
tion of pedigreesn termsof graphicalmodels,have been

discussedh [6, 8].

A pedigreedefinesa joint distribution over the genotype
andphenotypef theindividuals. We denotethe genotype
andphenotypef individuali asG[i] andP[i], respectiely.
The semanticof a pedigreeare: giventhe genotypeof i's
parents,G[i] is independenfrom G[j] for ary ancestorj
of 4; and given the genotypeG[i], the phenotypeP][i] is
independendf all othervariablesin the pedigree.We can
representheseassumptionsn the distribution of G[¢] and
P[i] by a network wherethe parentsof G[i] arethe G[j]
andG[k] wherej andk arei’s parents,andthe parentof

P[i] is G[i]. Not surprisingly this network hasessentially
the sametopologyasthe original pedigree.

Thelocal probability modelsin the network have one of
thefollowing forms:

o Generalpopulationgenotypeprobabilities: Pr(G[i]),
whens is afounder

e Transmissiormodels Pr(G[{] | G[j], G[k]) wherej
andk arei’s parentsn thepedigree:

e Penetancemodels Pr(P[i] | G[i]).

This discussiorshaws thatthereis a simpletransforma-
tion from pedigreedo probabilisticnetworks. This simple
transformatiorobscuresnary of thedetailsof thepedigree
modelwithin thetransitionandpenetrancenodels.Both of
theselocal probability modelsare quite complex. We gain
moreinsightinto the “structure” of thejoint distribution if
we modelthe pedigreeat a more detailedlevel. This can
be donein variousways;e.g.,[6, 8]. We find it mostcon-
venientto usearepresentatiothatis motivatedby Lander
andGreens[9] representationf pedigreeskFor thisrepre-
sentationve introduceseveraltypesof randomvariables:

GeneticLoci. We denoteby A, B, C, ... theloci of in-
terestin the geneticanalysis. For example,thesecan be
marker loci anddiseasdoci. For eachindividuali andlo-
cus A, we definerandomvariablesA[i, p], A[i, m] whose
valuesarethe specificvalueof thelocus A in individuali’s
parentaland maternalhaplotypeqgchromosomes)espec-
tively. Thatis, A[é, p] wasinheritedfrom ¢'s father and
Ali, m] wasinheritedfrom i’s mother

Phenotypes.We denoteby F, G, . .. the phenotypeshat
areinvolvedin the analysis. Thesemight include disease
manifestationsgenetictyping, or other obsened pheno-
type suchasbloodtypes.For eachindividual ; andpheno-
type F', we definea randomvariable F[¢] that denotethe
valueof the phenotypdor theindividuali.

Selectorvariables. Similar to LanderandGreen[9], we
useauxiliary variablesthat denotethe inheritancepattern
in the pedigree. We denoteby S4[i,p] and Sa[i,m] the
selectionmadeby the meiosisthat resultedin i’s genetic
makeup.Formally, if j andk denotei’s fatherandmother

!We male the standardassumptiorthatif individual  is nota
founder thenbothof herparentsarein thepedigree.



Figure2: A fragmentof a probabilisticnetwork represen-
tationof thetransmissioimodel,andthe penetrancenodel
in a3-loci analysis.

respectiely, then

Ali,p] = {

and similarly A[i, m] dependson S4[i, m], Alk,p], and
Alk,m].

Usingthis finer grain representationf the genotypeand
phenotypewe can capture more of the independencies
amongthe variables.For example, A[i, p] and A[i, m] are
independengiven the genotypeof i's parents. Note that,
they are dependengiven evidenceon ¢'s children, or on
phenotypahatdependon both. Anotherexample,occurs
whenwe know thatloci A and B areunlinked(saythey are
on differentchromosomes}hen A[i, p] is independenof
BJi, p] giventhegenotypeof i's father

Figure2 shavs a fragmentof the network thatdescribes
parents-childnteractionin a simple 3-loci analysis. The
dashedboxes containall of the variablesthat describea
singleindividual’'s genotypesor phenotype.In this model
we assumehatloci aremappedn theorder A, B, andC.
This assumptionis reflectedin the lack of an edgefrom
Sali, p] to Scli, p], which implies that the two areinde-
pendentgiven the value of Sg[i, p]. Figure2 alsoshavs
thepenetrancenodelfor this simple3-loci analysis In this
modelwe assumehateachphenotypevariabledependsn
the genotypeat singlelocus. Again, this is reflectedby the
factthateachphenotypéhasedgesonly from the two hap-
lotypesof asingleloci.

Alj, p]
Alj,m]

if Sali,p]=0
if Sali,p]=1

2.1.1 Likelihood Computation in Pedigrees

Therearetwo main approacheso likelihoodcomputation
on pedigreesElston-Stevart [3, 5] andLanderGreen[9].
The representationf pedigreesas probabilisticnetworks
allows us to give a unified perspectie of both. Broadly
speakinghotharevariantsof variableeliminationmethods
that dependon differentstrateyiesfor finding elimination
ordering,or equivalently, clustertreeseparators.

Figure 3 shovs an example of a pedigree. Elston-
Stewart’s algorithm and later extensionsessentiallytra-
versethis network along the structureof the family tree.

Figure3: Schematiof a network correspondingo three-
loci pedigree. The dark nodesare loci variablesin the

model (e.g., A[i, p]), the dark gray nodesare phenotype
variables,and the light gray nodesare selectorvariables
(e.9.,S4]i,p]). Eachtree-like “slice” correspondso one

locus,andrepresentsheinheritancemodelfor thatlocus.

At eachclusterthey aggreyatevariablesthat correspondo
anindividual acrossall slices. On the otherhand,Lander
Greens algorithmtraverseghis network from oneslice to
another At eachstepthey aggreateall the separatowari-
ablesatoneslice. In this sensel.anderGreensalgorithms
treatsa pedigreeasafactorial HMM.

Thisdiscussiommakesthe (known) propertiesandrestric-
tions of eachprocedurevisible. When the pedigreehas
loops, the genotypesof individuals are no longer neces-
sarily separatorsThus,onehasto resortto approachegor
breakingloops. On the otherhand,the LanderGreenpro-
cedureis not sensitve to loopsin the pedigree.However,
their procedurecannotappliedfor pedigrees with mary
selectorvariablesin eachslice andthus,their algorithmis
limited to smallpedigrees.

2.2 GeneticMapping

The maintaskfor linkage analysisis identifying the map
locationof diseaseenedrom pedigreedata.The standard
approachor performingthis analysisis to usenon-linear
optimizationprocedureshatattemptto maximizethelike-
lihood function. Suchproceduresvaluatethe likelihood
in several pointsthat are closeto eachotherand estimate
the derivative by examining the differencesn likelihood
betweerthesepoints. This approactrequiresseveral eval-
uationsof thelik elihood.

It isimportantto notethatduringthis optimization,there
are mary repeatedikelihood computationswith respect
to the sameevidence. Moreover, the only parameters
that changeare the recombinationfractions. Thatis, the
only variableswhose conditional probability distribution
changesretheselectowvariables.

Theseaepeatedtomputatiorhave beenoptimizedby vari-
ousapproachedn particular currentlinkageanalysissoft-



ware perform someamountof genotypeexclusion [13].
Theseexclusionsuse several rules of deductionto deter
mine which genotypesare possiblefor individuals given
their phenotype or the possiblegenotypesof their direct
relatives.

In addition,severalresearchermadethe obsenationthat
maintainingthe distinctionbetweersomeof athesevalues
often doesnot changethe probability of the obsenations.
This facthasbeenexploitedin FASTLINK to combineall
marker allelesthat do not appearin ary typedindividual
in the pedigred13]. A morepowerful useof thisideahas
beenproposedby O’'Connell and Weeks[11] andimple-
mentedn the VITESSE program,wherethereis localized
allelegroupingfor eachindividualin thepedigree Thecur-
rentVITESSEalgorithmappliesonly to looplesspedigree
within the framework of bottom-upElston-Stevart style
variableelimination.

3 SafeValue Abstractions

In the next sectionswve developtheoryandalgorithmsthat
exploit valueabstractiorin contets similar to the genetics
linkageanalysigproblemswe describeabove.

Let X be a variablewith a finite domain Val(X) and
a probability distribution function P(X = z). An ab-
straction of the domainof X is a collection A of subsets
of Vel(X) that form a non-trivial partition of Val(X):
no setin 4 is empty every two setsin A are disjoint,
andthe union of all setsin A equalsVal(X). For every
v € Val(X), let v* standfor the setin A that contains
v. We call v the abstiact valuecorrespondingo v. Each
abstractiordefinesa partition functiono : Val(X) — C
whichmapsavaluev toits abstracvaluev® viav® = o(v).
An abstraction of X, denotedby X ¢, is a variablewith a
domainVal(X*) = A whichis anabstractiorof Val(X),
anda probability distribution function P givenby

>

{veVal(X) |ve=0c(v)}

Po(X% = v%) =

or in ashortemotationby,

Pe(v*) = > P(v).

veEV?

The setof abstractiondor Val(X) forms a naturalpar
tial order (or more precisely a lattice) as follows. An
abstractionA; is finer thanabstractionA, if every setin
A, is asubsetof a setin A,, in which casewe also say
A, is coarserthan A;. An abstractionA; is strictly finer
(coarser) thanabstractiond, if A; is finer (coarser)than
Ay andA; # As. Themaximalabstactionconsistof one
setandthe minimalabstaction consistof singletons.

A refinemenbf two abstractions4; and A4, is an ab-
stractionA suchthat A4 is finerthan 4; andfinerthan A,.
A tight refinemenof two abstractions4d; and A, is are-
finementA suchthatevery otherrefinementA’ of 4; and
A, is finerthan A. In otherwords, supposehat ¢! and
o? arethe two partition functionsdefinedby abstractions

A; and A,, respectiely. Then, the partition function of
their tight refinementA is givenby ¢ = o' A o2 defined
suchthato(v) = o(v') if andonly if o (v) = o!(2v') and
a?(v) = o2 (v'). Intuitively, therefinemenbf two partition
functionsdefinesa partitionfunctionthatpreseresthedis-
tinctions madeby both partition functionsand introduces
no new distinctions.Whentwo abstractionsrenotrelated
throughrefinementthey aresaidto beincompaable.

Evidencawith respecto avariableX isanassertiore that
the valueobsenedfor X is amonga subsetO C Val(X)
of thepossiblevalues.WhenO is asingleton.X is saidto
have beenobsened.

An abstractions of X is safewith respecto e if P(e |
X =2) = Ple| X = ') forall z, 2’ suchthate(z) =
o(z"). Thatis, the distinctionsblurred by the abstraction
o do not effect the probability of the evidence. We can
alwaysfind a safeabstractionsincethetrivial abstraction
that consistsof singletonsis always safe. Moreover, it is
clearthatthereexist a maximallysafeabstractiorwhich is
the coarsessafeabstraction.

As asimpleexample,consideragamewherea playercan
bet on a dice outcomeand wins if the outcomematches
his bets. To formalize, supposewe have threevariables
Bet that can take the valuesodd and even Dice that can
take thevaluesl,. .., 6, andWin thatcanbe eitheryesor
no. Supposelsothatwe obsere thatthe playerwon, that
is Win = yes Clearly, thelikelihood P(Win = yegDice)
doesnotdependnthedistinctionbetweerall possibleout-
comesof thedice. Sincetheplayercanonly betonevenor
odd outcome,the abstractiorof values{1, 3,5},{2,4,6}
is asafeone. This abstractioris clearlythe maximallysafe
abstractiorof Dice. However, therearemary othersafeab-
stractionsNotethatin thisexample,if thediceis fair, then
P(Wn,Dice = z) is the samefor all valuesof z in the
samepartition. However, the abstractionis still safeeven
if the dice is not fair. The point is that we can compute
P(Dice € {1, 3, 5}) withoutworrying abouttherestof the
domain(e.g.,probability of variousbets,etc.).

This simpleexamplesuggestshatit suficesto consider
an abstractionof the dice when we computethe proba-
bility of winning in the betting game. This canlead to
saving in the numberof operationswe perform in our
calculations. Such computationalsavings can be much
more drasticwhen one is presentedvith mary intercon-
nectedvariablesasis the casewith Bayesiametworks. Let
X = {Xy,...,X,} beasetof variableseachassociated
with afinite domain Val(X;). Also, let B, with adirected
agyclic graphG, standfor a Bayesiametwork over X and
let Pa(X;) betheparentof eachX; in B. An abstraction
B* of B isaBayesiametwork with thesamesetof vertices
andedgesasin B, andwhereeachvariableX; is replaced
with anabstractionX{.

We now want to determinethe conditional probability
distributionsin B®. We startby defining the probability
of anabstractiorgiventhe“un-abstracted’parents:

P(X{ =27 [pa(Xi) =u) =



ALGORITHM ValueAbstract(B,e)

Input: A Bayesiametwork B andevidencee
Output: A safeabstractionB® wrt e

Discard:
Forevery X; in B, removefrom
Val(X;) all valuesthatareincompatible
with e (e.g.,usingarc-consistencalgorithm)
Comment: Nodesin e remainwith onevalue

Abstract:
SetY; := {Val(X;)},fori=1,...,n
Iterateover X; in reversetopologicalorder:
SupposehatPa(X;) = {X1,..., Xk}

1. Seto; = /\ ¥
Comment: This definesX?.

2. Find partitionfunctionse?, .. ., o}
of X1,..., X} suchthat
P(X}|x1,...,2x) = P(XP | 2,...,2},)
wheneer
oi(z1) = 0l (a},), -, oh(@r) = ol (a})-

3. for eachX; € Pa(X;)
Ej = E]' U {0’;}

Construct Tables:
Iterateover X; in reversetopologicalorder:
Abstractthetable P(X? | pa(X;)®)
accordingP (X; | pa(X;)).

Figure4: ComputingValueAbstraction

> P(X;=u=;| pa(X;) =)

zie;vf

wherez{ is anabstracwalueof x;. We saythatanabstrac-
tion of X;'s parentds cautiousif P(X¢ = z¢ | pa(X;) =
u) = P(X¢ = z¢ | pa(X;) = u') for all valuesu of
Pa(X;) thataremappedo thesamepartition. In thiscase,
we define

P(X} =27 | pa(X;)" = u®) =
P(X} = | pa(X;) = u) foru € u®.

Note that the notion of an abstractvalue of a variableis
naturally extendedto a setof variablesvia the Cartesian
productof thedomainsof theindividual variables.

An abstractedBayesiametwork B® is aa (safeand cau-
tious)abstactionof a Bayesiametwork B over X wrt ev-
idencee if P(e|B) = P(e|B%). It is alsomaximalif for
ary otherBayesianmnetwork B with this propertyeither
Val(X%') isfinerthan Val(X#) or thetwo setsareincom-
parablefor all variablesX;;.

4 Finding Safe& Cautious Abstractions

We now describea simpleiterative algorithm, ValueAb-
stract, whichfindsa safeabstractiorof a Bayesiametwork
B with respectto evidencee. The algorithm consistsof
threephases:

Discard The algorithmstartsby examiningthe variables
in the network, andfor eachX;, discardingall valuesthat
areincompatiblewith the evidencee. Thisis donevia ary
arc-consistenc algorithmas describedn the CSPlitera-
ture.

Abstract In this phasethe algorithm traversesthe net-
work from the leafs upwards and computescautiousab-
stractiondor the parentf eachabstractedariable.Since
avariableX; canbea parentof severalvariableswe need
to collectthe abstractionghat are cautiouswith respecto
eachof thesechildren. Thus, during this phase the algo-
rithm maintainsa setof abstractionsy;, that containsthe
abstractiongequiredfor X; by X;'s children. Whenthe
proceduregrocesses;, it findsthe minimal refinemenbof
all theseabstractionsf X;. We denoteby A X; thetightest
refinemenof all theabstractionsn ;.

Construct Tables In the last phasethe algorithm con-
structsthe conditional probabilitiesin the abstractechet-
work.

Thefull algorithmis givenin Figure4.

Theorem4.1 ThenetworkB® returnedby ValueAbstract
is a safe cautiousabstractionof B wrt e.

Ignoring for the momentthe costof the Discardphase,
we seethat eachiteration(eitherof Abstract,or Construct
Tablesphasexaminesasinglefamily. Thecostof suchan
iterationcanbe exponentialin the numberof parentdn the
family. Thus,therunningtime of ValueAbstactis linear in
the numberof variablesin the network, but exponentialin
the maximalindegreeof the network. We stresshowever,
thatfor networksin which conditionalprobabilitiesarerep-
resentedy tables the runningtime is linearin the size of
thenetwork description(sincethedescriptionof the condi-
tional probabilitytablesarealsoexponentialin thenumber
of parents).

Thisimpliesthattherunningtime of this algorithmis not
sensitve to the topology of the network, andthe complex-
ity of inferencewith it. VITESSE[11] (seeSection2) is
a specializedversionof ValueAbstact that yields impres-
sive speedupn likelihoodcalculationsn a geneticanaly-
sisdomain.Thus,this simplealgorithmcanoftenmake the
differencebetweerfeasibleandinfeasiblecalculations.

5 Message-Specifidbstraction

The ValueAbstact algorithmhasa desirableproperty:it is
independentf the particularsof the inferenceprocedure
we usefor computinglikelihoods. Thus,it canbe applied
asapreprocessingtepbeforelik elihoodcomputationThe
simplicity andlow compleity of thealgorithmmale it at-
tractive.

Nonethelessthereare someregularitiesthat are missed
by ValueAbstact. First, the main processingis strictly
bottom-up: the abstractionis constructedrom the leaves



of the network upward. However, we note that the first
phasg(Discardusingedge-consistenyg canpropagatém-
plicationof evidenceto lower nodes.

Secondwe consideredcachvariableseparatelfrom the
others. This limits us to abstractionghat are the Carte-
sian productsof the abstractionof variablesin the par
entsset. Thus, ratherthan holding abstractiongper vari-
able,we maywish to hold abstractiongor selectgroupsof
variables.Supposefor example,that we have two binary
variablesX andY eachwith values{0,1}. Supposehe
evidencee is suchthat X andY musthave hadthe same
valuesbut e doesnot determinewhich oneof their values.
A maximalabstractiorof Val(X) x Val(Y') wrt e istheset
{eq ={(0,0), (1,1)}, neq = {(0,1), (1,0)}}. Thereexist
no maximalabstractionswrt e for Val(X) or for Val(Y)
which arestrictly coarseithanthe original setsof values.

Finally, anotheropportunityfor improvementrestsonthe
obsenation that rather than holding one abstractionper
variable,we canhold several abstractionger variable,so
thatthelikelihoodcomputationf differentpartsof e can
be treatedmoreefficiently. Supposefor example,thatwe
haveaMarkov chainX; — X5 --- — X,, andthatX; and
X,, areobsened. Thatis, the evidencee is composedf
two partse; ande,,. Then,for ary X;,1 < i < n, wecan
think of two naturalabstractionspneis amaximalabstrac-
tion wrt e1, andthe otheris a maximalabstractionwrt e,,.
To computetheposteriorP (X ;|e) onewould needthetight
refinemendf bothabstractionsHowever, to passmessages
to its neighborsala Pearlpropagatiorstyle, we only need
to useoneof the abstractionswhichin generalarecoarser
thantheir tight refinementandthusmoreefficient.

To dealwith thesassueswe needto developabstractions
thatdependn thedetailsof the of theinferenceprocedure
we use. We now addresgheseissueswithin the context
of clustertree (akacliquetreg algorithms[7, 10, 14]. We
startwith a presentatiorof onevariantof tree-basedlgo-
rithms. The othervariantshave slightly differentdetails,
but our algorithmcanbe easilyadoptedo dealwith these.

5.1 Clique TreePropagationAlgorithm

AssumethatB is afixednetwork. A clustertreefor B isa
treeover k nodessuchthat:

e Eachnodel in the tree is annotatedwith a cluster
C C{X1,...,Xn}.

e Eachvariable X; is assignedto one cluster C;(x;)
suchthatX; € Cy(x,) andPa(X;) C Cyx,)-

e If X; € C;andX; € C,,,, thenX; € C; for ary node
j onthepathfrom [ to m.

Let! beanode.By definition,if X; is assignedo /, then
X; andPa(X;) aresubsetof C;. Thus,we candefinea
functiononvaluesc; € Val(C;)

gile)= [ Plzi|Pa(Xy))
i,1(X:)=l

(If 1 is anodethatis not assignedary variable,thenwe
defineg;(c;) = 1.)

It is easyto seethatby simplerearrangemertdf products
theprobability P(z1,. .., z, | B) canberewrittenas:

P(z1,...,2, | B) = Hgl(cl).

If we have evidence sayonasetof variablesE, we canup-
datethe functionsto reflectthat. For example,if X; = a.
We can multiple g;(x,) by a function o;(X1) suchthat
o1(z1) = 1if z; = a andoy(z1) = 0 otherwise. If
we updatethe nodesin this mannerfor all variablesin E
accordingto the specificevidencee then

P(z1,...,2n,e| B) = Hgl(cl).
l

To seethis, notethatif x4, .. ., z, is consistenwith e, then
its valueis not changedy the modificationto the g;. On
theotherhand,if it is notconsistentthenoneof theg; is 0,
andthus,the probability of thejoint assignmenis 0.

Let! andm be adjacennodesin thetree. We definethe
sepaator S; , = C;NC,,. A separatodefinesapartitions
of theclusters{C1, ..., Cy} into two sets:the clusterson
the [-side of the separatgrandthe clusterson the m-side
of the separatar We denotethesesetsAL™ and AL™. In
addition,we definethe setsof variablesin both groupsof
clustersX}™ = UAL™, andX4™ = uAL™

The key propertyof separatorss that they allow usto
factor the computationof probabilitiesinto two separate
cases.Using the propertiesof the tree, it is easyto shov
that

Proposition 5.1

Pe|B) = Y ,....> JJal)
1 Tn l
= Z fflﬁm(sl,m;e)fll’m(sl,mae)
Sl,mEVal(Sz,m)
whee
ll’m(sl,mae) = Z H gn(cn)

x€ Val(X}™ =81, m) CreAb™

Z H gn(cn)-

XEVal(X5™ =81 m) Cn€AL™

fvlp’zm(sl,mae) =

The key propertyof this factorizationis thatit is recur
sive.

Proposition5.2 Considera nodel whoseadjacentnodes
aremy,...,mg. Then

yeE Val(Cz —Sz,ml)

ll’m1 (Sl,ml ) e) =

gi(cr) H fylﬁTj (81,m;»€)-
i>1
1)
Thus,to computethe messge fll’m1 (s1,m,,€) Weneedto
combinethe messagefrom the otherclustersadjacento
[ with conditionalprobabilitiesthat are assignedo / and
thensumoutall of the variablesexcepttheseon S; ,, .



Using this recursve rule we cancomputethe likelihood
P(e | B). We choosea separatorS;,,,,. Accordingto
Propositiorns.1, all we needdois to computethemessages

™ and f.™ andthensumoverthe valuesof variablesin
Si,m. To computethesetwo messagesye applytherecur
sionrule of Proposition5.2 until we getto theleafsof the
tree. It is easyto seethatthis procedurds closelyrelated
to variable elimination algorithms[3, 4, 16|, exceptthat
we eliminatedseveralvariablesat eachstep.Moreover, the
structureof thecliquetreedeterminesheorderof elimina-
tion.

In additionto likelihoodcomputationsye canalsocom-
putethe posteriorfor every cluster: P(e, ¢; | B). Wedoso
by combiningthe messagefom all of I’s adjacennodes:

P(e,ct | B) = gi(er) [ £ (stmy€)

J

Clustertree algorithm computesucha posteriorfor each
cluster This canbe doneefficiently by dynamicprogram-
ming: for eachseparatowe only needto computewo mes-
sages.By appropriateuseof dynamicprogrammingall of
thesemessagesanbecomputedn two passesverthetree
[7, 14].

5.2 Clique TreeAbstractions

Supposeave aregivenaclustertreeandanevidencee. Can
we abstracthe valuesof cliquesandseparatorsTheideas
from the previoussectioncanbeappliedherein a straight-
forward fashion. Let S; ,,, be a separatar An abstraction

o™ of Val(S;,m) is safefor f/™ (s1,m,e) if
fll,m(sl,m7 6) = ll’m(sg,ma e)

for all s;,, ands; ,, suchthata!™ (s;,m) = Uf’m(s;’m).
To constructa safe abstractionfor the messagefl”m,

we examinethe recursve definition given Proposition5.2.

This definition implies that fll’m is a function of g; and

f,ﬂ]’” for nodesm' adjacentto I. Thus, if we have safe
abstractiongo all theseterms,we only needto preseres

valuesof
>

y€C1—S1,m,

au(e})- TT £ (st m; )

i>1

We constructheseabstractiorusinga dynamicprogram-
ming procedurehatis analogougo the clique-treepropa-
gationalgorithm. The differenceis thatinsteadof propa-
gatingprobabilisticmessagesve are propagatingabstrac-
tions. We definetwo operation®n abstractionshatarethe
analogf messagenultiplicationandof mamginalization.

We startby combinationof abstractions.

Definition 5.3 Supposédhatox, oy areabstractionghat
aresafewith respecto f(X) andg(Y), respectiely. (The
setsX andY canoverlap.)LetZ = XUY. Thecombined
abstractiorr = ox - oy over Val(Z) is suchthato(z) =

o(z')whenox (x) = ox(x') andoy (y) = oy (y'), where

x andy arethe valuesof X andY specifiedby z (and
similarly for x’ andy’). i
It is easyto checkthatif o x andoy aresafefor f(X) and
9(Y), thenox - oy is safefor f(X)g(Y).
Thesecondperationwe needto examineis mamginaliza-
tion. Let f(X,Y) beafactor We wantto find anabstrac-
tion thatis safewith respecto g(y) = >_, f(x,y). Todo
so,we needto identify valuesy for which we aregoingto
addthe samevaluesin the sameordet

Definition 5.4: Supposethat ¢ is an abstraction of
Val(X,Y) thatis safewith respectto f(X,Y). We de-
fine theabstractiors |y over Val(Y) sothat

oly (y) =0 ly (y)if
o(x,y) = o(x,y’) forall x
|

Giventhesetwo operationsye candefinetheabstraction
algorithmfor clique-trees.We startby computingan ab-
stractiono; of g;(¢;) for eachclique!. This canbe done
either by combiningabstractiondor the conditional dis-
tributionsof variableshatareassignedo [ or by first con-
structingg; () andthenfinding the coarsessafeabstraction.
Thefirst optioncanintroduceunnecessargistinctions but
canbemoreefficient.

Next, we definetheanalogof therecursve rule of Propo-
sition 5.2. Considera nodel! whoseadjacentnodesare
my,..., M. Then,

!
o™ = (o1 -0 o) L,

To constructthe abstractionwe perform dynamic pro-
grammingthat determinesthe abstractionfor eachmes-
sagdan termsof theabstractiongor neighboringseparators.
This dynamicprogrammingis analogougo the propaga-
tion of message the probabilisticinferencealgorithm
onclique-trees.

Oncewe computetheabstractiorof themessagewe can
perform inference. The key saving of the abstractionis
thatin computationwve performmultiplicationandaddition
oncefor every abstractalue. Thus,if S® is theabstracted
versionof S, the saving in computationin constructionof
themessagen S is | ValS®|/| ValS)|.

We canshaw thatthe resultingalgorithm preserescor-
rectnes®f inferences.

Theorem5.5 Inferenceontheabstiactedcliquetreecom-
putesexactlyall queriesof theform P(C; | e) for the evi-
dencee specifiedat the constructionof the abstraction.

We notethatthe costof the constructiorof theclique-tree
abstractionslepend®n the costof the basicoperationsin
the most naive instantiation,we representabstractionsas
tables.In this casethe costof the operationss exactly the
sameasthecostof probabilisticcomputatiorontheclique-
tree.

6 Abstractions and O values

Our algorithm can be easily extendedto exploit an addi-
tional “structural” featurein conditionalprobability distri-
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Figure5: Displayof the saving achievedby ValueAbstracbn 280 linkageanalysisnetworks. Eachpoint correspondso a
network. Graph(a) shows reductionin network size (z-axisis original network sizeandy-axisis reducedhetwork size);
Graph(b) shows reductionin cliquetreesize(x-axisis original cliquetreesizeandy-axisis the sizeof the clique treeof
theabstractedhetwork); andgraph(c) relatesheratio of reductionin cliquetreesize(y-axis)thea compleity estimateof

thelinkageanalysisproblem(z-axis).

butions. If at somestagein thealgorithmfll’m(sl,m) =0,
thenmultiplicationsby this valuewill alwaysresultin 0.

We canrecordthis factin our abstractiondy introducing
aspecialabstractvalue0 thatcorrespondso all the values
of thevariablesthataregivena value0. Then,we modify
the definition of combinationand mamginalizationto take
the specialpropertiesof 0 into account:

e (0x -oy)(x) =0if eitherox(x) =0oroy(y) =0.
e olx (y)=0if o(x,y) = 0forall x.

Thesemodificationsallow usto dealwith evidencemore
easily Supposehata variable X € C; is assignedhe
value z in the evidence. Thenwe combineo;() with an
abstractiorv x suchthatall valuesz’ € Val(X) — {z} are
assignedo the abstractvalue 0, and z is assignedo the
singletonset{z}. Whenwe combinethis abstractiorwith
theclique abstractiorwe ensurethatall assignmentto C,
in which X # z areassignedo 0.

We note that this simple modificationof our procedure
essentiallyimplementgartialconstrainsatisficatiorprop-
agationto discover unattainablgoint assignment$o clus-
ters/separators.

7 Evaluation

We testedour methodson a collectionof standarcbench-
mark pedigreeghat are reportedin [1, 13]. Thesepedi-
greescomefrom 10 differentstudiesand contain 90 dif-
ferentpedigreesof sizesvarying from 5 to 200 individu-
als. Fromthesewe generate®80 differentlinkage analy-
sis problemsby including differentnumbersof loci in the
analysis.Theseweretranslatednto a Bayesiametwork of
the form describedin Section2.1. For eachnetwork we
alsoconstructeavidenceassignmenbasedntheoriginal
findingsin the studiesandusedthesein theanalysisbelow.
In thefirst phaseof our experimentave testedthe Value-
Abstractprocedure.This procedureamplementsthe ideas
of VITESSE combinedwith constraintpropagatiorto re-
move impossiblevalues. Figure 5(a) shawvs the reduction

10000

1000 ¢

100 ¢

Abstracted Network Size

10

10 100 1000
Original Network Size

10000

Figure6: Displayof thesaving achiezedby abstractingal-
uesinsidethe clique tree on the network returnedby Val-
ueAbstract.The z-axisis the sizeof the clique treebefore
abstractiorandthe y-axisis thesizeof thecliquetreeafter
abstraction.

in the sizeof the networkachiezed by ValueAbstractThis
reductionis dueto eliminating and combining valuesof
variables. The reductionin the network size can be ap-
proximatedas2.6 - n®-%8 (theline in Figure5(a)).

However, sincethe computatiortime dependdinearly on
the size of the clique tree constructedrom the network,
we alsowantto measurehe reductionin this size. Thisis
shawvn in Figure5(b). As we cansee,the ratio of reduc-
tion canvary significantly We believe that this is dueto
structuralfeaturesof the pedigree.Figure 5(c) shavs that
theratio of improvementin the clique treesizeis roughly
proportionalto the productof the numberof individualsin
the pedigreeand the numberof genotypevaluesfor each
individual. This later quantity is a rough estimateof the
compleity of the problem.

In thenext stagewe appliedthecliquetreeabstracproce-
duredescribedn Section5. Herewe measuredhe reduc-
tion in effective sizeof thecliquetreedueto theabstraction
of valuesin cliquesandseparatorsFigure 6 compareghe
sizesbeforeandafterwe appliedthis procedureo the net-
work returnedoy ValueAbstractAs we cansee we getad-



ditional saving, especiallyfor networkswith largecliques.
Thereductionis estimateds5.2-n°-%4 (theline in Figure6.
As we cansee thesavingscanbedrastic.

8 Concluding Remarks

In this paperwe introducedan approacho exploit regular
structureén Bayesiametworksto reducecomputatiortime.
This approachexploits symmetryto mege valuesof vari-
ablesor groupsof variablesat differentstagesof the com-
putation. Our motivationis from linkage analysis,where
this type of heuristicshave beenvery successfu[11]. We
are currently extending our implementationto deal with
largernetworksandplanto incorporateour methodswithin
alinkageanalysissoftware.

It is clearthat this approachcan be beneficialto other
forms of structuredBayesianmetworks. In particulat net-
works with CSI[2]. Value abstractionsuggests general
frameawork within which we canevaluatethe utility of al-
gorithmsthatwork with treeCPTs.A structuredrepresen-
tationof messagéi.e.,[17]) is essentiallyanabstraction|f
analgorithmis exact, thenthe representatioit usesmust
bearefinemenbf theabstractiorouralgorithmconstructs.
We planto exploit thisto design“optimal” structurerepre-
sentationgor messag@assingwith CSI.
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