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Abstract

In this paper, we useevidence-specificvalueab-
stractionfor speedingBayesiannetworks infer-
ence. This is done by grouping variable val-
uesand treatingthe combinedvaluesas a sin-
gleentity. As weshow, suchabstractionscanex-
ploit regularitiesin conditionalprobabilitydistri-
butionsandalsothe specificvaluesof observed
variables.To formally justify valueabstraction,
we define the notion of safe value abstraction
anddeviseinferencealgorithmsthatuseit to re-
ducethecostof inference.Our procedureis par-
ticularly useful for learning complex networks
with many hiddenvariables. In suchcases,re-
peatedlikelihoodcomputationsarerequiredfor
EM or otherparameteroptimizationtechniques.
Sincethesecomputationsare repeatedwith re-
spectto thesameevidenceset,our methodscan
provide significantspeedupto the learningpro-
cedure.Wedemonstratethealgorithmongenetic
linkageproblemswheretheuseof valueabstrac-
tion sometimesdifferentiatesbetweena feasible
andnon-feasiblesolution.

1 Intr oduction

Inferencein probabilisticmodelsplaysasignificantrole in
many applications.In this paperwe focuson an applica-
tion in genetics: linkage analysis. Linkage analysisis a
crucial tool for locatingthegenesresponsiblefor complex
traits (e.g.,geneticallytransmitteddiseasesor susceptibil-
ity to diseases). Thisanalysisusesstatisticaltoolsto locate
genesandidentify thebiological functionof proteinsthey
encode.

Linkageanalysisis basedon a clearprobabilisticmodel
of geneticevents. Mapping of diseasegenesis doneby
performingparameteroptimizationto find thegeneticmap
locationthatmaximizesthelikelihoodof theevidence(i.e.,
maximumlikelihoodestimation).This probabilisticinfer-
enceis closelyrelatedto Bayesiannetwork inference.

Ourstartingpoint is theVITESSEalgorithm[11], afairly
recentalgorithmfor linkageanalysisthatimplementssome

interestingheuristicsfor speedingup computations.These
heuristicsachieve impressive speedupsthat allow to an-
alyze linkage problemsthat could not be dealt with us-
ing the prior stateof the art procedures.In the language
of Bayesiannetworks theseheuristicscan be understood
asfinding Value abstractions(reminiscentof the abstrac-
tions studiedby [15]). Theseabstractionsarefound in an
evidence-specificmannerto save computationsfor a spe-
cific trainingexample.

In the remainderof this paperwe review geneticlinkage
analysisproblems.Thenwedevelopamethodto find value
abstractionsthatgeneralizesthe ideasof [11] in a manner
that is independentof the inferenceprocedureused. We
thenextendtheseideasin combinationwith clique-treein-
ferenceprocedures.Finally, we describeexperimentalre-
sultsthatexaminetheeffectivenessof theseideas.

2 GeneticLinkage Analysis

We now briefly introducetherelevantgeneticnotionsthat
areneededfor thediscussionbelow. We referthereaderto
[12] for acomprehensiveintroductionto linkageanalysis.

Thehumangeneticmaterialconsistsof 22 pairsof auto-
somalchromosomes,anda pair of the sex chromosomes.
Thesituationwith thelaterpair is slightly different,andwe
will restrict the discussionhereto the autosomalcase,al-
thoughall thetechniqueswediscussapplyto thiscasewith
minor modifications. In eachpair of chromosomes,one
chromosomeis the paternalchromosome,inheritedfrom
the father, andthe other is the maternalchromosome,in-
heritedfrom the mother. We distinguishparticularloci in
eachchromosomepair. Loci thatarebiologicallyexpressed
arecalledgenes. At eachlocus,a chromosomeencodesa
particularsequenceof DNA nucleotides. The variations
in thesesequencesarethe sourceof the variationswe see
amongspeciesmembers.Thepossiblevariantsthatmight
appearat a particularlocusarecalledalleles. In general,
thematernalcopy andpaternalcopy of thesamelocuscan
bedifferent.

Theaim of linkageanalysisto constructgeneticmapsof
known loci, andto positionnewly discoveredloci with re-
spectto such maps. Geneticmapsdescribethe relative
positionsof loci of interest(which can be genes,or ge-
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Figure1: Illustrationof recombinationduringmeiosis.

neticmarkers)in termsof their geneticdistance.This dis-
tancemeasurestheprobabilityof crossovers betweenpairs
of loci duringmeiosis, theprocessof cell division leading
to creationof gemetes(eitherspermsor egg cells). During
the formationof gemetes,the geneticmaterialundergoes
recombination,asshown in aschematicform in Figure1.

The geneticdistancebetweentwo loci is measuredin
terms of the recombinationfraction betweentwo loci,
which is just the probability of recombinationof the two
loci. The smallerthis fraction is, the closerthe two loci
are.A recombinationfractioncloseto 0.5indicatesthatthe
two loci aresufficiently farsothattheir inheritanceappears
independent.

Estimationof thesefractionsis complicatedby the fact
that we do not observe alleleson chromosomes.Instead
we canobserve phenotype, which might be traits, suchas
blood type,eye color, or onsetof a disease,or they might
be the result of genetictyping. Genetictyping provides
the allelespresentin eachlocus,but doesnot provide an
alignmentwith the maternal/paternalchromosome.Thus,
whengenetictyping shows anindividual hasalleles � and�

in one locus,andalleles � and � in anotherlocus,we
do not know if � and � wherein inheritedfrom the same
parent. In sucha situationthereare4 four possiblecon-
figurations( ����� � � , ����� � � , � ������� ,

� ������� ). Whenwe
considermultiple loci, the numberof possibleconfigura-
tionsgrowsexponentially.

2.1 Probabilistic Networks Modelsof Pedigrees

We startby showing how theunderlyingmodelof linkage
analysisproblemscanberepresentedby probabilisticnet-
works, andthendiscussstandardapproachedfor comput-
ing likelihoodsin pedigrees.We notethat the representa-
tion of pedigreesin termsof graphicalmodels,have been
discussedin [6, 8].

A pedigreedefinesa joint distribution over thegenotype
andphenotypeof theindividuals.We denotethegenotype
andphenotypeof individual � as��� �! and "�� �! , respectively.
Thesemanticsof a pedigreeare: giventhegenotypeof � ’s
parents,��� �! is independentfrom ��� #� for any ancestor#
of � ; and given the genotype��� �$ , the phenotype"�� �! is
independentof all othervariablesin thepedigree.We can
representtheseassumptionson thedistribution of ��� �! and"�� �$ by a network wherethe parentsof ��� �! are the ��� #� 
and ��� %& where # and % are � ’s parents,andthe parentof

"�� �$ is ��� �! . Not surprisingly, this network hasessentially
thesametopologyastheoriginalpedigree.

The local probabilitymodelsin thenetwork have oneof
thefollowing forms:

' Generalpopulationgenotypeprobabilities: (*)�+,��� �! .- ,
when � is a founder.

' Transmissionmodels: (/)0+,��� �$ 213��� #4 657��� %& 8- where #
and % are � ’s parentsin thepedigree.9

' Penetrancemodels: (*)�+,"�� �! :1;��� �! .- .
This discussionshows that thereis a simpletransforma-

tion from pedigreesto probabilisticnetworks. This simple
transformationobscuresmany of thedetailsof thepedigree
modelwithin thetransitionandpenetrancemodels.Bothof
theselocal probabilitymodelsarequitecomplex. We gain
moreinsight into the“structure”of the joint distribution if
we modelthe pedigreeat a moredetailedlevel. This can
bedonein variousways;e.g.,[6, 8]. We find it mostcon-
venientto usea representationthatis motivatedby Lander
andGreen’s [9] representationof pedigrees.For this repre-
sentationwe introduceseveraltypesof randomvariables:

Genetic Loci. We denoteby
� 57�<5>=?5�@�@�@ the loci of in-

terestin the geneticanalysis. For example,thesecan be
marker loci anddiseaseloci. For eachindividual � andlo-
cus

�
, we definerandomvariables

� � �>5$AB , � � �>5DCE whose
valuesarethespecificvalueof thelocus

�
in individual � ’s

parentalandmaternalhaplotypes(chromosomes),respec-
tively. That is,

� � �>5,AB was inheritedfrom � ’s father, and� � �>5DCE wasinheritedfrom � ’smother.
Phenotypes.We denoteby FG57�H5�@�@�@ thephenotypesthat

areinvolved in the analysis.Thesemight includedisease
manifestations,genetictyping, or other observed pheno-
typesuchasbloodtypes.For eachindividual � andpheno-
type F , we definea randomvariable F�� �$ that denotethe
valueof thephenotypefor theindividual � .

Selectorvariables. Similar to LanderandGreen[9], we
useauxiliary variablesthat denotethe inheritancepattern
in the pedigree. We denoteby I3JG� �K5$AB and I3JG� �>57CL the
selectionmadeby the meiosisthat resultedin � ’s genetic
makeup.Formally, if # and % denote� ’s fatherandmother,

M
We make thestandardassumptionthatif individual N is not a

founder, thenbothof herparentsarein thepedigree.
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Figure2: A fragmentof a probabilisticnetwork represen-
tationof thetransmissionmodel,andthepenetrancemodel
in a 3-loci analysis.

respectively, then

� � �>5,AO QP R � � #S5,AO if I3JG� �>5,AO TPVU� � #S5DCE if I J � �>5,AO TPXW
and similarly

� � �>5DCE dependson I J � �K57CL , � � %Q5,AO , and� � %Q57CL .
Usingthis finer grain representationof thegenotypeand

phenotypewe can capturemore of the independencies
amongthevariables.For example,

� � �>5,AB and
� � �K57CL are

independentgiven the genotypeof � ’s parents.Note that,
they are dependentgiven evidenceon � ’s children, or on
phenotypethatdependson both. Anotherexample,occurs
whenweknow thatloci

�
and � areunlinked(saythey are

on differentchromosomes),then
� � �>5,AO is independentof�L� �>5,AO giventhegenotypeof � ’s father.

Figure2 shows a fragmentof thenetwork thatdescribes
parents-childinteractionin a simple3-loci analysis. The
dashedboxes containall of the variablesthat describea
singleindividual’s genotypesor phenotype.In this model
we assumethat loci aremappedin theorder

�
, � , and = .

This assumptionis reflectedin the lack of an edgefromI3JG� �K5$AB to I3YZ� �>5,AB , which implies that the two are inde-
pendentgiven the valueof I3[\� �>5,AO . Figure2 alsoshows
thepenetrancemodelfor thissimple3-loci analysis.In this
modelweassumethateachphenotypevariabledependson
thegenotypeat singlelocus.Again, this is reflectedby the
fact thateachphenotypehasedgesonly from thetwo hap-
lotypesof asingleloci.

2.1.1 Lik elihood Computation in Pedigrees
Therearetwo mainapproachesto likelihoodcomputation
on pedigrees:Elston-Stewart [3, 5] andLander-Green[9].
The representationof pedigreesasprobabilisticnetworks
allows us to give a unified perspective of both. Broadly
speaking,botharevariantsof variableeliminationmethods
that dependon differentstrategies for finding elimination
ordering,or equivalently, cluster-treeseparators.

Figure 3 shows an example of a pedigree. Elston-
Stewart’s algorithm and later extensionsessentiallytra-
versethis network along the structureof the family tree.

Figure3: Schematicof a network correspondingto three-
loci pedigree. The dark nodesare loci variablesin the
model (e.g.,

� � �>5,AO ), the dark gray nodesare phenotype
variables,and the light gray nodesare selectorvariables
(e.g., I3JG� �>5$AB ). Eachtree-like “slice” correspondsto one
locus,andrepresentstheinheritancemodelfor thatlocus.

At eachclusterthey aggregatevariablesthatcorrespondto
an individual acrossall slices.On theother-hand,Lander-
Green’s algorithmtraversesthis network from onesliceto
another. At eachstepthey aggregateall theseparatorvari-
ablesatoneslice. In thissense,Lander-Green’salgorithms
treatsapedigreeasa factorial HMM.

Thisdiscussionmakesthe(known)propertiesandrestric-
tions of eachprocedurevisible. When the pedigreehas
loops, the genotypesof individuals are no longer neces-
sarily separators.Thus,onehasto resortto approachesfor
breakingloops. On theotherhand,theLander-Greenpro-
cedureis not sensitive to loopsin the pedigree.However,
their procedurecannotappliedfor pedigree’s with many
selectorvariablesin eachsliceandthus,their algorithmis
limited to smallpedigrees.

2.2 GeneticMapping

The main task for linkageanalysisis identifying the map
locationof diseasegenesfrom pedigreedata.Thestandard
approachfor performingthis analysisis to usenon-linear
optimizationproceduresthatattemptto maximizethelike-
lihood function. Suchproceduresevaluatethe likelihood
in several pointsthat arecloseto eachotherandestimate
the derivative by examining the differencesin likelihood
betweenthesepoints.This approachrequiresseveraleval-
uationsof thelikelihood.

It is importantto notethatduringthis optimization,there
are many repeatedlikelihood computationswith respect
to the sameevidence. Moreover, the only parameters
that changeare the recombinationfractions. That is, the
only variableswhoseconditional probability distribution
changesaretheselectorvariables.

Theserepeatedcomputationhavebeenoptimizedby vari-
ousapproaches.In particular, currentlinkageanalysissoft-



ware perform someamountof genotypeexclusion [13].
Theseexclusionsuseseveral rules of deductionto deter-
mine which genotypesare possiblefor individuals given
their phenotype,or the possiblegenotypesof their direct
relatives.

In addition,severalresearchersmadetheobservationthat
maintainingthedistinctionbetweensomeof a thesevalues
often doesnot changethe probability of the observations.
This facthasbeenexploitedin FASTLINK to combineall
marker allelesthat do not appearin any typed individual
in thepedigree[13]. A morepowerful useof this ideahas
beenproposedby O’Connell andWeeks[11] and imple-
mentedin theVITESSEprogram,wherethereis localized
allelegroupingfor eachindividualin thepedigree.Thecur-
rentVITESSEalgorithmappliesonly to looplesspedigree
within the framework of bottom-upElston-Stewart style
variableelimination.

3 SafeValueAbstractions

In thenext sectionswe developtheoryandalgorithmsthat
exploit valueabstractionin contextssimilar to thegenetics
linkageanalysisproblemswe describeabove.

Let ] be a variablewith a finite domain ^`_;ab+,]c- and
a probability distribution function "�+8] PedT- . An ab-
straction of the domainof ] is a collection

�
of subsets

of ^T_;ab+8]c- that form a non-trivial partition of ^`_;af+,]c- :
no set in g is empty, every two setsin

�
are disjoint,

and the union of all setsin
�

equals ^T_;af+8]h- . For everyikj ^`_;af+,]c- , let iml standfor the set in
�

that containsi . We call iml theabstract valuecorrespondingto i . Each
abstractiondefinesa partition function npoq^`_;ab+,]c-qrs=
whichmapsavaluei to its abstractvaluei l via i l PVnt+ i - .
An abstractionof ] , denotedby ] l , is a variablewith a
domain ^`_�af+8] l -GP � which is anabstractionof ^T_;ab+8]c- ,
andaprobabilitydistribution function " l givenby

" l +,] l P i l -*P uv7w0xzy;{D|8}�~G�3� w������&}�w��!� "�+,]�P i -�5
or in a shorternotationby,

" l + i l -*P�uw0x4w�� "�+ i -�@
The setof abstractionsfor ^T_;af+8]h- forms a naturalpar-

tial order (or more precisely, a lattice) as follows. An
abstraction

� 9 is finer thanabstraction
���

if every set in� 9 is a subsetof a set in
� �

, in which casewe alsosay� �
is coarser than

� 9 . An abstraction
� 9 is strictly finer

(coarser) thanabstraction
���

if
� 9 is finer (coarser)than� �

and
� 9��P � � . Themaximalabstractionconsistsof one

setandtheminimalabstractionconsistsof singletons.
A refinementof two abstractions

� 9 and
���

is an ab-
straction

�
suchthat

�
is finer than

� 9 andfiner than
� �

.
A tight refinementof two abstractions

� 9 and
� �

is a re-
finement

�
suchthatevery otherrefinement

���
of
� 9 and� �

is finer than
�

. In other words, supposethat nz9 andn � arethe two partition functionsdefinedby abstractions

� 9 and
� �

, respectively. Then, the partition function of
their tight refinement

�
is givenby n�P�nz9G��n � defined

suchthat nt+ i -�P�nt+ i � - if andonly if nz94+ i -�P�nz9;+ i � - andn � + i -*P�n � + i � - . Intuitively, therefinementof two partition
functionsdefinesapartitionfunctionthatpreservesthedis-
tinctionsmadeby both partition functionsandintroduces
no new distinctions.Whentwo abstractionsarenot related
throughrefinement,they aresaidto be incomparable.

Evidencewith respectto avariable] is anassertion� that
thevalueobservedfor ] is amonga subset����^`_;ab+8]h-
of thepossiblevalues.When � is a singleton,] is saidto
havebeenobserved.

An abstractionn of ] is safewith respectto � if "�+,�c1]�P�dQ-2P�"�+$��1O]�P�d � - for all d 5Dd � suchthat nt+,dT-¡Pnt+8d � - . That is, the distinctionsblurredby the abstractionn do not effect the probability of the evidence. We can
alwaysfind a safeabstraction,sincethe trivial abstraction
that consistsof singletonsis alwayssafe. Moreover, it is
clearthat thereexist a maximallysafeabstractionwhich is
thecoarsestsafeabstraction.

As asimpleexample,consideragamewhereaplayercan
bet on a dice outcomeand wins if the outcomematches
his bets. To formalize, supposewe have threevariables
Bet that can take the valuesodd andeven, Dice that can
take thevalues W45�@�@�@�57¢ , and £p�6¤ thatcanbeeitheryesor
no. Supposealsothatwe observe that theplayerwon, that
is Win P yes. Clearly, the likelihood "�+ Win P yes1Dice-
doesnotdependonthedistinctionbetweenall possibleout-
comesof thedice.Sincetheplayercanonly betonevenor
odd outcome,the abstractionof values ¥SWS57¦O5K§�¨&5�¥;©m5Dª`57¢B¨
is asafeone.Thisabstractionis clearlythemaximallysafe
abstractionof Dice@ However, therearemany othersafeab-
stractions.Notethatin thisexample,if thediceis fair, then"�+ Win 5 Dice P�dQ- is the samefor all valuesof d in the
samepartition. However, the abstractionis still safeeven
if the dice is not fair. The point is that we can compute"�+ Dice j ¥&W457¦O5K§m¨«- withoutworrying abouttherestof the
domain(e.g.,probabilityof variousbets,etc.).

This simpleexamplesuggeststhat it sufficesto consider
an abstractionof the dice when we computethe proba-
bility of winning in the betting game. This can lead to
saving in the number of operationswe perform in our
calculations. Such computationalsavings can be much
more drasticwhen one is presentedwith many intercon-
nectedvariablesasis thecasewith Bayesiannetworks.Let¬ P­¥0] 9 5�@�@�@�57]H®T¨ be a setof variableseachassociated
with a finite domain ^`_�a6+,]�¯!- . Also, let � , with a directed
acyclic graph � , standfor a Bayesiannetwork over

¬
and

let °�±z+,] ¯ - betheparentsof each] ¯ in � . An abstraction� l of � is aBayesiannetwork with thesamesetof vertices
andedgesasin � , andwhereeachvariable]�¯ is replaced
with anabstraction] l¯ .

We now want to determinethe conditional probability
distributions in � l . We start by defining the probability
of anabstractiongiventhe“un-abstracted”parents:

"�+8] l¯ P�d l¯ 1«²³±z+8]�¯!-*P�´³-*P



ALGORITHM ValueAbstract(B,e)

Input: A Bayesiannetwork B andevidence�
Output: A safeabstraction� l wrt �
Discard:

For every ]�¯ in � , removefrom^`_�a6+,]�¯!- all valuesthatareincompatible
with � (e.g.,usingarc-consistency algorithm)

Comment: Nodesin � remainwith onevalue

Abstract:
Set µ¶¯to·PX¥ ^`_�a6+,]�¯!-�¨ , for �³PkW45�@�@�@�57¤
Iterateover ]H¯ in reversetopologicalorder:

Supposethat °�± +8] ¯ -/PX¥�] 9 5�@�@�@�5D]<¸&¨ .
1. Set n`¯ Pº¹»µ¶¯

Comment: This defines] l¯ .
2. Findpartitionfunctions n ¯9 5�@�@�@�5Kn ¯¸of ] 9 5�@�@�@�5D] ¸ suchthat"�+,] l¯ 1«d 9 5�@�@�@�5DdQ¸�-/Pº"�+8] l¯ 1;d � 9 5�@�@�@�57d �¸ -whenevern ¯9 +8d 9 -¼P�n ¯9 +8d � 9 5>-�5�@�@�@�57n ¯¸ +8d ¸ -*P�n ¯¸ +,d � ¸ - .3. for each]¾½ j °�± +8] ¯ -µ ½ o¿PÀµ ½¼Á ¥«n ¯½ ¨

Construct Tables:
Iterateover ]H¯ in reversetopologicalorder:

Abstractthetable "�+8] l¯ 1«²³±�+8]�¯6- l -
according"�+8] ¯ 1;²:±�+,] ¯ -7- .

Figure4: ComputingValueAbstraction

uÂ�Ã x Â �Ã "�+8] ¯ PVd ¯ 1;²:± +8] ¯ -/Pº´³-
whered l¯ is anabstractvalueof d ¯ . Wesaythatanabstrac-
tion of ]�¯ ’s parentsis cautiousif "�+,] l¯ PVd l¯ 1«²³±�+,]H¯6-/PÄ -ÅP�"�+,] l¯ PÆd l¯ 1¼²³±�+8] ¯ -ÇP Ä � - for all values Ä of°�± +8] ¯ - thataremappedto thesamepartition. In thiscase,
we define

"�+8] l¯ PVd l¯ 1;²³±�+8] ¯ - l P Ä l -/P"�+,] l¯ P i l 1«²³±z+,] ¯ -/P Ä - for Ä�jÇÄ l @
Note that the notion of an abstractvalueof a variableis
naturally extendedto a set of variablesvia the Cartesian
productof thedomainsof theindividualvariables.

An abstractedBayesiannetwork � l is a a (safeandcau-
tious)abstractionof aBayesiannetwork � over

¬
wrt ev-

idence � if "�+$�m1 ��-¾PÈ"�+,�m1 � l - . It is alsomaximalif for
any otherBayesiannetwork � l�É with this propertyeither^`_�af+8] l�É¯ - is finer than ^`_;af+,] l¯ - or thetwo setsareincom-
parablefor all variables]�¯ .
4 Finding Safe& CautiousAbstractions

We now describea simple iterative algorithm,ValueAb-
stract, whichfindsasafeabstractionof aBayesiannetwork� with respectto evidence � . The algorithm consistsof
threephases:

Discard Thealgorithmstartsby examiningthevariables
in thenetwork, andfor each] ¯ , discardingall valuesthat
areincompatiblewith theevidence� . This is donevia any
arc-consistency algorithm asdescribedin the CSPlitera-
ture.

Abstract In this phasethe algorithm traversesthe net-
work from the leafs upwardsand computescautiousab-
stractionsfor theparentsof eachabstractedvariable.Since
a variable]�¯ canbea parentof severalvariables,we need
to collect theabstractionsthatarecautiouswith respectto
eachof thesechildren. Thus,during this phase,the algo-
rithm maintainsa setof abstractions,µ¶¯ , thatcontainsthe
abstractionsrequiredfor ]H¯ by ]�¯ ’s children. When the
procedureprocesses] ¯ , it findstheminimal refinementof
all theseabstractionsof ]�¯ . Wedenoteby ¹ µ¶¯ thetightest
refinementof all theabstractionsin µ¶¯ .

Construct Tables In the last phasethe algorithm con-
structsthe conditionalprobabilitiesin the abstractednet-
work.

Thefull algorithmis givenin Figure4.

Theorem4.1: Thenetwork � l returnedby ValueAbstract
is a safe, cautiousabstractionof � wrt � .

Ignoring for the momentthe cost of the Discardphase,
we seethateachiteration(eitherof Abstract,or Construct
Tablesphase)examinesasinglefamily. Thecostof suchan
iterationcanbeexponentialin thenumberof parentsin the
family. Thus,therunningtimeof ValueAbstract is linear in
thenumberof variablesin thenetwork, but exponentialin
themaximalindegreeof thenetwork. We stress,however,
thatfor networksin whichconditionalprobabilitiesarerep-
resentedby tables,therunningtime is linear in thesizeof
thenetwork description(sincethedescriptionof thecondi-
tionalprobabilitytablesarealsoexponentialin thenumber
of parents).

This impliesthattherunningtimeof thisalgorithmis not
sensitive to thetopologyof thenetwork, andthecomplex-
ity of inferencewith it. VITESSE[11] (seeSection2) is
a specializedversionof ValueAbstract that yields impres-
sive speedupin likelihoodcalculationsin a geneticanaly-
sisdomain.Thus,thissimplealgorithmcanoftenmakethe
differencebetweenfeasibleandinfeasiblecalculations.

5 Message-SpecificAbstraction

TheValueAbstractalgorithmhasa desirableproperty:it is
independentof the particularsof the inferenceprocedure
we usefor computinglikelihoods.Thus,it canbeapplied
asapreprocessingstepbeforelikelihoodcomputation.The
simplicity andlow complexity of thealgorithmmake it at-
tractive.

Nonetheless,therearesomeregularitiesthat aremissed
by ValueAbstract. First, the main processingis strictly
bottom-up: the abstractionis constructedfrom the leaves



of the network upward. However, we note that the first
phase(Discardusingedge-consistency) canpropagateim-
plicationof evidenceto lowernodes.

Second,we consideredeachvariableseparatelyfrom the
others. This limits us to abstractionsthat are the Carte-
sian productsof the abstractionsof variablesin the par-
entsset. Thus, ratherthanholding abstractionsper vari-
able,wemaywish to holdabstractionsfor selectgroupsof
variables.Suppose,for example,thatwe have two binary
variables] and Ê eachwith values ¥«UB5�W�¨ . Supposethe
evidence � is suchthat ] and Ê musthave hadthe same
valuesbut � doesnot determinewhich oneof their values.
A maximalabstractionof ^`_�ab+8]c-TËh^`_;ab+$Ê¾- wrt � is theset¥0�«Ì¡PÍ¥�+,UO57US-�5�+DW45�W«->¨ , ¤��«Ì¡PÍ¥�+,UO5�W0-�5�+DW457U&->¨S¨ . Thereexist
no maximalabstractionswrt � for ^T_;af+8]h- or for ^`_�af+,Ê�-
which arestrictly coarserthantheoriginal setsof values.

Finally, anotheropportunityfor improvementrestson the
observation that rather than holding one abstractionper
variable,we canhold severalabstractionsper variable,so
that thelikelihoodcomputationsof differentpartsof � can
betreatedmoreefficiently. Suppose,for example,thatwe
haveaMarkov chain ] 9 r�] �/Î�Î�Î rÆ]�® andthat ] 9 and] ® areobserved. That is, the evidence � is composedof
two parts � 9 and �«® . Then,for any ] ¯ , W¾Ï��ÐÏ�¤ , we can
think of two naturalabstractions,oneis amaximalabstrac-
tion wrt � 9 , andtheotheris a maximalabstractionwrt � ® .
To computetheposterior"�+8] ¯ 1 �;- onewouldneedthetight
refinementof bothabstractions.However, to passmessages
to its neighborsala Pearlpropagationstyle,we only need
to useoneof theabstractions,which in generalarecoarser
thantheir tight refinement,andthusmoreefficient.

To dealwith theseissues,weneedto developabstractions
thatdependon thedetailsof theof theinferenceprocedure
we use. We now addresstheseissueswithin the context
of cluster-tree(akacliquetree) algorithms[7, 10, 14]. We
startwith a presentationof onevariantof tree-basedalgo-
rithms. The othervariantshave slightly differentdetails,
but our algorithmcanbeeasilyadoptedto dealwith these.

5.1 Clique TreePropagationAlgorithm

Assumethat � is afixednetwork. A cluster-treefor � is a
treeover % nodessuchthat:' Each node Ñ in the tree is annotatedwith a clusterÒ�Ó³Ô ¥0] 9 5�@�@�@�57] ® ¨ .' Eachvariable ] ¯ is assignedto one cluster

Ò Ó }�~ Ã �
suchthat ]�¯ j Ò Ó }Õ~ Ã � and °\±z+8]�¯!- Ô�Ò Ó }�~ Ã � .' If ] ¯ j Ò Ó and] ¯ j Ò¾Ö , then] ¯ j Ò ½ for any node# on thepathfrom Ñ to C .

Let Ñ bea node.By definition,if ] ¯ is assignedto Ñ , then] ¯ and °�±z+,] ¯ - aresubsetsof
Ò Ó

. Thus,we candefinea
functionon values× Ó j ^`_�af+ Ò�Ó -

Ø Ó +$× Ó -/P Ù¯,Ú Ó }�~ Ã �,� Ó "�+8d ¯ 1;°�± +8] ¯ -D-
(If Ñ is a nodethat is not assignedany variable,thenwe
defineØ Ó +,× Ó -/PXW .)

It is easyto seethatby simplerearrangementof products
theprobability "�+,d 9 5�@�@�@�57d ® 1;�¾- canberewrittenas:

"�+,d 9 5�@�@�@�5Dd ® 1;�¾-/PpÙ Ó Ø Ó +,× Ó -�@
If wehaveevidence,sayonasetof variablesÛ , wecanup-
datethefunctionsto reflectthat. For example,if ] 9 P�� .
We can multiple Ø Ó }Õ~tÜD� by a function Ý 9 +,] 9 - such thatÝ 9 +8d 9 -ÞPßW if d 9 P�� and Ý 9 +,d 9 -hPàU otherwise. If
we updatethe nodesin this mannerfor all variablesin Û
accordingto thespecificevidenceá then

"�+8d 9 5�@�@�@�5DdT®Q57áÅ1;�¾-*PÀÙ Ó Ø Ó +,× Ó -�@
To seethis,notethatif d 9 5�@�@�@�5DdT® is consistentwith á , then
its valueis not changedby the modificationto the Ø Ó . On
theotherhand,if it is notconsistent,thenoneof the Ø Ó is U ,
andthus,theprobabilityof thejoint assignmentis U .

Let Ñ and C beadjacentnodesin thetree. We definethe
separator I Ó Ú Ö P Ò�Ó!â¶Ò Ö . A separatordefinesapartitions
of theclusters¥;= 9 5�@�@�@�5>=G¸&¨ into two sets:theclusterson
the Ñ -sideof the separator, andthe clusterson the C -side
of the separator. We denotethesesets

� Ó Ú ÖÓ and
� Ó Ú ÖÖ . In

addition,we definethe setsof variablesin bothgroupsof
clusters

¬ Ó Ú ÖÓ P Á � Ó Ú ÖÓ , and
¬ Ó Ú ÖÖ P Á � Ó Ú ÖÖ

The key propertyof separatorsis that they allow us to
factor the computationof probabilitiesinto two separate
cases.Using the propertiesof the tree, it is easyto show
that

Proposition5.1:

"�+$áE1;��-ãP u Â Ü 5�@�@�@�5 u Â0ä Ù Ó Ø
Ó +,× Ó -

P uåfæ�ç è xzy;{D|8}Õé æ�ç è �;ê
Ó Ú ÖÖ +$ë Ó Ú Ö 57ám- ê

Ó Ú ÖÓ +!ë Ó Ú Ö 5Ká�-
where

ê
Ó Ú ÖÓ +!ë Ó Ú Ö 5Kám-ãP uì xzy;{D|.}�í æ�ç èæÈî é æ�ç è � ÙY ä x J æ�ç èæ

Ø ® +$× ® -

ê
Ó Ú ÖÖ +!ë Ó Ú Ö 5Kám-ãP uì xzy;{D|.}�í æ�ç èè î é æ�ç è � ÙY ä x J æ�ç èè

Ø ® +$× ® -�@
The key propertyof this factorizationis that it is recur-

sive.

Proposition5.2: Considera node Ñ whoseadjacentnodes
are C 9 5�@�@�@�57CÇ¸ . Then

ê
Ó Ú Ö ÜÓ +!ë Ó Ú Ö Ü 57�;-/P uï xzy;{D|ð}Õñ æ î é æ�ç è Ü �

Ø Ó +,× Ó - Ù½�ò 9 ê
Ó Ú Ö¶óÖ¶ó +$ë Ó Ú Ö ó 5K�;-�@

(1)

Thus,to computethemessage ê
Ó Ú Ö ÜÓ +!ë Ó Ú Ö Ü 57�;- weneedto

combinethe messagesfrom the otherclustersadjacenttoÑ with conditionalprobabilitiesthat areassignedto Ñ and
thensumout all of thevariablesexcepttheseon I Ó Ú Ö Ü .



Using this recursive rule we cancomputethe likelihood"�+,��1¡�¾- . We choosea separatorI Ó Ú Ö . According to
Proposition5.1,all weneeddo is to computethemessages

ê
Ó Ú ÖÓ and ê

Ó Ú ÖÖ andthensumover thevaluesof variablesinI Ó Ú Ö . To computethesetwo messages,we applytherecur-
sionrule of Proposition5.2 until we get to the leafsof the
tree. It is easyto seethat this procedureis closelyrelated
to variable elimination algorithms[3, 4, 16], except that
weeliminatedseveralvariablesateachstep.Moreover, the
structureof thecliquetreedeterminestheorderof elimina-
tion.

In additionto likelihoodcomputations,we canalsocom-
putetheposteriorfor everycluster: "�+,�&57× Ó 1��¾- . We doso
by combiningthemessagesfrom all of Ñ ’s adjacentnodes:

"�+,�&5K× Ó 1;�¾-/P Ø Ó +,× Ó -OÙ ½ ê
Ó Ú Ö¶óÖ¶ó +!ë Ó Ú Ö ó 5K�;-

Clustertree algorithm computesucha posteriorfor each
cluster. This canbedoneefficiently by dynamicprogram-
ming: for eachseparatorweonlyneedtocomputetwo mes-
sages.By appropriateuseof dynamicprogrammingall of
thesemessagescanbecomputedin two passesoverthetree
[7, 14].

5.2 Clique TreeAbstractions

Supposewearegivenaclustertreeandanevidence� . Can
weabstractthevaluesof cliquesandseparators?Theideas
from theprevioussectioncanbeappliedherein astraight-
forward fashion. Let I Ó Ú Ö be a separator. An abstractionn Ó Ú ÖÓ of ^`_�af+$I Ó Ú Ö - is safefor ê

Ó Ú ÖÓ +$ë Ó Ú Ö 57�;- if

ê
Ó Ú ÖÓ +!ë Ó Ú Ö 5K�;-/P ê

Ó Ú ÖÓ +$ë �Ó Ú Ö 57�;-
for all ë Ó Ú Ö and ë �Ó Ú Ö suchthat n Ó Ú ÖÓ +!ë Ó Ú Ö -/PVn Ó Ú ÖÓ +$ë �Ó Ú Ö - .

To constructa safe abstractionfor the messageê
Ó Ú ÖÓ ,

we examinetherecursive definitiongivenProposition5.2.
This definition implies that ê

Ó Ú ÖÓ is a function of Ø Ó and

ê
Ó Ú Ö ÉÖ É for nodes C � adjacentto Ñ . Thus, if we have safe

abstractionsto all theseterms,we only needto preserves
valuesof

uï xSñ æ î é æ�ç è Ü
Ø Ó +,× lÓ -�@ Ù½�ò 9 ê

Ó Ú Ö óÖ ó +$ë lÓ Ú Ö ó 57�;-
Weconstructtheseabstractionusingadynamicprogram-

ming procedurethat is analogousto theclique-treepropa-
gationalgorithm. The differenceis that insteadof propa-
gatingprobabilisticmessageswe arepropagatingabstrac-
tions.Wedefinetwo operationsonabstractionsthatarethe
analogsof messagemultiplicationandof marginalization.

We startby combinationof abstractions.

Definition 5.3: Supposethat n ~ 5Kn`ô areabstractionsthat
aresafewith respectto ê + ¬ - and Ø +8õö- , respectively. (The
sets

¬
and õ canoverlap.)Let ÷øP ¬ Á õ . Thecombined

abstractionnùPXn ~ Î n`ô over ^`_�af+!÷¼- is suchthat nt+$úS-ZPnt+,ú � - when n ~ +8ûz-¼P�n ~ +,û � - andnTô�+,ü -¼PVn`ô\+8ü � - , where

û and ü are the valuesof
¬

and õ specifiedby ú (and
similarly for û � and ü � ).
It is easyto checkthatif n ~ and n ô aresafefor ê + ¬ - andØ +8õö- , then n ~ Î nTô is safefor ê + ¬ - Ø +8õö- .Thesecondoperationweneedto examineis marginaliza-
tion. Let ê + ¬ 5Dõö- bea factor. We wantto find anabstrac-
tion thatis safewith respectto Ø +8ü -GPÍý ì ê +8ût5Dü:- . To do
so,we needto identify valuesü for which we aregoingto
addthesamevaluesin thesameorder.

Definition 5.4 : Supposethat n is an abstractionof^`_�af+ ¬ 57õö- that is safewith respectto ê + ¬ 57õö- . We de-
fine theabstractionnLþSÿ over ^`_�af+8õö- sothatnEþ ÿ +8ü:-¼P�nÅþ ÿ +8ü � - if

nt+8ût5Dü:-¼P�nt+,ût5Dü � - for all û
Giventhesetwo operations,wecandefinetheabstraction

algorithmfor clique-trees.We startby computingan ab-
straction n Ó of Ø Ó +$× Ó - for eachclique Ñ . This canbe done
either by combiningabstractionsfor the conditionaldis-
tributionsof variablesthatareassignedto Ñ or by first con-
structingØ Ó +$- andthenfindingthecoarsestsafeabstraction.
Thefirst optioncanintroduceunnecessarydistinctions,but
canbemoreefficient.

Next, wedefinetheanalogof therecursiveruleof Propo-
sition 5.2. Considera node Ñ whoseadjacentnodesareC 9 5�@�@�@�5DC�¸ . Then,

n Ó Ú Ö ÜÓ P��!n Ó Î n Ó Ú Ö��Ö�� Î @�@�@7n Ó Ú Ö��Ö���� þ é æ�ç è Ü
To constructthe abstractionwe perform dynamic pro-

grammingthat determinesthe abstractionfor eachmes-
sagein termsof theabstractionsfor neighboringseparators.
This dynamicprogrammingis analogousto the propaga-
tion of messagesin the probabilistic inferencealgorithm
on clique-trees.

Oncewecomputetheabstractionof themessageswecan
perform inference. The key saving of the abstractionis
thatin computationweperformmultiplicationandaddition
oncefor every abstractvalue.Thus,if I l is theabstracted
versionof I , thesaving in computationin constructionof
themessageon I is 1D^`_;a8I l 1 �B1D^`_�a.I�1 .

We canshow that the resultingalgorithmpreservescor-
rectnessof inferences.

Theorem5.5: Inferenceon theabstractedcliquetreecom-
putesexactlyall queriesof theform "�+ Ò�Ó 1&ám- for theevi-
denceá specifiedat theconstructionof theabstraction.

Wenotethatthecostof theconstructionof theclique-tree
abstractionsdependson thecostof thebasicoperations.In
the most naive instantiation,we representabstractionsas
tables.In this case,thecostof theoperationsis exactly the
sameasthecostof probabilisticcomputationontheclique-
tree.

6 Abstractions and 0 values

Our algorithm canbe easily extendedto exploit an addi-
tional “structural” featurein conditionalprobabilitydistri-
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Figure5: Displayof thesaving achievedby ValueAbstracton 280linkageanalysisnetworks.Eachpoint correspondsto a
network. Graph(a) shows reductionin network size( d -axis is original network sizeand 	 -axis is reducednetwork size);
Graph(b) shows reductionin cliquetreesize( d -axis is original cliquetreesizeand 	 -axisis thesizeof thecliquetreeof
theabstractednetwork); andgraph(c) relatestheratioof reductionin cliquetreesize( 	 -axis)theacomplexity estimateof
thelinkageanalysisproblem( d -axis).

butions. If at somestagein thealgorithm ê
Ó Ú ÖÓ +�
 Ó Ú Ö -ZPkU ,

thenmultiplicationsby this valuewill alwaysresultin U .
Wecanrecordthis factin ourabstractionsby introducing

a specialabstractvalue U thatcorrespondsto all thevalues
of thevariablesthataregivena value U . Then,we modify
the definition of combinationandmarginalizationto take
thespecialpropertiesof U into account:' +$n ~ Î n ô -�+,ûz-*PVU if either n ~ +8ûz-*PºU or n ô +,ü -*PºU .' nÅþ ~ +,ü -¼PVU if nt+8ût5Dü:-¼PºU for all û .

Thesemodificationsallow usto dealwith evidencemore
easily. Supposethat a variable ] j Ò Ó

is assignedthe
value d in the evidence. Then we combine n Ó +$- with an
abstractionn ~ suchthatall valuesd � j ^`_�af+8]c-
�h¥�d�¨ are
assignedto the abstractvalue U , and d is assignedto the
singletonset ¥0d�¨ . Whenwe combinethis abstractionwith
thecliqueabstractionwe ensurethatall assignmentsto

Ò�Ó
in which ] �PVd areassignedto U .

We note that this simple modificationof our procedure
essentiallyimplementspartialconstraintsatisficationprop-
agationto discover unattainablejoint assignmentsto clus-
ters/separators.

7 Evaluation

We testedour methodson a collectionof standardbench-
mark pedigreesthat are reportedin [1, 13]. Thesepedi-
greescomefrom 10 differentstudiesandcontain 90 dif-
ferentpedigreesof sizesvarying from 5 to 200 individu-
als. Fromthesewe generated280differentlinkageanaly-
sisproblemsby includingdifferentnumbersof loci in the
analysis.Theseweretranslatedinto aBayesiannetwork of
the form describedin Section2.1. For eachnetwork we
alsoconstructedevidenceassignmentbasedontheoriginal
findingsin thestudiesandusedthesein theanalysisbelow.

In thefirst phaseof our experimentswe testedtheValue-
Abstractprocedure.This procedureimplementsthe ideas
of VITESSEcombinedwith constraintpropagationto re-
move impossiblevalues. Figure5(a) shows the reduction
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Figure6: Displayof thesaving achievedby abstractingval-
uesinsidethe clique treeon the network returnedby Val-
ueAbstract.The d -axis is thesizeof thecliquetreebefore
abstractionandthe 	 -axisis thesizeof thecliquetreeafter
abstraction.

in thesizeof thenetworkachievedby ValueAbstract.This
reductionis due to eliminating and combiningvaluesof
variables. The reductionin the network size can be ap-
proximatedas ©m@ ¢ Î ¤���� ��� (theline in Figure5(a)).

However, sincethecomputationtimedependslinearlyon
the size of the clique tree constructedfrom the network,
we alsowant to measurethereductionin this size. This is
shown in Figure5(b). As we cansee,the ratio of reduc-
tion canvary significantly. We believe that this is dueto
structuralfeaturesof the pedigree.Figure5(c) shows that
the ratio of improvementin the clique treesizeis roughly
proportionalto theproductof thenumberof individualsin
the pedigreeandthe numberof genotypevaluesfor each
individual. This later quantity is a rough estimateof the
complexity of theproblem.

In thenext stageweappliedthecliquetreeabstractproce-
duredescribedin Section5. Herewe measuredthereduc-
tion in effectivesizeof thecliquetreedueto theabstraction
of valuesin cliquesandseparators.Figure6 comparesthe
sizesbeforeandafterwe appliedthis procedureto thenet-
work returnedby ValueAbstract.As wecansee,wegetad-



ditional saving, especiallyfor networkswith largecliques.
Thereductionis estimatedas §B@ © Î ¤���� ��� (theline in Figure6.
As we cansee,thesavingscanbedrastic.

8 Concluding Remarks

In this paperwe introducedanapproachto exploit regular
structurein Bayesiannetworksto reducecomputationtime.
This approachexploits symmetryto mergevaluesof vari-
ablesor groupsof variablesat differentstagesof thecom-
putation. Our motivation is from linkageanalysis,where
this typeof heuristicshave beenvery successful[11]. We
are currently extendingour implementationto deal with
largernetworksandplanto incorporateourmethodswithin
a linkageanalysissoftware.

It is clear that this approachcan be beneficialto other
formsof structuredBayesiannetworks. In particular, net-
works with CSI [2]. Valueabstractionsuggestsa general
framework within which we canevaluatethe utility of al-
gorithmsthatwork with treeCPTs.A structuredrepresen-
tationof message(i.e.,[17]) is essentiallyanabstraction.If
an algorithmis exact, thenthe representationit usesmust
bearefinementof theabstractionouralgorithmconstructs.
We planto exploit this to design“optimal” structurerepre-
sentationsfor messagepassingwith CSI.
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