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Abstract

This paperpresentsa novel algorithmfor efficiently computingan interference-
freeinsertionpathof a bodyinto a cavity andshowsits practicalusein theinsertabil-
ity analysisof customorthopaedichip implants.Thealgorithmis designedto handle
tightly fit, very complex three-dimensionalbodiesrequiringfine, complex, coupled
six-degreeof freedommotionsin apreferreddirection.It providesa practicalmethod
for efficiently handlingthegeometriccomplexity of tight fit insertions.Thealgorithm
computesan insertionpathconsistingof small interference-freebody motion steps.
It formulateslocal, linearizedconfigurationspaceconstraintsderivedfrom theshapes
andcomputessuccessivemotionstepsby solvingaseriesof linearoptimizationprob-
lemswhosesolutioncorrespondsto themaximumalloweddisplacementin apreferred
directionsatisfyingtheconstraints.It eitherfindsasuccessfulinsertionpathor astuck
configuration. We demonstratethe algorithm with EXTRACT, a programfor ana-
lyzing the insertabilityof cementlesscustomorthopaedichip implants. EXTRACT
computesinterference-freeinsertionpathsfor tightly fit implantandcanalshapesde-
scribedwith 10,000facetsto anaccuracy of 0.01in.in 30minutesonaworkstation.It
hasbeensuccessfullytestedon30 realcasesprovidedby amedicalequipmentmanu-
facturer.

In InternationalJournal of RoboticsResearch, June1996,Vol. 15 No. 3, MIT Press,pp
211-229.
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1 Intr oduction

This paperpresentsa novel algorithmfor efficiently computinganinterference-freeinser-
tion pathof a body into a cavity. Theproblemof computingsuchpathshasbeenwidely
studiedin robotics,whereit is referredto asthe “peg-in-hole” problem. It is an instance
of thegeneralmotionplanningproblemin whichapeg (themoving body)is to beinserted
without interferencesinto a hole (the fixed cavity). Typically, the peg and the hole are
tightly fit, so that the clearancebetweenthe peg andthe hole is small, the peg andhole
shapesarealmostcomplementary, anda general,preferredinsertiondirectionis known –
themainaxis of thehole. Examplesof suchfits includesimpleshapes,suchaspinsand
holes,screwsandbolts,fastenersandpartcovers,andcomplex shapes,suchasmoldsand
prostheticimplants(Figure1).

Figure1: Threeinstancesof peg-in-holeproblems:(a)ascrew in ahelicaltube;(b) aboot-
shapedbodyin a bendedtube;(c) anorthopaedichip implant in a canal(thedarkbodyis
thepeg, thetranslucidbodyis thehole).

Computinginterference-freeinsertionpathsis essentialfor analyzingthe insertability
of a body into a cavity. Insertabilityanalysisis ubiquitousin a wide varietyof tasksand
domains.In roboticsandmanufacturingassembly, it is necessaryto find andexecutethe
insertionpathof a robotically-guidedpart into a matingfixture. In engineeringdesign,
it is necessaryto detectpart interferences,designtightly fit machineparts,andestablish
tolerancesfor assemblability. In molding, it is necessaryto verify that a mold can be
removedfrom thepart it shapesoncetheparthassolidified. In biomedicalengineering,it
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Figure2: Illustrationof atotalhip replacementprocedure.A damagedjoint connectingthe
pelvisandthefemur(left) is replacedby anartificial joint formedby asocketimplantedin
thepelvisanda ball mountedon a metalimplant insertedinto a canalcarvedin the thigh
(center).Becauseof thedesiredtight fit betweentheimplantandthecanal,theinsertionof
theimplantinto thecanalfails for certainshapes(right).

is necessaryto designandvalidateprostheticimplants.Insertabilityanalysisis requiredto
validateshapedesigns,identify interferences,blockingsurfaces,andstuckconfigurations,
makeshapemodifications,andexploreshapealternatives.

Computinginsertionpathsfor tight fits requireslimited, localizedsearchof high geo-
metriccomplexity. Body motionsarehighly constrainedby thecavity walls,socompliant
motionsalong the preferreddirection are likely to insert the body into the cavity. But
becausetheshapesarecomplex andtheclearanceis small,many interferencetestsarenec-
essary. Whentheshapesrequirethousandsof facetsto describethemto guaranteereliable
results,thegeometriccomputationcomplexity dominatesthesearchtime.

Wehavedevelopedaninsertionalgorithmthateffectivelyaddressesthegeometriccom-
plexity of pathconstruction.Thealgorithmis designedto handletightly fit, very complex
three-dimensionalbodiesrequiringfine,complex, coupledsix-degreeof freedommotions
in a preferreddirection. It emphasizesefficient local geometryand motion constraint
computationover search.The algorithmcomputesan insertionpathconsistingof small
interference-freebody motion steps. It formulateslocal, linearizedconfigurationspace
constraintsderivedfrom theshapesandcomputessuccessive motionstepsby solvingase-
riesof linearoptimizationproblemswhosesolutioncorrespondsto themaximumallowed
displacementin a preferreddirectionsatisfyingtheconstraints.It eitherfindsa successful
insertionpathor a stuckconfiguration.Thealgorithmimplementsa greedypathfinding
strategy with localizedbacktrackingthatproducesquasi-monotoneinsertionpathsto any
desiredresolution.

Wedemonstratethepracticaluseof thealgorithmwith EXTRACT, aprogramfor com-
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Figure3: Snapshotsof an insertionsequenceof animplantstem(darkbody) into a canal
(translucidbody)from theinitial (left) to thefinal (right) configuration.

puting insertionpathsfor cementlesscustomorthopaedichip implantsinto a matching
cavity preparedin thepatient's femur (Figure2). EXTRACT computesinterference-free
insertionpathsfor tightly fit implantandcanalshapesdescribedwith 10,000facetsto an
accuracy of 0.01in. in 30 minuteson a workstation(Figure3). It hasbeensuccessfully
testedon30realcasesprovidedby amedicalequipmentmanufacturer.

This paperdescribestheinsertionalgorithm,its implementation,andtheexperimental
results.Section2 reviews relatedwork in pathplanning.Section3 providesanoverview
of thesolution. Section4 describestheproblemformulationandintroducesassumptions
andapproximations.Section5 describesthe insertionalgorithmanddiscussesrelatedal-
gorithmicissues.Section6 describesEXTRACT, theprogramimplementation,andits use
in the insertabilityanalysisof customhip implants.Section7 concludeswith a summary
andadiscussiononpossibleextensionsandapplications.An appendixformalizesthecon-
ceptsof tight fit andconfigurationspaceapproximation.Readersinterestedin themedical
applicationcanfirst go directly to Section6, readtheinsertionalgorithmin Section5, and
optionallyreferto theconfigurationspaceformulationin Sections3 and4.

2 Relatedwork

Computingan insertionpathof a body into a cavity is an instanceof the classicalpath
planningproblemwherethegoalis to find a interference-freepathof oneor moremoving
objectsfrom an initial to a final configurationamidstfixed obstacles[12]. Finding such
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a pathrequiressearchingthespaceof objectconfigurations(its configurationspace)for a
continuous,non-overlappingpathfrom theinitial to thefinal configuration.Therearetwo
mainstrategiesfor findingsuchpaths:globalstrategiesandlocal strategies.Globalstrate-
giesfirst constructandpartitiontheconfigurationspaceinto cells,constructits connectivity
graph,andthensearchthegraphfor thedesiredpath. Local strategiesdirectly searchfor
thepath,performingthenecessarygeometriccomputationsthatguaranteenon-overlapping
asthesearchprogresses.Globalmethodsareby naturecomplete,whereaslocal methods
areheuristic.

Global methodsrequirecomputingand partitioning the configurationspace,whose
complexity is polynomialin thegeometricsizeof theobjectsandexponentialin their total
numberof degreesof freedom.Computingtheentireconfigurationspaceis only feasible
whenits sizeis manageable,whenmostof it hasto be searchedto find a path,or when
simplificationsapply. It is impracticalfor tight fit insertionproblemswith complex 3D
shapesand6 degreesof freedombecauseof theprohibitivenumberof configurationspace
cellsandbecauseonly a fractionof themneedsto besearchedwhena preferredinsertion
directionis known. Moreover, whenthe shapesaretightly fit andthe insertionrequires
many small, incremental,coupledsix degreesof freedommotions,thecomplexity of the
configurationspacecannotbe reducedby approximatingor abstractingtheconfiguration
spaceor by simplifying the shapes.Thus,techniquessuchashierarchicalconfiguration
spacedecomposition[4, 7], planningin low-dimensionalconfigurationspaceprojections
[3], exploiting theobjects'geometricalregularities[9], or randomizedpreprocessingof the
configurationspace[11], arenotapplicable.

Local strategiesdependon the efficiency of the geometriccomputationsand the ef-
fectivenessof the searchstrategy. Sincethe main difficulty of local searchstrategies is
avoiding dead-endsor local minima,existing local strategiesemphasizesearcheffective-
ness. Donald's algorithm[5] for a moving six degreeof freedompolyhedroncreatesa
fineresolutionconfigurationspacegrid andusesheuristicsbasedonthelocalconfiguration
spacegeometryto searchfor a paththroughgrid points.For tight fits, thismethodrequires
a high-resolutiongrid, andthusvery many small incrementalmotionsto move evensmall
distances.Potentialfield methods[1, 2] placea potentialfield function in configuration
spaceandsearchfor aninterference-freeenergy minimizationpath.They areapplicableto
multi-degreeof freedomsystemswith moderategeometriccomplexity, asthey requirefre-
quentobjectoverlaptestsor a numericalpotentialfield bitmaprepresentations[10]. Since
they rely on theminimizationof a functionthat includesboththecriteriondescribingthe
task(gettingto thegoalconfiguration)andthedistanceto theobstacles,whosetaskis to
pushmoving objectsaway from them,they only work in relatively simpleenvironments.
In morecomplex environmentsthis formulationleadsto oscillationsbetweenoppositeob-
staclesurfaces,undesiredrepulsionpatterns,andpreventsthemoving objectfrom getting
arbitrarily closeto the obstacles.Theseapproachesareclearly impracticalfor problems
with very complex bodygeometryandsmall clearancesbecausethey requiremany inter-
ferencetests,many distancecomputations,or veryhigh resolutionbitmaps.

In this paper, we presenta local path planningalgorithm for the insertionproblem
thathandlesvery complex bodygeometries.Thealgorithmuseslimited, localizedsearch,
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therebyexploiting the tight fit andknown insertiondirection. It efficiently performslo-
cal geometriccomputationsto determinetheseriesof small interference-freemotionsteps
that arerequiredfor complex shapesandtight fit. Our approachis closestto [8], which
separatesthenon-interferenceconstraintsfrom the taskconstraints,therebyremoving the
undesiredbehaviors andproviding bettercontrol. It translatesthenon-overlapconstraints
into geometricconstraintsandfactorsthemoutof thefunctionto minimize.Theminimiza-
tion functionis formulatedin termsof thetaskalone.In addition,ourapproachsubstitutes
theexpensive interferencetestinganddistancecomputationof potentialfield methodswith
incrementalmaintenanceof proximity relationsthatcanbe computedin worst-casetime
linearly proportionalto thenumberof pointsin thebodysurface(Property1, Section4.2)
andconstanttime in average.The algorithmcontributesto researchin pathplanningby
providing:

� apracticalsolutionto awell-definedproblem,theinsertionof avery complex three-
dimensionalbodyinto a cavity with smallclearances

� a configurationspacecell decompositionbasedon neighborhoodrelationsbetween
bodyandcavity surfaceelements

� anefficientcell managementmethodbasedon thelocality principle

� a formulationof approximatedlocalizedlinear configurationspaceconstraintsfor
small,coupledsix degree-of-freedommotions

� a formulationof linear programmingproblemsto find the maximumallowed dis-
placementin a preferreddirectionsatisfyingasetof motionconstraints

� an incremental,greedy, pathfinding strategy with local backtrackingthatproduces
quasi-monotoneinsertionpathsto any desiredresolution

3 Solution overview

Weformulatetheinsertionproblemasapathplanningproblemin configurationspace.We
find a pathby incrementallyconstructingandsearchingconfigurationspacecells, using
thepreferredinsertiondirectionasa guideto constructcellsandmovewithin them.When
no progressin thepreferreddirectionis possible,we uselimited, localizedsearchto find
alternativemotions.

Configurationspacecells aredefinedby proximity relationsbetweenbodyandcavity
surfaceelements.Becauseof the tight fit betweenthebodyandthecavity, themotionof
any point in thebodysurfaceis constrainedby a cavity surfaceelementin its immediate
neighborhood.Thepairingbetweenbodypointsandtheir closestcavity surfaceelements
definesaneighborhoodrelation.A neighborhoodis asubsetof Euclideanspacecontaining
asinglepairconsistingof abodysurfacepointandits closestcavity surfaceelement.Small
motionsthatkeepeachbodypointsinsideits neighborhoodareonly constrainedby their
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closestcavity surfaceelements.Theconfigurationspacecell is the locusof bodyconfigu-
rationsthatkeepthebodypointsin their cavity neighborhoods.Theneighborhoodrelation
hastwo importantproperties:it definesconfigurationspacecellswith alinearnumberof lo-
cal configurationspaceconstraints,andit providesa simple,local,cell adjacency criterion
basedonneighborhoodadjacency in Cartesianspace.

To facilitatepathplanningwithin a cell andbetweenadjacentcells, we simplify cell
geometryand topology by introducingshapeand motion approximations.We approxi-
matethebodyshapewith pointsandthecavity shapewith planarfacetson their surfaces.
We defineneighborhoodswith convex polyhedralvolumescontainingcavity facets. We
linearly approximatesmallbodymotions.With theseapproximations,we defineconfigu-
rationspacecellswith local, linearconfigurationspaceconstraintsfor smallmotionsin the
neighborhoodof an interference-freeconfiguration.Sincethe cells aredefinedby linear
constraints,they aresingly connectedandconvex. Thus,smallmotionsbetweenany two
configurationspacepointswithin thecell areinterference-freeto within theapproximation.

Wefindaninterference-freeinsertionpathbycomputingasequenceof small,interference-
freebodymotionsteps.Wecomputeeachstepby constructingtheconfigurationspacecell
in theneighborhoodof thecurrentconfigurationandfinding themaximumallowabledis-
placementin thepreferredmotiondirection. This displacementis computedby solvinga
linearoptimizationproblemwhoseobjectivefunctionis thepreferredmotiondirectionand
theconstraintsarethecell's linearizedconfigurationspaceconstraints.Whenno progress
in thepreferreddirectionis possible,we searchfor alternative motionsby modifying the
insertiondirection. This processis repeatedwith thenew bodyconfigurationsuntil either
thefinal insertedbodyconfigurationis reachedor until no furtherprogresscanbemade.

The proposedmethodis resolution-soundbut not complete. It will producea guar-
anteedinterference-freeinsertionpathup to a prespecifiedresolution,but will only find
sucha pathwhenlimited local searchandbacktrackingsuffice. Thealgorithmis thusap-
propriatefor situationsin which insertionpaths,whenthey exist, arequasi-monotone.(A
pathis monotonein a preferreddirectionif andonly if it alwaysshowsprogressalongthat
direction).

4 Problemformulation and properties

Webegin by formulatingthegeneralpathplanningproblemandshow how thisformulation
is specializedto theproblemof insertinga complex, tightly fit bodyinto a cavity. Section
4.1 introducesour notationandpresentsthestandardpathplanningproblemformulation.
Section4.2definesa new configurationspacecell decompositioncriterionbasedon prox-
imity relationsandneighborhoods.Section4.3 introducesapproximationsthatyield a cell
decompositionsatisfyingtwo basicproperties[12, Chapter5]: 1) thegeometryof thecell
is simpleenoughto makeit easyto computea pathbetweentwo configurationsin thecell,
and2) cell adjacency testingandpathcrossingof adjacentcell boundariescanbecomputed
efficiently. Section4.4 describesthepathdiscretizationcriterion. Section4.5 formulates
the local searchcriterionasa function to bemaximized,subjectto cell constraints.This
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yieldsto a formulationsimilar to thepotentialfield method[12, Chapter7].

4.1 General formulation

We formulatetheinsertionproblemasa motionplanningproblemwherethesolidbody
�

is a three-dimensionalmoving objectwith six degreesof freedom,andthe cavity � is a
fixedthree-dimensionalobstacle.Weassociateabodycoordinateframeto theorigin of the
bodyandacavity coordinateframeto theorigin of thecavity. Thecavity coordinateframe
remainsfixed,while thebodycoordinateframemoveswith thebody. Thebodyandcavity
shapesaredescribedwith respectto their coordinateframes.Thepositionandorientation
of thebody, hereonreferredto astheconfiguration of thebody, is definedwith respectto
thecavity' s fixedcoordinateframe.

Let � ��� �	� bethesix configurationvariables(threetranslationsandthreerotations)de-
scribingtheconfiguration(positionandorientation)of thebodywith respectto thecavity' s
fixedcoordinateframe
 . Let ��� �
� ��� bethetransformationmappingpointsin bodycoordi-
natesto pointsin cavity coordinatesin bodyposition � andorientation� . Let � bea body
pointwhosecoordinatesarewith respectto thebodycoordinateframe.Theposition � of a
bodypoint � in configuration� �
� ��� with respectto thecavity' sfixedframeis expressedas:

������� �
� �	��� ����������� ����� ��� � (1)

where ������� �	� is therotationoperatorspecifyingtheorientationof thebodywith respectto
thecavity' s fixedcoordinateframe.

Let
�

and � bethesetsof three-dimensionalpointsdescribingthebodyandthecavity.
Let  !� "
� be a function describingthe shapeof the cavity surface. A point " lies on or
insidethecavity (andoutsidethecavity surface)when:

 !� "
�$#&%
A bodypoint � in configuration� �
� ��� lieson or insidethecavity when:

 !�'��� �
� �	��� ���(#)%
This condition,formulatedover the setof all body points � on the surfaceof

�
, defines

thebodyconfigurationconstraintswhichmustholdfor thebodynot to penetratethecavity
walls.

Thesetof bodyconfigurationsfor which thebodyandthecavity do not interpenetrate
is definedasthesetof positionsandorientationsfor whichall thepointsin thebodysurface
lie onoroutsidethecavity surface.Thissetof configurationsiscalledthefreeconfiguration
space:

*,+.-0/1/ ��23� �4� �	�65	 !�'��� �
� �	��� ���7#8%9�;: �=< ��>?
Notationconventions: lower caseletterswith an overbar, @ , denotethree-dimensionalvectors. Upper

caseletterswith anoverbar, A , denoten-dimensionalvectors.B is ann-dimensionalvectorwhoseentriesare
all zero.Bold capitalletters,C , denotematrices.
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Theboundaryof freeconfigurationspace,D,EGFIH�JLKMELJ , is thesetof configurationsin which the
bodyandthecavity arein contact.

We representbody motionsas pathsin configurationspace. A path is a continuous
function NPOIQSR specifyingthepositionandorientationof thebodyattime Q . It is interference-
freeif andonly if thebodydoesnotpenetratethecavity atany timeduringthemotion,that
is, if all body configurationsin the pathare interference-free.An interference-freepath
definesamappingfrom thecontinuousunit interval to freeconfigurationspace:

N�TVUXW3Y�Z\[^] DV_S`0a1a
whereNbOcW	R;deO f9ghY i g R is theinitial configurationatstartingtime W and NPOjZhR7d�O f _ Y ik_lR the
final bodyconfigurationat endingtime1.

4.2 The locality principle

We now introducethe locality principle,which definesthe partition criterion of the con-
figurationspace. It is basedon the proximity relationbetweenbody andcavity surface
elements.Becauseof thetight fit betweenthebodyandthecavity, themotionof any point
in thebodysurfaceis constrainedby a cavity surfaceelementin its immediateneighbor-
hood(seeFigure4). Thepairingbetweenbody pointsin a givenconfigurationandtheir
closestcavity surfaceelementsdefinesaneighborhoodrelation.A neighborhoodis asubset
of Euclideanspacecontainingasinglepairconsistingof abodysurfacepointandits closest
cavity surfaceelement.Smallmotionsthatkeepeachbodypoint insideits neighborhood
areonly constrainedby its closestcavity surfaceelement.

It is importantto notethatournotionof neighborhoodis basedonthespacesurrounding
pairs of elements(a body point and its closestcavity surfaceelement)not just a single
elementas is customary. For the purposesof the following discussion,neighborhoods
canhave any shapeandcanoverlap,provided that only a singlebody surfacepoint and
a singlecavity surfaceelementareinside. For example,a neighborhoodcanbea sphere
centeredat body point mjn (Figure4) andof radiuslarger thanthe distanceto its closest
cavity surfaceelementoqprO s
R . As we will seelater, neighborhoodscanbe approximated
(Section4.3)andcomputedefficiently (Section5.2).For eachneighborhood,weformulate
the local configurationspaceconstraintsof thebodypoint andthecavity surfaceelement
in it. The conjunctionof theseconstraintsover all body points definesthe set of legal
bodyconfigurationsfor which thereis no interferenceandtheneighborhoodrelationsare
maintained.

Let oqp0O stR be a cavity surfaceelementand m'n a body surfacepoint in configuration
O f
Y i�R . Let theneighborhoodu�pXnvO stR beasubsetof Cartesianspacecontainingonly thepair
consistingof thebodysurfacepoint mwn in configurationO f�Y i	R andits closestcavity surface
elementoqp0O stR (theneighborhooddoesnot containany otherbodysurfacepointsor cavity
surfaceelement).The local configuration spaceconstraint imposedby thecavity surface
elementon thebodypoint is definedby:

o,pcO'x�O f
Y i	R�y mjn\R$z&W (2)
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Figure4: Motionsof thebodypoint {'| in configuration} ~�� �	� areconstrainedby theclosest
cavity surface�q�r} �
� in theneighborhood����|�} �t� . Theshadedareacorrespondsto thelocal
configurationconstraint�,�c} �
�$�&� .
for ��} ~V� �	��� { |�� � �X| } �
� .

A direct consequenceof this definition is that the local configurationspaceconstraint
subsumestheconfigurationspaceconstraintsimposedby all othercavity surfaceelements
in theneighborhood:

�q�0}'��} ~V� �	��� {j|��$������� ��}0��} ~
� ����� {'|��7�8� (3)� } ~t� �	� suchthat }0��} ~�� �	��� { | � � � ��| } �t�
This is becausea body point moving in the neighborhoodwill touch the cavity surface
elementdefiningtheneighborhoodandtheconstraintbeforeany othersurfaceelement.

Wedefinetheconfigurationspacecell asthelocusof bodyconfigurationsthatkeepsall
bodysurfacepointsinsidetheirneighborhoods:����� } ~�� �	�����q�r}'��} ~V� ����� {w|��$�8�9�&}'��} ~V� ����� {w|�� � ���X|v} �
�S� � {'| ��� �7�q�c} �
� � ���
where � is a setof functions �q�r} �t� describingthe cavity surface.The neighborhoodre-
lationsdefiningtheconfigurationspacecellsprovide, in Latombe's terminology[12], the
criticality conditionof theconfigurationspacepartition. They have two importantproper-
ties:

Property 1: the configurationspacecells aredefinedby local configurationspacecon-
straints.Thenumberof constraintsis linearly proportionalto thenumberof bodysurface
points.

Thispropertyfollowsdirectly from thedefinitionof cell andfrom Eq.(4).

Property 2: two configurationcells canonly be adjacentif all their neighborhoodsare
adjacent:

adjacent} �,� � �V� � � � �
�
�X| } �
�4 ¡�

�
�X| } �¢�¤£�8¥ � � { |���� �7� � } �¢� � �
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where¦¨§©�ª�« ¬
­ and ¦¯®©Xª�« ¬¢­ aretheneighborhoodsdefiningcells ° § and ° ® .
Proof: By definition of cell adjacency, two configurationspacecells areadjacentif and
only if thereexists a direct path (a pathnot going throughany other cell) betweenany
configurationin onecell andany configurationin theothercell. By definitionof cell, all
bodypointconfigurationsin thepathbelongtoeitheroneor theothercell. Becausemotions
mustbecontinuous,bodyconfigurationson thepathcontinuouslymove bodypointsfrom
oneneighborhoodto theother. But themotioncannotoccurwithout discontinuitieswhen
two neighborhoodsarenot adjacent,asthis involvesgoing througha third configuration
spacecell. Thus,thereis nodirectpathbetweenthetwo originalcells.

Thesetwo propertieshave importantcomputationaladvantages.Thefirst definescon-
figurationspacecellswith localconfigurationspaceconstraintsandrequiresonly anumber
of configurationspaceconstraintslinearlyproportionalto thenumberof bodypoints,rather
thantheproductof thenumberof bodypointsandcavity surfaceelements,aswouldbethe
caseif all pairshadto be considered.The secondprovidesa simplecell adjacency cri-
terionbasedon neighborhoodadjacency in Cartesianspace.They bothfacilitateefficient
incrementalconstructionof adjacentconfigurationspacecells.

4.3 Shape,neighborhood,and small motionsapproximations

To facilitatepathplanningwithin acell andbetweenadjacentcells,wesimplify cell geom-
etryandtopologyby introducingshapeandmotionapproximations.Theseapproximations
yield a linearlocal configurationspaceconstraintformulationfor smallmotions.

We describethe shapeof the body andthe cavity by a finite setof surfaceelements
to any desiredresolution± . We discretizethe implantshapeby samplingits surfacewith
controlpoints ² ª suchthat:

³ ²µ´ ² ª ¶ ² ª$· ² ¶¹¸ ±
Wediscretizethecavity shapeº with asetof planarfacets» © « ¬V­�¼ ½ ©c¾ ¬ ·À¿.© suchthatthe
distancebetweentheplanarfacetandtherealsurfacedoesnot exceed± :

³ ¬ ´Á» © « ¬
­ Â º « ¬
­ · « ½ © ¾ ¬ ·Ã¿ © ­�Â ¸ ±
Thelocalconfigurationspaceconstraint(Eq.(2)) becomes:

½ ©VÄ «0Å�« Æ�Ç È	­ Ä ² ª ­ ·Ã¿.©�¸&É (4)

which is a linearexpressionin theconfiguration« Æ4Ç È�­ of bodypoint ² ª . It guaranteesthat
thebodypoint in thegivenconfigurationwill not overlaptheexactcavity surfaceelement
by morethan ± .

To facilitateneighborhoodconstructionandmembershiptesting,we defineneighbor-
hoodsasconvex polyhedralvolumesaroundcavity facets.Theneighborhoodis definedbyÊ intersectingplanarhalf spaces:

Ë ©0¾ ¬ · Ì�©Í¸ É
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A bodysurfacepoint ÎjÏ in configurationÐ Ñ
Ò Ó�Ô is insideneighborhoodÕ�ÖXÏvÐ ×¢Ô if andonly
if:

Ø ÖrÙÚÐ'Û�Ð ÑVÒ Ó	Ô�Ü ÎjÏ�Ô�Ý Þ�Ö�ß à (5)

Note thatwhenthecavity facetis oneof theplanesdefiningthe neighborhood,the local
configurationspaceconstraintEq.(4), á�ÖkÜ�Ð'Û�Ð ÑVÒ Ó�ÔqÜ ÎwÏ�ÔÁÝ�âSÖ�ß&à is oneof the ã inequalities
defining the neighborhood. In this case,the set of inequalitiesin Eq. (5) definesboth
theconditionsfor neighborhoodmembershipandthelocal configurationspaceconstraint.
For simplicity, we will assumein the restof this paperthat thecavity facetis oneof the
neighborhoodboundaries.

Basedon this observation,we cannow definetheapproximationof theconfiguration
spacecell as:

ä¢åtæèç Ð Ñ
Ò Ó	Ô�é Ø Ö0ÙÚÐ'Û�Ð ÑVÒ Ó	Ô�Ü ÎjÏ�Ô�Ý Þ�Ö�ß à9Ò�ê ÎëÏ�ì�í�î
Notethatthecell is definedby asetof linearinequalitiesin theconfigurationof bodypoint
ÎjÏ in configurationÐ Ñ�Ò Ó	Ô .

ThetransformationÛ�Ð ÑVÒ Ó�Ô introducesa nonlineartermin thedefinitionof theconfig-
urationcell, as it involvesmultiplying by a rotationmatrix ï�ð�ñ�Ð ò�Ô (Eq. (1)). Given an
interference-freeconfiguration,wecanapproximatesmallmotionsfrom thatconfiguration
with a lineartransformationandobtainasetof linearinequalities.

Let ókÏ bethepositionof point ÎwÏ in configurationÐ Ñqô�Ò Ó ô Ô . Thepositionof ó�õÏ of ÎjÏ after
a smallmotion Ð öwÒ ò÷Ô is givenby:

ó õÏ æ ï�ð�ñ�Ð ò�Ô�Ü ókÏ;ø ö
Since Ð ö�Ò ò÷Ô is a smallmotion,we canapproximateit with thelinearexpression:

ó õÏ6ù Ð òµú ólÏ�Ô4ø ólÏ;ø ö
for é ö¹éûß ö0üþý'ÿ and é ò éûß ò4ü;ý0ÿ . Substitutingthis approximationinto Eq.(5) we obtain:

Ø ÖVÜ�Ð0Û�Ð Ñ�Ò Ó	Ô�Ü ÎjÏ�Ô�Ý Þ�Ö ß àØ Ö Ü�ÐMÐ òµú ó Ï Ô4ø ó Ï ø öSÔ�Ý Þ Ö ß à
Ð ólÏ ú Ø ÖrÔ�Ü ò^ø Ø ÖVÜ öþÝ&Ð Þ�Ö�Ý Ø Ö�Ü ólÏ�Ô(ß à (6)

where ólÏ æ Û�Ð ÑVÒ Ó	ÔþÜ ÎwÏ . Theresultis a setof linearinequalitiesin thenew motionparam-
etersÐ ö�Ò ò÷Ô , whichcorrespondto theconfigurationspaceparameters:

Û�Ð ÑVÒ Ó�Ô æ Û�Ð öSÒ ò;Ô�ÜkÛ�Ð Ñ ô Ò Ó ô Ô (7)

Wecannow obtainanapproximationof theconfigurationspacecell with asetof linear
constraints.Theapproximatedconfigurationspacecell describesbodyconfigurationswith
aninterferenceno greaterthan

�
(plusthesmallerror introducedby thesmallmotionlin-

earization)with theexactbodyandcavity cells.
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Property 3: Configurationspacecells can be approximatedfor small motionswith a
linear approximationof local configurationspaceconstraintsin the neighborhoodof an
interference-freeconfiguration:

�������
	 �
� ������	 �������������  "!#���$� %'&(	 )��$&#���*� ���+�-, .
�0/ 12�436587
where

���9��:8	 ��;<� � ; �<� 12�
and

	 �=;>� � ; �
is aninterference-freeconfiguration,

	 �
� �?�
is obtained

from
	 %+�  @�

by Eq. (7), and
� %A�B, %DC'E2F

and
�  G�H,  IC@EDF

. This propertyfollows directly
from Eq. (6).

Property3 hastwo importantadvantages.First, sincethe cells aredefinedby linear
constraints,they areconvex andsingly connected.Thus,motionsbetweenany two con-
figurationspacepointswithin thecell areguaranteedto beinterference-freeto within the
approximation.In particular, thestraightline (in configurationspace)connectingany two
configurationswithin a cell is interference-free.Second,it allows the incrementalcon-
structionof motionpathsby computingasequenceof smallmotionsfrom interference-free
configurations.

4.4 Path discretization

We now introducea discreteformulationof theinsertionpath,definingit in termsof a se-
quenceof interference-freeconfigurationsbelongingto adjacentconfigurationspacecells.

An insertionpath can be describedto any desiredresolutionwith a finite set of J
interference-freeconfigurations:

K 	ML��@�N	 �=O<� � O �
suchthat P 	2:Q	 �ROS� � O ��� 1T�U�V,(.
�6/ 1W��3X5

for
.Y,GLZ,\[

, where
K 	M.?���]	 ��;<� � ; �

and
K 	T[��^�_	 �R`?� � ` �

arethe initial andfinal body
configurations.

Theinsertionpathcanbeequivalentlyspecifiedasasequenceof interference-freecon-
figurationsbelongingto adjacentconfigurationspacecellsdefinedby neighborhoodrela-
tions.By Property1, we canreplacetheconfigurationspaceconstraintwith local configu-
rationspaceconstraintsdefinedin neighborhoods:
K 	WL$�@�N	 � O � � O �

suchthat a � 	2:Q	 � O � � O ��� 1 � �V,(.��(	D:8	 � O � � O ��� 1 � �-3cb
O�d� 	 e
�f�6/ 1 � 365

for
.g,hL�,i[

, where
b O�j� 	 e
�

arethe neighborhoodsdefinedby cavity surfaceelement
a �M	 e
� andbodypoint

1T�
in configuration

	 � O � � O �
. By Property2, theinsertionpathis guar-

anteedto becontinuouswhensubsequentneighborhoods
b O�d� 	 e
�

and
b OTk�l�d� 	 e��

areadjacent.
This formulationyieldsthefollowing importantproperty:

Property 4: The problemof finding an insertionpathto a desiredresolutionreducesto
finding a discretesequenceof interference-freeconfigurationsin adjacentconfiguration
spacecellsdefinedby neighborhoodrelations.

Using the shape,neighborhoodandsmall motionapproximationsdescribedin the previ-
oussection,we canusea linear approximationto constructthe configurationspacecell

13



andsearchfor the next configurationin the path. By Property3, the local configuration
spaceconstraintscanbe replacedby a linear approximation,yielding the insertionpath
approximation:

monMp�qsr�n t$u�v w u q
suchthatn x uy8z�{ u| q�} ~ u�� { u| } � uV� n �

u
| � { u| } x uy qV� �=v x uy r��8n t=uSv w u q�} � y v0� � y��6�

where
n t$u<v w u q

is obtainedfrom
n � u v ~ u q

by Eq.(7), and � � u � � �D�'�2�
and � ~ u � � ~��@�D� .

This formulationleadsnaturallyto anincrementalpathconstructionstrategy. Starting
from the initial configuration,we first constructthe approximationof the configuration
spacecell containingit. We thencomputea smallmotionby finding an interference-free
configurationwithin the cell that satisfiesa searchobjective, suchasbringing the body
closerto the final configurationby moving in a preferreddirection. We canrepeatthis
procedurewith thenew configuration,until a terminationcriterion– thefinal configuration
is reachedor nor furtherprogressis possible– is met.

Let
n t u v w u q

bean interference-freeconfigurationin the insertionpath. Theconfigura-
tion

n t uT�$� v w uT��� q
is determinedby a smallmotion

n � u v ~ u q
in the configurationspacecell� u

correspondingto theneighborhoodof
n t u v w u q

:

� u r �
n t$uT���+v w uT��� q � n x uy z�{ u| q�} ~ us� { u| } � u-� n �
u
| � { u| } x uy qV� �=v0� � y��6�8�

where

x uy r �8n t
uSv w u q�} � y
n t u���� v w u���� qhr �8n � u v ~ u q@}�n t u v w u q

Sincetheconfigurationspacecellsareconvex andsimply connected,thestraightline mo-
tion (in configurationspace)from

n t=uSv w u q
to any

n t$u����+v w u���� q
is guaranteedtobeinterference-

freeto within theresolution.

4.5 Moving in a preferreddir ection

We now specializethepathplanningproblemto the insertiontask. Insertinga body into
a cavity typically involvesmotionalonga preferreddirection. Although the precisepath
is not known, the main insertiondirection is: it is usuallydefinedby the major axis of
thecavity andthebody(i.e., theverticalaxis in theexamplesof Figure1. Insertionpaths
follow this direction,with small, local correctionsalong the way. A goodheuristicfor
local searchis thusto move asfar aspossiblealongthe preferreddirection. Planningan
interference-freepathwith apreferreddirectionsignificantlyreducesthesearchcomponent
of theplanningalgorithm.Thepreferreddirectionindicateswhichconfigurationspacecells
shouldbeconstructedandexplored,andhow to move within eachcell.

This heuristicstrategy matchesthe incrementalpath constructionmethoddescribed
in theprevious section,which requirescomputingsmall motionsin a preferreddirection
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within a cell. We computesuchmotionsby formulatingandsolvinganoptimizationprob-
lemin whichtheobjectivefunctionis thepreferredmotiondirectionandtheconstraintsare
thelocal configurationspaceconstraintsdefiningthecell. Thesolutionto theoptimization
problemyieldsthemaximumallowabledisplacementthatsatisfiesthelocal configuration
constraintsandtheneighborhoodconstraints.Thenew configuration,computedfrom the
currentconfigurationandthesmallmotion,is guaranteedto beinterference-free.

Let � �=�<� � �<� be the current interference-freebody configuration. Let � ��d� �   � be the
neighborhoodsdefinedfor the � � � � � ��� body configuration.Let ¡ � � �
� � � be the preferred
directionfunction for step ¢ . The furthestinterference-freebody configuration � �I� � �¤£
� � ��¥�¦ � � �T¥$¦f� in the preferreddirection is obtainedby solving the nonlinearoptimization
problem:
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­
Substitutingthelocal configurationspaceandneighborhoodconstraintswith theapproxi-
mationsintroducedin Section4.3,weobtaintheoptimizationproblem »s¼ ¨ :

maximize § ¨ © ½ ¨ « ¾ ¨ ­ (8)

subjectto

© ¿ ¨´8À�Á ¨¯ ­�² ¾Â¨�Ã Á ¨¯ ² ½�¨-Ä(© Å ¨¯ Ä Á ¨¯ ² ¿ ¨´ ­Æµ ·Ç ½ ¨ Ç µ ½DÈ'É2ÊÇ ¾�¨ Ç µ ¾ È@ÉDÊ
Whentheobjective functionis linear, theproblemis a linearoptimizationproblem.

In this formulation,theobjective functionprovidesthe local searchcriterion. For ex-
ample,thefunctionfor moving in thepreferreddirectioncanbeobtainedfrom thevector
differenceof theinitial andfinal configurationsandthetranslationalmotionparameters:

§+¨�© ½�¨�« ¾@¨Ë­hÌ ½�¨V²�© ª�ÍVÄ ª=ÎS­ (9)

whereª�Í and ª$Î arethe initial andfinal bodypositions.Changingthesearchcriterion to
allow for searchingin otherdirectionsor for backtrackingsimplyconsistsin changingthe
optimizationfunctionto reflectthenew strategy.

Insertionpathsproducedby moving in apreferreddirectionaremonotone:theirsubse-
quentbodyconfigurationsshow steadyprogresstowardsthefinalconfigurationby reducing
the distancebetweenthe currentbody configurationand the final configuration. Quasi-
monotonepathsareobtainedby occasionallyvarying the preferreddirection. Monotone
insertionpathshave theadvantagethatthey areeasyto execute.

5 Insertion algorithm

We now presenta novel algorithmfor computingan interference-freeinsertionpathof a
body into a cavity anddiscussthe algorithmicissuesrelatedto it. Section5.1 describes
thealgorithmandcharacterizesits scope.Section5.2 describesanefficient techniquefor
neighborhoodandcell management,a key subroutineof the insertionalgorithm. Section
5.3describesseveralsearchstrategiesto escapelocalminima.
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5.1 Insertion algorithm

Givena geometricdescriptionof theshapesof thebodyandthecavity, theinitial andfinal
configurationof thebody, a desiredshaperesolution,andboundson themaximumextent
of small motion steps,the algorithm producesan interference-freepath consistingof a
sequenceof interference-freeconfigurationsfrom theinitial to thefinal configuration.The
pathis guaranteedto beinterference-freeto within theresolution.

Thealgorithmis basedonProperty4, whichreducestheproblemof findinganinsertion
pathto a desiredresolutionto finding a discretesequenceof interference-freeconfigura-
tions in adjacentconfigurationspacecells definedby neighborhoodrelations. Eachnew
configurationis computedby formulatingandsolvinganoptimizationproblem.Thealgo-
rithm startswith theinitial bodyconfigurationandproceedsasfollows:

1. modelthebodyandcavity shapeswith bodypointsandcavity surfaceelements

2. find, for eachbodypoint in thecurrentconfiguration,its closestcavity surfaceand
definetheir correspondingneighborhood

3. formulatean optimizationproblemwith the local configurationandneighborhood
constraintsandthepreferreddirectionof motion

4. computeasmallmotionstepby solvingtheoptimizationproblem

5. move thebodyby thesmallmotionto thenew configuration

6. if thebodyhasreachedits final configuration,returnthepath

7. elseif thebodyis stuckmodify thepreferreddirectionof motion
(if successive modificationshave failed,returnthepath)

8. returnto 2

Theshape,neighborhood,andsmall motionapproximationsfrom Section4.3 yield a
linearformulation.Thealgorithmis describedin Table1. It formulatesandsolvesa series
of linearprogrammingproblemsÏsÐ�Ñ (Eq. (9)) whosesolutionyieldsa smallmotionstep
which definesa new interference-freebodyconfigurationin the insertionpath. Thesmall
motionstep,which is eitheranull step,thelargestsmallstepallowable,or anintermediate
step,indicateshow to proceedwith thesearchandhow to constructthenext problem.

Whenthemotionstepis null, thebodyis stuckin thecurrentconfiguration.At leastone
bodypoint is in contactwith acavity facet,blockingthemotionof thebodyin thepreferred
direction. No furthermotion is possiblebecausethereis no adjacentconfigurationspace
cell in thepreferredmotiondirection.Wecaneitherabandonthesearchor attemptto move
in anotherdirectionwithin the sameconfigurationspacecell. The new problem ÏsÐIÑ�Ò�Ó
is formulatedwith the sameconstraintsas ÏsÐ�Ñ , but with a new objective function Ô+ÑTÒ$Ó .
Whenthe motion stepis the largestsmall stepallowable,the insertionpathcanproceed
within the currentconfigurationspacecell. The new problem ÏsÐ�ÑTÒ�Ó is formulatedwith
the sameneighborhoodsÕ ÑÖd×ÙØ Ú$Û , recomputingthe local configurationandneighborhood
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1. approximatethebodysurfacewith bodypoints
approximatethecavity surfacewith planarcavity facets

2. set Ü Ý=ÞÙß à Þ>á to theinitial configuration,and â to 0

3. find initial neighborhoodsandformulate ãsä Þ
4. while bodyhasnot reachedfinal configurationdo

(a) solve ãsä�å , to obtainthesmallmotionstep Ü æDå�ß çÂå á
(b) if themotionstepis null

– declarethebodystruckandreturnfail, or
– formulate ãsäIå�è�é with theconstraintsof ãsäIå and

a new objective function

(c) if themotionstepis themaximumallowable,
formulate ã�ä�åTè$é with currentneighborhoodsê åëdì Ü í á
andnew bodyconfigurationsî å�è�éì ï�ð Ü æDåSß çÂå á�ñ î åì

(d) else
formulate ã�ä�åTè$é with new neighborhoodsê å�è�éëjì Ü í á adjacentto ê åëjì Ü í á
andnew bodyconfigurationsî å�è�éì ï�ð Ü æDåSß çÂå á�ñ î åì

(e) computethenew configurationÜ Ý åTè�é ß à åTè$é á andaddit to thepath

(f) incrementâ by one

5. returninsertionpath Ü Ý å ß àSå á
Table1: Incrementalinsertionalgorithm

constraintsapproximationsin the new configurationwith the new body point positions,
î åTè$éì ï�ð Ü æòåSß ç�å á°ñ î åì . Finally, whenthebodymotionis neithernull nor thelargest,at least
onebodypoint hasreachedtheboundaryof its neighborhood.Any furthermotionof the
bodyin thatdirectionwill takethatpoint outsidetheneighborhood,therebyviolating the
neighborhoodconstraints.A transitionto the adjacentconfigurationspacecell is neces-
saryto continuetheinsertionpath.Thenew problem ã�ä�åTè$é is formulatedby findingnew
neighborhoodsê åTè$éëdì Ü í á adjacentto thecurrentneighborhoodsê åëdì Ü í á in thepreferreddi-
rectionof motionandformulatingthecorrespondinglocalconfigurationandneighborhood
constraintsfor thenew bodyconfiguration.

The solutionof problem ãsä å determineswhich scenariooccursandprovidesthe in-
formationto formulate ãsä å�è�é . The basisof linear programmingproblem ãsä å indicates
which inequalityconstraintsareactive (theequalityconditionholds).Thus,if oneor more
of thesmalldisplacementconstraintsis active,theimplanthasmovedby themaximumdis-
placementstep.If oneor morelocalconfigurationconstraintsareactive,thecorresponding
implantcontrolpointshave reachedtheir neighborhoodboundary. Zeromotionparameter
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valuesindicatethatnomotionin thepreferreddirectionis possible.
Properties2, 3, and4 guaranteethat the insertionpathcomputedby the algorithmis

continuousandinterference-freeto within the desiredresolution. Property1 guarantees
thatthesizeof the linearprogrammingproblemsósô�õ is linearly proportionalto thenum-
berof bodypoints.Thenumberof bodyconfigurationsin the insertionpath,andthusthe
complexity of the algorithmdependson thedistancebetweenthe initial andfinal config-
uration,on the resolutionof thebodyandcavity shapeapproximations,on thesizeof the
neighborhoods,andon theamountof backtrackingnecessary. Theappendixformally de-
finesa tight fit measure,the ö -approximationof pathsconfigurationspaces,andestablishes
therelationbetweentheconfigurationspacecomplexity andthetight fit measure.

Thealgorithmis resolution-soundbutnotcomplete:it will produceaguaranteedinterference-
freeinsertionpathup to a prespecifiedresolution,but will only find sucha pathwhenlim-
ited local searchandbacktrackingsuffice. Thealgorithmis thusappropriatefor situations
in which insertionpaths,when they exist, are quasi-monotone.When the object shape
approximationsareconservative, i.e. the exact shapeof the cavity is a subsetof the ap-
proximatedcavity shapeandthe approximateshapeof the body is a subsetof the exact
cavity shape,theconfigurationspaceapproximationis alsoconservative: it is a subsetof
theexactconfigurationspace.Thus,if anapproximatedinsertionpathis found,it is guar-
anteedto be interference-freefor the exact shapes.On the otherhand,failure to find an
approximatedinsertionpathat agivenresolutionis doesnot meanthatonedoesnotexists
ata higherresolution.

5.2 Neighborhoodand cell management

Key to theefficiency of thealgorithmis theincrementalcreationandmanagementof cav-
ity neighborhoodsandtheconfigurationspacecellsthey define.Thealgorithmmustkeep
track, for every body configuration,of the closestcavity surfaceof eachbody point and
their correspondingneighborhood.It mustfind neighborhoodsadjacentto currentneigh-
borhoodsin a preferreddirectionof motion. Neighborhoodscanbemanagedstaticallyor
dynamically.

Static managementprecomputesfixed cavity neighborhoods.Beforepath computa-
tion, it uniformly partitionsthecavity volumeby associatinga fixedneighborhoodto each
cavity elementapproximatedto theprespecifiedresolution,andrecordingtheadjacencies
betweenneighborhoods.During pathcomputation,body points areassociatedwith the
neighborhoodsthey arein. Thebodypoints,their neighborhoods,andthebodyconfigura-
tion definethecell constraints.Sincebodypointscanonly moveto adjacentneighborhoods
at eachstep,themappingbetweenbodypointsandneighborhoodsis updatedin constant
timefor eachbodypoint. Only theconstraintsassociatedwith bodypointsthatmigratedto
new neighborhoodsneedto bechangedto definethenew optimizationproblem ósôIõ�÷�ø .

Figure5 showsanexampleof cavity partitioninto pie-sliceshapedvolumes.Theneigh-
borhoodsareconstructedby creatinga regularpoint meshon thesurfaceof thecavity to
thedesiredresolution.Four adjacentpointson themesh(two up andtwo down) definea
planarcavity facet.Thecavity facet,togetherwith four additionalfacetsconstructedwith
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Figure5: Cavity partition into fixed neighborhoods:(a) partition alongthecavity center
axisandsurface;(b) planesdefiningtheneighborhood.

two additionalpointson theaxisof thecavity, definea neighborhooddescribedby a 3x5
matrix ù�ú anda 5-dimensionalvector û�ú ( ù¤úWü ýAþ û�úVÿ ��� �Aÿ���ÿ��	� . Neighborhood
adjacencies– up,down, left, andright – aredirectlydeterminedfrom themesh.

Staticmanagementavoidsfindingandconstructingneighborhoodsfor all bodypointsat
eachstep.However, it hastwo disadvantages.First,becauseit precomputesneighborhoods
regardlessof thedistanceof thebodypoint to thecavity surface,it approximatesthecavity
shapefor the worst case,sometimesat a resolutionmuchsmallerthan required. Small
neighborhoodsshortentheextentof smallmotionsteps,thusrequiringmoremotionsteps
to move from the initial to the final configuration.Second,whenmany body pointsare
closeto theirneighborhoodboundaries,many neighborhoodmigrationsmightbenecessary
beforea significantsmall stepcanbe taken.Oneway of overcomingthis drawbackis to
have neighborhoodsoverlap,so thatmany neighborhoodmigrationshappenat oncefor a
singlemotionstep.

Dynamicmanagementovercomesthesedrawbacksby computingneighborhoodsanew
at eachstep. Given a body configuration,it determinesthe extent of eachbody point's
neighborhoodfrom its nearestcavity walls, its distancefrom them,andthe requiredres-
olution. This optimizesthe size of the neighborhood– and thus the sizeof the motion
step– at theexpenseof geometriccomputationsto determineneighborhoodextensionsand
adjacencies.

5.3 Search strategies

An effective strategy in solving the insertionproblemis to start from the final, inserted
configurationandattemptto extract thebodyfrom thecavity until thebodyis completely
outsidethecavity. While reachingtheexact insertedconfigurationis important,any start-
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ing initial positionabove thecavity is acceptable.It is thussimplerto startfrom theexact
insertedconfigurationandmove in the preferreddirectionuntil, for example,a prespeci-
fied heightis reached.The insertionpathis directly obtainedfrom theextractionpathby
reversingextractionpath.Theinsertionmotionis simply theextractionbackwardsin time.

Whenmoving in thepreferreddirectionis no longerpossible,thesearchstrategy must
be temporarilychangedby modifying the objective function 
���
 ����� ����� for oneor more
steps. Variouspathsearchstrategiescanbe approximatedby settingthe weightsof the
six motion parametersdifferently. For example,the defaultobjective function (Eq. (9))
favorstranslationsalongthepreferreddirectionwhile leaving openthechoiceof anglesby
settingtheanglecoefficientsto zero. Reversingthesignof themotionparameterweights
implementsbacktracking.Strategiesarecombinedby combiningweights.For example,a
“wobbling” effectcanbeaddedby varyingtheweightsof therotationparametersaccording
to a sinefunction:


���
 ����� ������� �����	
 ���! ��"#�%$ ���#�	
&�('*)�+-,.
0/�1 � �2�-�3'*/�4�)	
-/�1 � �5��67�
where� and 1 � arethepitchandangularincrementof thescrew motionand / is aconstant.
Similarly, a “repulsive force” effect canbe obtainedby addingthe inverseweightedsum
of the distancebetweenthe point andthe wall andthe vectornormal to the plane. Path
searchstrategiesareproblem-dependent,andarethusbestadjustedfor particulartasksand
situations.

6 Insertability analysisof customhip implants

We have implementedthe insertionalgorithmanddemonstratedits usein analyzingthe
insertabilityof cementlesscustomhip implants(Section1). Thepurposeof insertability
analysisis to determineif an implant canbe insertedwithout interferencesinto a canal
carvedin thebone(Figure2). Verifying implantinsertabilityhelpsvalidateshapedesigns,
identify wedgingconfigurationsandinterferingsurfaces,andsupportsshapemodification
andredesign.

About half of the approximately300,000total hip replacementsurgeries(THR) per-
formedeachyearusecementlessimplants,in whichthestemof theimplantfits tightly into
a matchingcanalcarved in theshaftof thefemur. In anincreasingnumberof cases,cus-
tom, patientmatchedimplantsaredesignedfor eachpatientfrom CT data[14]. Thegoal
of thedesignis to obtainthe tightestpossiblefit in the implant's final (working) configu-
rationinsidethecanal.Tight fits providesmechanicalstability, adequatestressdistribution
transfer, promoteboneingrowth onto the implant,andavoid cement,which occasionally
providespoor fixation anddeterioratesover time. To obtain the desiredfit andto avoid
splitting the femur during insertion,the implant mustbe insertablewithout interferences
to its final workingposition.Theserequirementsoftenleadto unique,very complex body
andcanalshapeswith verysmallclearances.

Insertability analysisis an importantand difficult aspectof customimplant design.
Smallclearances(lessthan0.01in),complex shapes,andhighaccuracy in implantmachin-
ing androbot-assistedbonecanalpreparation[13, 15] greatlydifficult the task. Manual
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shapedesignvalidationandwedgingconfigurationandinterferingsurfacesidentification
(asillustratedin Figure1(c)andFigure3) areimpractical.Simplesolutions,suchascom-
puting a sweptvolumefor a straightline insertionpath,areeither inapplicableor pose
significantconstraintson implantdesign.

The incrementalinsertionalgorithmis especiallysuitedfor preoperative implant in-
sertabilityanalysis.Thequasi-staticrigid bodygeometricmodelappropriatebecausethe
implantis madeof metal,a significantpartof thecanalis hardbone,andtheinsertionmo-
tion is slow (quasi-static).The implantandcanalthree-dimensionalshapesarecomplex,
requiringabout10,000pointsandfacetsto obtainaccuracy of 0.01in.Thefit is tight,with a
clearanceof about0.01in.Thepreferredinsertiondirectionis clearlydefined,but because
of thetight fit, small,coupled6 degree-of-freedommotionsarenecessaryto inserttheim-
plant into the canal. The insertionpathshouldbe quasi-monotoneandconsistof small,
incrementalmotionsto avoid complex, time-consumingmaneuversandexcessive search
by thesurgeonduring manualinsertion. Computinganextractionpathis simpler, asany
startingimplantconfigurationabove aprespecifiedheightis acceptable.

6.1 EXTRACT: Program characteristics

Theprogram,calledEXTRACT, outputsaninterference-freeextractionpathto thedesired
resolution. When the implant is not extractable,it stopsat the stuck configurationand
identifiesthe implant andcanalsurfacescausingthe interference. It shows a graphical
animationof the extractionandcomputespathstatistics.EXTRACT is written in C and
usesthe IBM' s OptimizationSubroutineLibrary (OSL) to solve the linear optimization
programsandtheGraphicsLibrary (GL) to show color3D animationof theextraction.

EXTRACT computesquasi-monotoneextractionpathsusingstatic,overlappingneigh-
borhoods(Section5.2). It inputstheimplantandcanalsurfaceshapesdesignedon a CAD
workstationfrom CT dataandthe desiredshapeapproximationresolutions.The shapes
arerepresentedeitherasregular surfacepoint meshesor asa stacksof two-dimensional
parallelcontourslicesdefinedby cubicsplinesformingaclosecontour. Theinitial config-
urationhastheimplantfit into thecanalin its workingposition.Theprogramcomputesfirst
thebodypointsandthe pie-slicedcanalneighborhoodsfrom the CAD data. It optimizes
bodypoint spacingandneighborhoodsize,creatingthelargestelementswith thesmallest
deviationbetweenthem.It computesthepairingbetweenbodypointsandcavity neighbor-
hoodsfor theinitial (inserted)configurationandmaintainsa datastructurethatrecordsthe
correspondencesasthebodymovesusingtheneighborhoodadjacency relations.

Eachlinearproblems8!9;: is formulatedfrom the currentbody configurationandthe
bodypoint andcavity neighborhoodconstraints,addingto it thesmallmotionconstraints.
Sinceeachneighborhoodis definedby 5 planes,8!9%: has<>=@?BA�C constraintsin 6 variables,
where= is thenumberof bodypoints.Sincetheproblemis highly redundant,wesolve the
dualproblemandmaptheresultsbackto theprimal formulation.Theprogramallows for
slight implantandcavity overlap,dueto designandapproximationerrorsby relaxingthe
local configurationconstraintsby a user-specifiedsmallpositive constantD . This amounts
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Thisoverlapallowanceis alsousedto modelbonecompliance.

Theprogramusesasimpleresolution-sensitivesearchstrategy, whichaddsa “wobble”
componentto the preferreddirection of motion avoid local maxima. When no further
progressis possible,theprogramswitchesto therepulsive forcesstrategy for severalsteps
(determinedby the resolution)to momentarilymove the implant away from the cavity
surfaceandfind a morefavorableconfigurationto continuetheextraction.Progressalong
the preferreddirection is monitoredover stepintervals to decidewhen to terminatethe
search.

6.2 Experimentsand evaluation

EXTRACT hasbeensuccessfullytestedon 34 datasetsat several resolutions.Four are
syntheticexamplessuchas the screw and the boot in Figure1. Thirty are real hip im-
plant designsprovided by a medicalequipmentmanufacturer. The syntheticexamples
weredesignedto eitherhave known insertionpaths(the screw) or to get stuckat known
configurations.No insertabilityinformationwasprovided for the implantandcanaldata
sets.

Thetypical implantandcanalheightis 4 in., with crosssectiondiametersvaryingfrom
0.5in. to 2in. Theirshapesaredescribedwith 50 to 100two-dimensionalcontoursdefined
from CT slicesspaced0.025in. to 0.1in. apart.Eachcontouris describedwith 25 to 100
splinesformingaclosedcontour. Thecanalandimplantshapesarealmostcomplimentary,
exceptfor theupperpartof thestem(Figure1(c)andFigure3, rightmostimage).Theim-
plantandcanalhave noclearancein thefinal insertedconfiguration(somecasesevenhave
ansmall interferenceof up to 0.01in.). Theclearanceis extremelysmall throughoutmost
of the extractionpath, rangingbetween0 and.02in. The critical implant configurations
nearthe insertedconfiguration(Figure3, secondfrom rightmostimage). At about2.5in.
heightfrom the bottomof the canal,the implantscanbe directly pulled out of the canal
with a straightverticalmotion(Figure3, leftmostimage).

All datasetsweretestedat several resolutionsrangingfrom 0.005in. to 0.05in.,with
overlapallowancesrangingfrom 0.01in.to 0.05in.Resolutionsof 0.03in.wereconsidered
sufficient by the medicalequipmentmanufacturer. The resolutionsrequiredimplant and
canalmodelswith 1,000to 10,000implantpointsandcavity facets.Thefacetwidth,which
determinedthewidth of thepie-shapedcavity neighborhoods,rangedfrom 0.02in.to 0.6in.
(average0.1in.) for a resolutionof 0.05in. to 0.003in. to 0.2in. (average0.025in.) for a
resolutionof 0.005in..Thefacetheight,determinedby thespacingbetweenslicesranged
from 0.025in.to 0.1in. for all resolutions.
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Figure6: Snapshotsof theextractionsequenceof anuninsertableimplantstem(darkbody)
into a canal(translucidbody)from theinitial (left) to thefinal (right) configuration.Back-
trackingcouldnotfind anextractionsequence.

Thesmallmotionlimits weresetto 0.1in. for translationsandonedegreefor rotations.
Theprogramstoppedwhentheimplantconfigurationreacheda heightof 2.5in. from the
bottomof the canal. Between50 and150 stepswererequiredfor resolutionsof 0.05in..
Higherresolutions(0.01in.) requiredbetween300and2,000stepsto eitherfind a pathor
declaretheimplantstuck.Runningtimesrangedfrom 3 to 45minutesonanIBM RS/6000
Model 530workstationwith 64MB of mainmemory, with mostof thetime spenton path
computation.

In all but two cases,theimplantextractionpathsweresuccessful.Thesuccessfulcases
werevalidatedvisually andquantitatively by measuringthemaximumamountof overlap
in thepathconfigurations.In nocasetheamountof overlapexceededthespecifiedoverlap
allowance.Only a coupleof pathsweremonotone:all therestrequiredminor backtrack-
ing. For thestuckcases,weverifiedthatnoextractionwaspossibleby manuallyexploring
alternatepreferredmotion directions,by manuallychoosingpossibleconfigurationsand
measuringoverlap,andby re-startingthe searchat different interference-freeintermedi-
ateconfigurations.Noneof thesestrategiesyieldeda successfulextractionpath(Figure6).
Theseresultswereconfirmedby expertimplantdesigners.Thefour syntheticcasesyielded
theexpectedresultsat all resolutions.Overall, theseresultsprovide evidencethatthelim-
itedsearchstrategy provedeffectivefor practicalimplantinsertabilityanalysis.

Table2 shows a sampleof runson several datasets. Note that the modelsizegrows
roughlylinearlywith theresolution,but thattherunningtimeandthenumberof stepsgrows
faster. Thisis becausetheneighborhoodsizesshrink,somorecell changesarenecessaryto
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case resolution overlap size steps time extraction

boot-in/boot-out 0.025 0.01 1122 136 2:18 yes
0.01 0.0 1683 145 4:08 yes
0.005 0.0 3162 215 6:41 yes

implant2/canal2 0.05 0.02 1400 81 2:58 yes
0.025 0.015 2296 138 3:47 yes
0.01 0.015 3808 602 26:04 yes

implant3/canal3 0.05 0.02 1958 38 1:10 no (0.57)
0.025 0.02 2848 52 3:07 no (0.67)
0.01 0.02 5251 826 49:13 yes

implant4/canal4 0.05 0.015 1840 116 3:20 yes
0.025 0.015 2640 165 8:20 yes
0.01 0.015 4720 698 38:31 yes

implant5/canal5 0.05 0.05 2184 192 3:22 no (1.31)
0.025 0.05 3367 187 6:35 no (0.76)
0.01 0.05 6552 562 24:11 no (0.36)

Table2: Sampleruntimes.Thecolumnslist thetestcase,theimplantandcanalresolution
in inches,themaximumoverlapallowance,thenumberof implantpointsandcavity facets,
the numberof stepsin the path, the executiontime in minutesandwhetherthe implant
wassuccessfullyextracted(thenumberin parenthesisindicatesthefurthesttheimplantgot
whenstuck).
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cover thesamedistance.Further, thecomplexity of solvingeachlinearprogrammingprob-
lem \!]%^ grows roughly quadraticallywith the numberof implantpoints. Becausethere
wasfrequentlyno clearance(evensomeoverlapin mostpathconfigurations),thevalueof
themaximumoverlapallowance(third columnin thetable)is greaterthanzero.Whenthe
actualclearancebetweenthe implantandthe canalis smallerthanthe implantandcanal
resolution,the approximationcanleadto falsenegative results(implant3/canal3).How-
ever, theresultsarealwaysreliablewhenits valueexceedstheamountof initial overlap.

7 Conclusionand extensions

We have presenteda novel pathplanningalgorithmfor computinganinterference-freein-
sertionpathof a body into a cavity to any desiredresolution.Thealgorithmcomputesa
sequenceof interference-freeconfigurationsby incrementallyconstructingandsearching
configurationspacecells definedby proximity relationsbetweenbody pointsandcavity
facets. It usesa predefinedpreferredinsertiondirectionasa guideto constructadjacent
cellsandmove within them. Whenno progressin thepreferreddirectionis possible,lim-
ited, localizedsearchis usedto find alternativemotions.

Thealgorithmcontributesto researchin pathplanningby providing amethodfor prac-
tically handlingthegeometriccomplexity of tight fit insertions.Unlike mostexisting path
planningmethods,the algorithm is designedto handlevery complex three-dimensional
bodiesrequiringfine,complex, coupledsix-degreeof freedommotionsin apreferreddirec-
tion. It emphasizeslocal geometryandmotionconstraintcomputationover search.Tight
fits requireshapeapproximationsconsistingof thousandsof facetsto obtainreliableresults.
Their configurationspaceconsistsof narrow channelswhichgetblockedwith smallshape
variationsor approximationerrors.Moving throughthechannelsamountsto following its
walls (theconfigurationspaceconstraints)in thepreferreddirection.

The algorithmusesshapeandsmall motionsapproximationsto defineconfiguration
spacecellswith local,linearconfigurationspaceconstraintsfor smallmotionsin theneigh-
borhoodof aninterference-freeconfiguration.By keepingtrackof proximity relationsbe-
tweenbody andsurfaceelements,it identifiesredundanciesandreducesthe numberof
local configurationspaceconstraintsin a cell from quadraticto linear (in the numberof
body points). Small motionsin a preferreddirectionare computedby formulatingand
solvinga linearoptimizationproblemwhoseobjective function is the preferreddirection
andwhoseconstraintsarethecell constraints.

We contemplateseveral extensionsto the insertabilityanalysisproblem. To model
slightbodycompressionanddeformation,weallow asmallamountof interpenetrationbe-
tweenbody pointsandcavity facetsby relaxing the local configurationconstraintswith
a small user-definedpositive constant. To incorporateuser-definedpathand configura-
tion constraints.suchasrangesof allowablebodypositionsandorientationsor bounding
variationsbetweenconsecutive configurations,weformulatethecorrespondinglinearcon-
straintsandaddthemto each \!] ^ problem.Both extensionarepracticallyusefulandare
readily incorporatedinto the algorithm. Dynamicsmodelingandstressanalysisrequire
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modelingthe forcesbetweensurfaceelementsin contactto derive the stressdistribution
andthe resultantinsertionforce. The insertionalgorithmis usefulto identify the surface
elementsin contactat eachconfigurationfrom solvingeach _!`;a problemandto provide
thegeometricinformationto formulatethedynamicsproblemandaddfriction [6].

The insertionalgorithmcanserve as the basisfor many relatedinsertabilityanalysis
tasks,including designvalidation,tolerancing,andshapemodificationandoptimization.
Designvalidationis performedby computinganinsertionpathto within aprespecifiedres-
olution. Tolerancingis performedby testingtheinsertabilityof smallvariationsof nominal
bodyandcavity shapes.Shapemodificationandoptimizationis performedby identifying
thestuckconfigurationandthesurfacescausingtheinterference,andthenlocally modify-
ing theshapesaroundthesesurfaces.
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Appendix: tight fit and b -approximation

This appendixformally definesa tight fit measure,the approximationof configuration
space,and establishesthe relation betweenthe approximatedconfigurationspacecom-
plexity and the tight fit measure.Let c be an interference-freepathbetweenthe initial
body configurationced-fNgih j7k and the final body configurationcedRl7gih j�m . We define
theclearanceof apathconfigurationcedon2g astheEuclideandistancein configurationspace
from thepathconfigurationto theclosestpointon theboundaryof freespacep :

clearanced-cedon2gRgqh rts&uvxw�y{z&|~}����-z&�	� cedon2g%� j �
We definethepathclearanceasthesmallestpathconfigurationclearance:

path-clearanced-c#� j�k�� j�m�gqh r�s�u� w�� k2���~� clearanced-cedon2g�g
We definea fit measurebetweentwo configurationsasthe largestpathclearanceover all
interference-freepathsconnectingthem:

fit-measured j k � j m �x� m{����� g�h r��7������ y��-�~�~� path-clearanced0c#� j k � j m g
Wecaneasilyextendthisdefinitionto setsof initial andfinal configurations,andto subsets
of freeconfigurationspace:

fit-measured�� k ��� m �x��gqh ri�7������ y path-clearanced-c#� j�k�� j�m�g
where j�kZ� � k and j�me� � m ��� k ��� me¡ � ¡ � m2���o�

We saythata bodyanda cavity fit have a tight fit insertionpathwhenthefit measureof
their configurationspaceis muchsmallerthanany of thebodyor cavity dimensions(their
height,width, or length),or is muchsmallerthanthedistancebetweentheinitial andthe
final configuration:

fit-measured j7k�� j�m	�x� m{�¢�o� gq£ ¤	¥-¦¨§�©«ª�¥-¬�©KªNd�­3g
£ � j k � j m �

To ensurethatinsertionpathscanbecomputedapproximately, theconfigurationspace
approximationmustbetopologicallyequivalentandwithin an ® distanceof theexactcon-
figurationspace.This guaranteesthatno configurationspace“channel” is blockedby the
approximation.

Let �°¯¢±�± ��²o³ beanapproximationof � m2����� . We saythat �°¯¢±�± ��²o³ is an ® -approximationof� m2���o� for pathsfrom aninitial configurationj´k to a final configurationj�m if andonly if for
every interference-freepath cedon2gt�µ� m2����� from j7k to j�m thereexists an interference-free¶

Wecandefinetheclearancewith metricsonCartesianspaceaswell.
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path ·@¸�¹oº2»½¼¿¾°À¢Á�Á�Â�ÃoÄ from Å´Æ to Å�Ç thatis homotopicto it andwhosepathconfigurationsare
no furtherthanan È distancefrom it:

É ·e¹oº2»�¼¿¾ Ç Â¢ÊoÊÌËÍ· ¸ ¹oº2»!¼¨¾°À¢Á�Á�Â�ÃoÄ ÎiÏ7ÐÑÓÒ>Ô Æ2Õ�ÖÓ×�Ø ·e¹oº2»%ÙÚ· ¸ ¹�º2» ØÜÛ È
Whentheobjectshapeapproximationsareconservative, i.e. theexactshapeis a sub-

setof theapproximatedshape,theconfigurationspaceapproximationis alsoconservative
( ¾ Ç Â�Ê�Ê�ÝÞ¾VÀ-ÁxÁ�Â�Ã�Ä ). Thus,theapproximatedpathis guaranteedto beinterference-freefor the
exactshapes.

Thecomplexity of theconfigurationspaceapproximation(measuredasthenumberof
hyperplanesdefiningit) is relatedto thefit measure.A configurationspaceregionwith afit
measureof È requiresanapproximationwith resolutionlessor equalto È . Thecomplexity
of theapproximatedconfigurationspacegrowsas È decreases,sincetheoriginalconfigura-
tion spacesurfaceboundariesmustbeapproximatedby hyperplaneswhich areno further
than È distancefrom them. Tight fits, which have smallfit measures,requiremany hyper-
planes.For example,thecomplexity of eachconfigurationspacecell in our algorithmis
proportionalto the numberof body pointsandcavity facets,which rangesfrom 1,000to
10,000for clearancesof 0.01in.
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