Discovering Hidden Variables:
A Structure-Based Approach

Gal Elidan Noam Lotner  Nir Friedman DaphneKoller
Hebrev University StanfordUniversity
{galel,noaml,nit @cs.huji.ac.il koller@CS.Stanfat.EDU
Abstract

A seriousproblemin learningprobabilisticmodelsis the presencef hiddenvariables. These
variablesarenot obsered, yet interactwith several of the obseredvariables.As such,they

induceseeminglycomplex dependencieamongthe latter In recentyears,muchattention
hasbeendevoted to the developmentof algorithmsfor learningparametersandin some
casesstructure,in the presenceof hiddenvariables. In this paper we addresshe related
problemof detectinchiddenvariableshatinteractwith theobseredvariables.Thisproblem
is of interestboth for improving our understandin@f the domainandasa preliminarystep
thatguidesthelearningprocedureowardspromisingmodels.A very naturalapproacthis to

searchor “structuralsignatures’of hiddenvariables— substructures thelearnechetwork

thattendto suggesthe presenceof a hiddenvariable. We male this basicideaconcrete,
andshav how to integrateit with structure-searchlgorithms. We evaluatethis methodon

several syntheticandreal-life datasetsandshaw thatit performssurprisinglywell.

1 Introduction

In thelastdecaddeherehasbeenagreatdealof researctiocusedonthe problemof learning
Bayesiannetworks (BNs) from data(e.g.,[6]). An importantissueis the existenceof
hiddenvariableghatareneverobsened,yetinteractwith obsenedvariables Naively, one
might think that, if a variableis never obsened, we cansimply ignoreits existence. At
a certainlevel, this intuition is correct. We can constructa network over the obsenable
variableswhichis anl-mapfor themaminal distribution over thesevariablesj.e., captures
all thedependencieamongthe obsenedvariables.However, this approachs weakfrom a
varietyof perspecties.Considerfor example thenetwork in Figurel(a). Assumethatthe
datais generatedrom suchadependengmodel,but thatthenodeH is hidden.A minimal
I-map for the maginal distribution is showvn in Figure 1(b). From a purerepresentation
perspectie, this network is clearly lessuseful. It containsl2 edgegatherthan6, andthe
nodeshave muchbiggerfamilies.Hence,asarepresentationf the processn thedomain,
it is muchlessmeaningful.Fromthe perspectie of learningthesenetworksfrom data,the
mauginalizednetwork hassignificantdisadantagesAssumingall the variablesarebinary,
it usesb9 parametersatherthan17, leadingto substantiatiatafragmentatiorandthereby
to nonrolust parameterestimates. Moreover, with limited amountsof datathe induced
network will usuallyomit severalof thedependenciein the model.

Whena hiddenvariableis known to exist, we canintroduceit into the network andap-
ply known BN learningalgorithms.If the network structureis known, algorithmssuchas
EM [3, 8] or gradientascent[2] canlearnparameterslf the structureis not known, the
Structual EM (SEM)algorithmof [4] canbeusedto performstructurdearningwith miss-
ing data. However, we cannotsimply introducea “floating” hiddenvariableand expect
SEMto placeit correctly Hence,bothof thesealgorithmsassumehatsomeothermech-
anismintroducesthe hiddenvariablein approximatelythe right locationin the network.
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Somavhat surprisingly only little work hasbeendoneon the problemof automatically
detectinghata hiddenvariablemight be presenin a certainpositionin the network.

In this paper we investigatewhat is arguably the most straightforward approachfor
inducing the existenceof a hiddenvariable. This approach briefly mentionedin [6], is
roughly asfollows: We begin by using standardBayesianmodelselectionalgorithmsto
learna structureover the obsenablevariables.We thensearchthe structurefor substruc-
tures,which we call semi-cliquesthatseemasif they might beinducedby a hiddenvari-
able. We temporarilyintroducethe hiddenvariablein a way thatbreaksup the clique,and
thencontinuelearningbasedon that new structure. If the resultingstructurehasa better
score,we keepthe hiddenvariable. Surprisingly this very basictechniquedoesnot seem
to have beenpursued.(The approacthof [9] is similar on the surface,but is actuallyquite
different;seeSection5.) We provide a concreteandefficientinstantiationof this approach
andshav how to integrateit with existing learningalgorithmssuchasSEM. We apply our
approacho severalsyntheticandrealdatasetsandshaw thatit oftenprovidesagoodinitial
placemenfor the introducedhiddenvariable. We canthereforeuseit asa preprocessing
stepfor SEM, substantiallyreducingthe SEM searctspace.

2 Learning Structure of Bayesian Networks

Considerafinite setX = {X;, ..., X, } of discreterandomvariablesvhereeachvariable
X; may take on valuesfrom a finite set. A Bayesiannetworkis an annotateddirected
agyclic graphthatencodes joint probability distribution over X'. The nodesof the graph
correspondo therandomvariablesXy, .. ., X,,. Eachnodeis annotatedvith aconditional
probability distribution thatrepresent®(X; | Pa(X;)), wherePa(X;) denotesheparents
of X; in G. A Bayesiametwork B specifiesauniquejoint probability distribution over X

givenby: Pg(Xy,...,X,) = [, Pe(X;|Pa(X;)).

The problemof learninga Bayesiametwork canbe statedasfollows. Givenatraining
setD = {X[1],...,x[M]} of instancef X, find a network B thatbestmatthesD. The
commonapproachto this problemis to introducea scoringfunction that evaluateseach
network with respecto thetrainingdata,andthento searchor the bestnetwork according
to this score.Thescoringfunctionmostcommonlyusedto learnBayesiametworksis the
Bayesianscoringmetric[7]. Givena scoringfunction,the structurelearningtaskreduces
to a problemof searchingover the combinatorialspaceof structuredor the structurethat
maximizeghescore.Thestandardpproachs to usealocal searctprocedureghatchanges
onearcatatime. Greedyhill-climbing with randomrestartis typically used.

The problemof learningin the presencef partially obsenabledata(or known hidden
variables)s computationallyandconceptuallynuchharder In the caseof a fixed network
structure the ExpectationMaximization(EM) algorithmof [3] canbe usedto searchfor a
(local) maximumlik elihood(or maximuma posteriori)assignmento theparameters.The
structuial EM algorithmof [4] extendsthis ideato the realmof structuresearch.Roughly
speaking the algorithmusesan E-stepas part of structuresearch.The currentmodel—
structureaswell asparameters— is usedfor computingexpectedsuficient statisticsfor
all othercandidatestructures The candidatestructuresarescoredbasedn theseexpected
sufficient statistics.The searchalgorithmthenmovesto a new candidatestructure We can
thenrun EM again,for our new structure to getthe desiredexpectedsuficient statistics.
However, we canoftenusethe samestatisticdor severalstructurechangeoperationdefore



recomputinghem.

3 Detecting Hidden Variables

We motivateourapproacHor detectinghiddenvariablesby consideringhesimpleexample
discussedn theintroduction.Considerthe distribution representethy the network shovn
in Figure1(a), where H is a hiddenvariable. The variable H was the keystonefor the
conditionalindependencassumptionsn this network. As a consequencehe mamginal
distribution over the remainingvariableshasalmostno structure:eachY; dependsn all
the X;’s, andthe Y;’s themseles are also fully connected. A minimal I-map for this
distribution is shavn in Figure 1(b). It contains12 edgescomparedo the original 6. We
canshaow thatthis phenomenotis atypical effect of remaving a hiddenvariables:

Proposition 3.1: Let G be a networkover the variables X1, ..., X,, H. LetZ bethe
conditionalindependencstatements— statementsf theform I(X;Y | Z) —thatare
impliedby G anddo notinvolve H. LetG' bethegraphover X;, ..., X,, that contains
anedge fromX; to X; wheneer G containssud an edge, andin addition: G' containsa
cliqueoverthechildrenY; of H , andG’ containsan edge fromanyparentX; of H to any
child Y; of H. ThenG' is a minimall-mapfor Z.

We wantto definea procedurehatwill suggestandidatehiddenvariablesby finding
structure®f thistypein thecontext of alearningalgorithm.We will applyourprocedurdo
networksinducedby standardstructurelearningalgorithms[6]. Clearly it is unreasonable
to hopethatthereis an exactmappingbetweersubstructurethathave the form described
in Proposition3.1andhiddenvariables Learnednetworks arerarely anexactreflectionof
theminimal I-mapfor the underlyingdistribution.

We thereforeusea somavhatmoreflexible definition, which we believe will helpusto
detectpotentialhiddenvariablesmorereliably. For anodeX anda setof nodesY’, we
defineA(X;Y) to bethesetof neighborsof X (parentsor children)within the subsefy".
We definea semi-cliqueto be a setof nodesQ whereeachnodeX € @ is linkedto at
morethanhalf of Q: |A(X; Q)| > 1|Q|

We proposea simpleheuristicfor finding semi-cliquesn thegraph.Wefirst obsenethat
eachsemi-cliguemustcontaina seedwhichis easyto spot;this seeds a 3-vertex clique.

Proposition 3.2 Anysemi-cliqueof size4 or more containsa clique of size3.

Thefirst phaseof the algorithmis a searcHor all 3-cliquesin thegraph.Thealgorithm
thentries to expandeachof theminto a maximal semi-cliquein a greedyway. More
precisely at eachiteration the algorithm attemptsto add a nodeto the “current” semi-
cligue. If the expandedset satisfiesthe semi-cliqueproperty thenit is setasthe new
“current” clique. Thesetestsarerepeatedintil no additionalvariablecanbe addedto the
semi-clique. The algorithmoutputsthe expansiongound basedon the different3-clique
“seeds”.We notethatthis greedyproceduradoesnot find all semi-cliquesTheexceptions
aretypically two semi-cligueghatarejoined by a smallnumberof edgesmakinga larger
legal semi-clique.Thesecasesreof lessinterestto us,becausé¢hey arelesslikely to arise
from the maminalizationof a hiddenvariable.In practiceour algorithmtypically findsall
semi-cliques.

In the secondphase we corvert eachof the semi-cliquedo a structurecandidatecon-
taininga new hiddennode.Suppose) is asemi-clique.Our constructiorintroducesanew
variable H, andreplacesall of theincomingedgesinto variablesin @Q by edgesrom H.
Parentsof nodesin Q arethenmadeto be parentof H, unlessthe edgeresultsin acycle.
This procesgesultsin the removal of all intra-cligueedgesandmalkes H a proxy for all
“outside” influencesonthenodesin theclique.

In the third phase,we evaluateeachof thesecandidatestructuresin attemptto find
the mosthiddenvariable. Thereare seseral possiblewaysin which this candidatecanbe
utilized by the learningalgorithm. We proposethreeapproachesThe simplestassumes
thatthe network structure after the introductionof the hiddenvariable,is fixed. In other



words,we assumehatthe “true” structureof the network is indeedthe resultof applying
ourtransformatiorio theinputnetwork (whichwasproduceddy thefirst stageof learning).
We canthensimply fit the parametersisingEM, andscoretheresultingnetwork.

We canimprove this ideasubstantiallyby noting that our simpletransformatiorof the
semi-cliquedoesnot typically recover the true underlyingstructureof the original model.
In our constructionwe choseto make the hiddenvariable H the parentof all thenodesin
thesemi-cliqgue andeliminateall otherincomingedgeso variablesin theclique. Clearly,
this constructioris very limited. Theremightwell be casesvheresomeof theedgesn the
cliguearewarrantedevenin the presencef the hiddenvariable. It might alsobethe case
that someof the edgesfrom H to the semi-cliquevariablesshouldbe reversed. Finally,
it is plausiblethat somenodeswereincludedin the semi-cliqueaccidentally and should
not bedirectly correlatedwith H. We couldthereforeallow thelearningalgorithm— the
SEM algorithmof [4] — to adaptthe structureafterthe hiddenvariableis introduced.One
approactis to useSEM to fine-tuneour modelfor the partof the network we justchanged:
the variablesin the semi-cliqueandthe new hiddenvariable. Therefore,in the second
approachwe fix theremainingstructure andconsidemonly adaptation®f the edgeswithin
this setof variables. This restrictionsubstantiallyreduceshe searchspacefor the SEM
algorithm. The third approachallows full structuraladaptationover the entire network.
This offersthe SEM algorithmgreaterflexibility, but is computationallymoreexpensve.

To summarizeour approach:In the first phasewe analyzethe network learnedusing
corventionalstructuresearctto find semi-cliqgueshatindicatepotentiallocationsof hidden
variables.In thesecondhasewne corvertthesesemi-cliquesnto structurecandidategeach
containinga new hiddenvariable). Finally, in the third phasewe evaluateeachof these
structuregpossiblyusingthemas a seedfor further search)and returnthe bestscoring
network we find.

Themainassumptiorof our approaclhis thatwe canfind “structuralsignatures’of hid-
denvariablesvia semi-cliquesAs we discusse@bove, it is unrealisticto expectthelearned
network G to have exactly the structuredescribedn Proposition3.1. On the one hand,
learnednetworks often have spuriousedgesresultingfrom statisticalnoise,which might
causefragmentsof the network to resemblehesestructuresevenif no hiddenvariableis
involved. On the otherhand,theremight be edgeshatare missingor reversed.Spurious
edgesarelessproblematic At worst,they will leadusto proposeaspurioushiddenvariable
whichwill beeliminatedby the subsequengvaluationstep.Our definition of semi-clique,
with its moreflexible structure partially dealswith the problemof missingedges.How-
ever, if our datais very sparsesothatstandardearningalgorithmswill bevery reluctant
to produceclusterswith mary edgesthe approachwe proposewill notwork.

4 Experimental Results

Our aim is to evaluatethe succes®f our procedurdan detectinghiddenvariables. To do
so,we evaluatedour procedureon both syntheticandreal-life datasets.The syntheticdata
setsweresampledrom Bayesiametworksthatappeain the literature.We thencreateda
training setin which we “hid” onevariable. We choseto hide variablesthatare“central”
in the network (i.e., variablesthat arethe parentsof several children). The syntheticdata
setsallow for a controlledevaluation,andfor generatingraining andtestingdatasetsof
ary desiredsize. However, the datais generatedrom a distribution thatindeedhasonly
asinglehiddenvariable. A morerealistichenchmarks real data,that may containmary
confoundinginfluences. In this case,of course,we do not have a generatingmodelto
compareagainst.
Thedatasetsusedin our experimentsare:

e Insurance: A 27-nodenetwork developedto evaluatedriver's insuranceapplica-
tions[2]. In our experimentswe hid the variablesAccident Age, MakeMode| and
\ehicle¢ar (denotedd, G, M, V in Figure2).

e Alarm: A 37-nodenetwork [1] developedto monitorpatientsn anlCU. In our experi-
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Figure2: Comparisorof the differentapproachesEachpointin the graphcorrespondso
a network learnedby oneof the methods.The graphson the bottomrow show the log of
the Bayesiarscore.The graphson thetop row shav log-likelihoodof anindependentest
set. In all graphs,the scaleis normalizedto the performanceof the No-hidden network,
shavn by thedashedine at“0”".

mentswe hid thevariablesHR, Intubation LVFailure, andVentLung(denotedH, I, L,
V in Figure2).

e Stock Data: A real-lifedatasethattracegheactvity of 20majorUStechnologystocks
for several years(1516tradingdays). Eachsampleindicatesthe changen the stocks
valueduringthe tradingday. Thesevalueswerediscretizedto threecateyories: “up”,
“no change” and“down”.

e TB: A real-life datasethatrecordsinformationabout2302tuberculosigatientsn San
Franciscocounty (courtesyof Dr. PeterSmall, StanfordMedical Center). The data
setcontainsdemographiénformation suchasgender age,ethnicgroup,andmedical
informationsuchasHIV status,the type of TB infection, and the resultsof various
tests.

In eachdataset, we appliedour procedureas follows. First, we applieda standard
modelselectionprocedureo learna network from the training data(without any hidden
variables).In ourimplementationyve usedstandardyreedyhill-climbing searchthatstops
whenit reaches plateauit cannotescape.We suppliedthe learnednetwork asinput to
theclique-detectinglgorithmwhich returneda setof candidatéhiddenvariables.We then
usedeachcandidateas the startingpoint for a new learningphase. The Hidden proce-
durereturnsthe highest-scoringietwork thatresultsfrom evaluatingthe differentputative
hiddenvariables.

To gaugethe quality of this learning procedure,we comparedit to two “strawmen”
approaches.The Naive stravman [4] initializes the learningwith a network that hasa
single hiddenvariableas parentof all the obsenedvariables.It thenappliesSEM to get
animproved network. This processs repeatedseveral times, whereeachtime a random
perturbation(e.g., edgeaddition) is appliedto help SEM to escapdocal maxima. The
Original stravman,which appliedonly in syntheticdataset, is to usethe true generating
network onthedataset. Thatis, we take theoriginal network (thatcontainshevariablewe
hid) andusestandargarametricEM to learnparameterfor it. This stravmancorresponds
to caseswvherethelearnerhasadditionalprior knowledgeaboutdomainstructure.

We quantitatvely evaluatedeachof thesenetworksin two ways. First, we computedhe
Bayesiarscoreof eachnetwork onthetrainingdata.Secondwe computedhelogarithmic



lossof predictionamadeby thesenetworksonindependentestdata. Theresultsareshwon
in Figure2. In this evaluation,we usedthe performancef No-Hidden asthe baselinefor
comparingthe other methods. Thus, a positive scoreof say 100 in Figure 2 indicatesa
scorewhichis largerby 100 thanthe scoreof No-Hidden. Sincescoresarethelogarithm
of the Bayesiamosteriorprobability of structuregup to a constant)thisimpliesthatsuch
astructures 21%° timesmoreprobablethanthe structurefound by No-Hidden.

We canseethat,in mostcasesthenetwork learnedby Hidden outperformshe network
learnedby No-hidden. In the artificial datasets,Original significantly outperformsour
algorithmon testdata. This is no surprise:Original hascompleteknowledgeof the struc-
turewhich generatedhetestdata.Our algorithmcanonly evaluatenetworks accordingo
their score;indeed,the scoresof the networks found by Hidden are betterthanthoseof
Original in 12 out of 13 casedested. Thus,we seethatthe “correct” structuredoesnot
usually have the highestBayesianscore. Our approachusually outperformsthe network
learnedby Naive. Thisimprovements particularlysignificantin thereal-life datasets.

As discussedn Section3, therearethreewaysthata learningalgorithmcanutilize the
original structureproposedoy our algorithm. As our goalwasto find the bestmodelfor
thedomain,we ranall threeof themin eachcase andchosethe bestresultingnetwork. In
all of our experimentsthevariantthatfixedthe candidatestructureandlearnedoarameters
for it resultedin scoreghatweresignificantlyworsethanthe networks found by the vari-
antsthatemployed structuresearch.The networks trainedby this variantalsoperformed
muchworseon testdata. This highlightstheimportanceof structuresearchn evaluatinga
potentialhiddenvariable.Theinitial structurecandidatas oftentoo simplified;ontheone
hand,jt forcestoo mary independencieamongthevariablesn thesemi-cligueandonthe
other it canaddtoo mary parentgo the new hiddenvariable.

The comparisorbetweenthe two variantsthat usesearchis more complex. In mary
casesthevariantthatgivesthe SEM completeflexibility in adaptingthe network structure
did not find a betterscoringnetwork thanthe variantthat only searchegor edgesin the
areaof the new variable. In the casest did leadto improvement,the differencein score
wasnotsignificantlylarger. SincethevariantthatrestrictsSEMis computationallycheaper
(oftenby anorderof magnitude)we believe thatit providesagoodtradeof betweermodel
guality andcomputationatost.

The structuresfound by our procedureare quite appealing. For example,in the stock
marketdata,our procedureconstructs hiddenvariablethatis the parentof severalstocks:
Microsoft, Intel, Dell, CISCO,and Yahoo. A plausibleinterpretationof this variableis
“strong” marketvs. “stationary” market. Whenthe hiddenvariablehasthe “strong” value,
all the stockshave higher probability for going up. When the hiddenvariable hasthe
“stationary” probability, thesestockshave much higher probability of beingin the “no
change'value.We donotethatin thelearnedhetworkstherewerestill mary edgedetween
theindividual stocks.Thus,the hiddenvariablesenesasa generamarket trend,while the
additionaledgesnake betterdescriptionof the correlationsdetweenindividual stocks.The
modelwe learnedfor the TB patientdatasetvasalsointeresting.Onevalueof the hidden
variablecaptureswo highly dominantsegmentsof the population: older, HIV-negative,
foreign-bornAsians,and younger HIV-positive, US-bornblacks. The hiddenvariables
children distinguishedbetweenthe two aggregatedsubpopulationaising the HIV-result
variable,which wasalsoa parentof mostof them. We believe that, hadwe allowed the
hiddenvariableto have threevalues,it would have separatethesepopulations.

5 Discussion and Future Work

In this paper we proposea simple andintuitive algorithmfor finding plausiblelocations
for hiddenvariablesin BN learning. It attemptgo detectstructuralsignature®f a hidden
variablein the network learnedby standardstructuresearch. We presentedxperiments
shawing that our approachis reasonablysuccessfult producingbettermodels. To our
knowledge this paperis alsothefirst to provide systematie@mpiricaltestsof any approach



to thetaskof discoveringhiddenvariables.

The problem of detectinghidden variableshas receved surprisingly little attention.
Spirteset al. [10] suggestan approachthat detectspatternsof conditionalindependen-
ciesthatcanonly be generatedn the presencef hiddenvariables.This approactsuffers
from two limitations. First, it is sensitve to failure in few of the multiple independence
testsit uses. Second,it only detectshiddenvariablesthat are forced by the qualitative
independenceonstraints.It cannotdetectsituationswherethe hiddenvariableprovides
moresuccinctmodelof a distribution thatcanbe describedy a network without a hidden
variable(asin the simpleexampleof Figurel).

Martin andVanLehn[9] proposeanalternatve approactthatappearsonthesurface,to
besimilarto ours. They startby checkingcorrelationsbetweerall pairsof variables.This
resultsin a“dependeng” graphin whichthereis anedgefrom X to Y if theircorrelationis
above a predeterminedhreshold.Thenthey constructa two-layerednetwork thatcontains
independentiiddenvariabledn thetoplevel, andobsenablesn thebottomlayer, suchthat
every dependengbetweerntwo obsenedvariabless “explained” by atleastonecommon
hiddenparent. This approachsuffers from threeimportantdravbacks. First, it doesnot
eliminatefrom consideratiorcorrelationghatcanbe explainedby directedgesamongthe
obsenables. Thus, it forms clustersevenin caseswvherethe dependenciesan be fully
explainedby a standardBayesiannetwork structure. Moreover, sinceit only examines
pairwisedependencied, cannotdetectconditionalindependenciesuchasX — Y — Z,
from the data. (In this case,t would learna hiddenvariablethatis the parentof all three
variables.)Finally, this approachearnsa restrictedform of networks that requiresmary
hiddenvariablesto representiependencieamongvariables.Thus,it haslimited utility in
distinguishing‘true” hiddenvariablesrom artifactsof the representation.

We planto testfurtherenhancement® the algorithmin severaldirections.First, other
possibilitiesfor structuralsignaturegfor examplethe structureresultingfrom amary par
ent— mary children configuration)may expandthe rangeof variableswe can discover.
Secondour clique-discoering proceduras basedsolely on the structureof the network
learned. Additional information, suchasthe confidenceof learnededged5], might help
the procedureavoid spurioussignatures.Third, we planto experimentwith multi-valued
hiddenvariablesandbetterheuristicsfor selectingcandidatesut of the differentproposed
networks. Finally, we are consideringapproache$or dealingwith sparsedata,whenthe
structurakignaturesio notmanifest.Information-theoretieneasuremightprovideamore
statisticalsignaturefor the presencef a hiddenvariable.
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