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Abstract

This paperpresentsa novel algorithmfor efficiently computingan interference-
freeinsertionpathof a bodyinto a cavity andshawsits practicalusein theinsertabil-
ity analysisof customorthopaedidip implants. The algorithmis designedo handle
tightly fit, very comple three-dimensionabodiesrequiring fine, comple, coupled
six-deggreeof freedommotionsin a preferreddirection. It providesa practicalmethod
for efficiently handlingthe geometriccomplexity of tight fit insertions.Thealgorithm
computesan insertionpath consistingof small interference-fredoody motion steps.
It formulatedocal, linearizedconfigurationspaceconstraintglervedfrom theshapes
andcomputesuccessie motionstepsy solvinga seriesof linearoptimizationprob-
lemswhosesolutioncorrespondso the maximumalloweddisplacemenin apreferred
directionsatisfyingtheconstraintslt eitherfindsa successfuinsertionpathor astuck
configuration. We demonstrateéhe algorithmwith EXTRACT, a programfor ana-
lyzing the insertability of cementlesgustomorthopaedicip implants. EXTRACT
computesnterference-fre@nsertionpathsfor tightly fit implantandcanalshapesle-
scribedwith 10,000facetsto anaccurag of 0.01in.in 30 minuteson aworkstation.It
hasbeensuccessfullyestedon 30 realcasegrovidedby a medicalequipmenmanu-
facturer
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1 Intr oduction

This paperpresents novel algorithmfor efficiently computinganinterference-freenser
tion pathof abodyinto a cavity. The problemof computingsuchpathshasbeenwidely
studiedin robotics,whereit is referredto asthe “peg-in-hole” problem. It is aninstance
of thegeneraimotionplanningproblemin which a peg (the moving body)is to beinserted
without interferencesnto a hole (the fixed cavity). Typically, the peg andthe hole are
tightly fit, sothatthe clearancébetweenthe peg andthe holeis small, the peg and hole
shapesarealmostcomplementaryanda general preferredinsertiondirectionis known —
the main axis of the hole. Examplesof suchfits includesimple shapessuchaspinsand
holes,scravs andbolts,fastenerandpartcovers,andcomplex shapessuchasmoldsand
prosthetiamplants(Figurel).

Figurel: Threeinstance®f peg-in-holeproblems:(a) ascrav in ahelicaltube;(b) aboot-
shapedodyin abendedube;(c) anorthopaedidip implantin a canal(the darkbodyis
the peay, thetranslucidbodyis the hole).

Computinginterference-freénsertionpathsis essentiafor analyzingthe insertability
of abodyinto a cavity. Insertabilityanalysisis ubiquitousin a wide variety of tasksand
domains.In roboticsandmanufacturingassemblyit is necessaryo find andexecutethe
insertionpath of a robotically-guidedpartinto a matingfixture. In engineeringdesign,
it is necessaryo detectpartinterferencesdesigntightly fit machineparts,and establish
tolerancedor assemblability In molding, it is necessaryo verify that a mold can be
removedfrom the partit shape®ncethe parthassolidified. In biomedicalengineeringit
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Figure2: lllustrationof atotal hip replacemenprocedure A damagegoint connectinghe
pelvisandthefemur (left) is replaceddy anatrtificial joint formedby a socketimplantedin
the pelvisanda ball mountedon a metalimplantinsertedinto a canalcanedin the thigh
(center).Becausef thedesiredight fit betweertheimplantandthe canal theinsertionof
theimplantinto the canalfails for certainshapegright).

is necessaryo designandvalidateprosthetiamplants.Insertabilityanalysiss requiredto
validateshapedesignsjdentify interferenceshlocking surfacesandstuckconfigurations,
makeshapemodificationsandexplore shapealternatves.

Computinginsertionpathsfor tight fits requireslimited, localizedsearchof high geo-
metriccompleity. Body motionsarehighly constrainedy the cavity walls, socompliant
motionsalong the preferreddirection are likely to insertthe body into the cavity. But
becaus¢heshapesrecomple andtheclearances small,mary interferencdestsarenec-
essaryWhenthe shapesequirethousand®f facetsto describeéhemto guaranteeeliable
results thegeometriccomputatiorcompleity dominateshe searchtime.

We have developedaninsertionalgorithmthateffectively addressethegeometriaccom-
plexity of pathconstruction.The algorithmis designedo handletightly fit, very comple
three-dimensionddodiesrequiringfine, comple&, coupledsix-degreeof freedommotions
in a preferreddirection. It emphasize®fficient local geometryand motion constraint
computationover search. The algorithm computesan insertionpath consistingof small
interference-fredoody motion steps. It formulateslocal, linearizedconfigurationspace
constraintglerivedfrom the shapesandcomputesuccesse motionstepsby solvingase-
riesof linearoptimizationproblemswhosesolutioncorrespond$o the maximumallowed
displacemenin a preferreddirectionsatisfyingthe constraintslt eitherfindsa successful
insertionpathor a stuck configuration. The algorithmimplementsa greedypathfinding
stratgy with localizedbacktrackinghat producegjuasi-monotonésertionpathsto ary
desiredresolution.

We demonstratéhe practicaluseof thealgorithmwith EXTRACT, aprogramfor com-



Figure3: Snapshotef aninsertionsequencef animplantstem(darkbody)into a canal
(translucidbody)from theinitial (left) to thefinal (right) configuration.

puting insertion pathsfor cementlessustomorthopaedichip implantsinto a matching
cavity preparedn the patients femur (Figure2). EXTRACT computesnterference-free
insertionpathsfor tightly fit implantandcanalshapeslescribedvith 10,000facetsto an
accurag of 0.01in. in 30 minuteson a workstation(Figure 3). It hasbeensuccessfully
testedon 30realcasegprovidedby a medicalequipmenmanufacturer

This paperdescribeghe insertionalgorithm,its implementationandthe experimental
results. Section2 reviews relatedwork in pathplanning. Section3 providesan overview
of the solution. Section4 describeghe problemformulationandintroducesassumptions
andapproximations.Section5 describeghe insertionalgorithmanddiscusseselatedal-
gorithmicissuesSection6 describe€£XTRACT, the programimplementationandits use
in the insertabilityanalysisof customhip implants. Section7 concludeswith a summary
andadiscussioron possibleextensionsandapplications An appendiXormalizesthecon-
ceptsof tight fit andconfigurationspaceapproximation Readersnterestedn the medical
applicationcanfirst go directly to Section6, readtheinsertionalgorithmin Section5, and
optionallyreferto the configurationspacdormulationin Sections3 and4.

2 Relatedwork

Computingan insertionpath of a body into a cavity is aninstanceof the classicalpath
planningproblemwherethegoalis to find a interference-fre@athof oneor moremoving
objectsfrom aninitial to a final configurationamidstfixed obstacled12]. Finding such



a pathrequiressearchinghe spaceof objectconfigurationgits configurationspace)or a
continuousnon-overlappingpathfrom theinitial to thefinal configuration.Therearetwo
main strat@iesfor finding suchpaths:globalstratgiesandlocal stratgies. Globalstrate-
giesfirst constructandpartitionthe configuratiorspacento cells,construcits connectvity
graph,andthensearchthe graphfor the desiredpath. Local stratgiesdirectly searchfor
thepath,performingthenecessargeometriccomputationshatguarante@on-overlapping
asthe searchprogressesGlobal methodsare by naturecomplete whereadocal methods
areheuristic.

Global methodsrequire computingand partitioning the configurationspace,whose
compleity is polynomialin thegeometricsizeof the objectsandexponentialin theirtotal
numberof degreesof freedom. Computingthe entireconfigurationspaces only feasible
whenits sizeis manageablewhenmostof it hasto be searchedo find a path,or when
simplificationsapply It is impracticalfor tight fit insertionproblemswith complex 3D
shapesand6 degreesof freedombecaus®f the prohibitive numberof configuratiorspace
cellsandbecaus®nly afraction of themneeddso be searchedvhena preferredinsertion
directionis known. Moreover, whenthe shapesaretightly fit andthe insertionrequires
mary small, incremental coupledsix degreesof freedommotions,the compleity of the
configurationspacecannotbe reducedby approximatingor abstractinghe configuration
spaceor by simplifying the shapes.Thus,techniquessuchas hierarchicalconfiguration
spacedecompositiorf4, 7], planningin low-dimensionakonfigurationspaceprojections
[3], exploiting theobjects'geometricategularities[9], or randomizedreprocessingf the
configurationspacg11], arenotapplicable.

Local stratgies dependon the efficiency of the geometriccomputationsand the ef-
fectivenessof the searchstratgy. Sincethe main difficulty of local searchstratgiesis
avoiding dead-end®r local minima, existing local stratgjiesemphasizesearcheffective-
ness. Donald's algorithm[5] for a moving six degree of freedompolyhedroncreatesa
fine resolutionconfiguratiorspacegrid andusesheuristicsdasednthelocal configuration
spacegeometryto searctfor a paththroughgrid points.For tight fits, this methodrequires
a high-resolutiorgrid, andthusvery mary smallincrementamotionsto move evensmall
distances.Potentialfield methodg[1, 2] placea potentialfield functionin configuration
spaceandsearchor aninterference-freenegy minimizationpath. They areapplicableto
multi-degreeof freedomsystemswith moderategeometriccompleity, asthey requirefre-
guentobjectoverlaptestsor a numericalpotentialfield bitmaprepresentationd 0]. Since
they rely on the minimizationof a functionthatincludesboththe criterion describingthe
task(gettingto the goal configuration)andthe distanceto the obstacleswhosetaskis to
pushmoving objectsaway from them, they only work in relatively simpleenvironments.
In morecomplec ervironmentsghis formulationleadsto oscillationsbetweeroppositeob-
staclesurfacespndesiredepulsionpatternsandpreventsthe moving objectfrom getting
arbitrarily closeto the obstacles.Theseapproachesre clearly impracticalfor problems
with very complex body geometryandsmall clearance®ecausehey requiremary inter-
ferencetests mary distancecomputationsor very high resolutionbitmaps.

In this paper we presenta local path planningalgorithm for the insertion problem
thathandlesvery complex body geometriesThe algorithmuseslimited, localizedsearch,



therebyexploiting the tight fit and known insertiondirection. It efficiently performslo-
cal geometriccomputationso determinehe seriesof smallinterference-freenotionsteps
thatare requiredfor complex shapesandtight fit. Our approachs closestto [8], which
separatethe non-interferenceonstraintdrom the taskconstraintstherebyremoving the
undesirecbehaiors andproviding bettercontrol. It translateshe non-overlapconstraints
into geometriacconstraint@ndfactorsthemout of thefunctionto minimize. Theminimiza-
tion functionis formulatedin termsof thetaskalone.In addition,our approactsubstitutes
theexpensve interferenceaestinganddistancecomputatiorof potentialfield methodswith
incrementaimaintenancef proximity relationsthat can be computedn worst-casdime
linearly proportionalto the numberof pointsin the body surface(Propertyl, Section4.2)
andconstanttime in average. The algorithm contributesto researchn path planningby
providing:

e apracticalsolutionto awell-definedproblem theinsertionof avery complec three-
dimensionabodyinto a cavity with smallclearances

e aconfigurationspacecell decompositiorbasedon neighborhoodelationsbetween
bodyandcavity surfaceslements

¢ anefficientcell managemennethodbasedn thelocality principle

¢ aformulation of approximatedocalizedlinear configurationspaceconstraintsfor
small,coupledsix degree-of-freedonmotions

¢ aformulationof linear programmingproblemsto find the maximumallowed dis-
placementn a preferreddirectionsatisfyinga setof motionconstraints

¢ anincrementalgreedy pathfinding stratgy with local backtrackinghat produces
guasi-monotonesertionpathsto ary desiredresolution

3 Solution overview

We formulatetheinsertionproblemasa pathplanningproblemin configuratiorspace We
find a path by incrementallyconstructingand searchingconfigurationspacecells, using
thepreferrednsertiondirectionasaguideto constructcellsandmove within them.When
no progressn the preferreddirectionis possible we uselimited, localizedsearchto find
alternatve motions.

Configurationspacecells aredefinedby proximity relationsbetweenbody and cavity
surfaceelements.Becauseof the tight fit betweerthe body andthe cavity, the motion of
ary pointin the body surfaceis constrainedy a cavity surfaceelementn its immediate
neighborhoodThe pairing betweerbody pointsandtheir closestcavity surfaceelements
definesaneighborhoodelation.A neighborhoods a subsebf Euclidearspacecontaining
asinglepairconsistingof abodysurfacepointandits closestavity surfaceslement.Small
motionsthatkeepeachbody pointsinsideits neighborhoodare only constrainedy their



closestcavity surfaceelements.Theconfigurationspacecell is the locusof body configu-
rationsthatkeepthe body pointsin their cavity neighborhoodsThe neighborhoodelation
hastwo importantpropertiesit definesonfiguratiorspacecellswith alinearnumberof lo-
cal configuratiorspaceconstraintsandit providesa simple,local, cell adjaceng criterion
basedn neighborhooddjaceng in Cartesiarspace.

To facilitate path planningwithin a cell andbetweenadjacentells, we simplify cell
geometryandtopology by introducingshapeand motion approximations. We approxi-
matethe body shapewith pointsandthe cavity shapewith planarfacetson their surfaces.
We defineneighborhoodsvith corvex polyhedralvolumescontainingcavity facets. We
linearly approximatesmall body motions. With theseapproximationsye defineconfigu-
rationspacecellswith local, linearconfiguratiorspaceconstraintgor smallmotionsin the
neighborhoodf aninterference-freeonfiguration. Sincethe cells are definedby linear
constraintsthey aresingly connectedandcorvex. Thus,smallmotionsbetweerary two
configuratiorspacepointswithin thecell areinterference-fre#o within theapproximation.

Wefind aninterference-freesertionpathby computingasequencef small,interference-
freebodymotionsteps.We computesachstepby constructinghe configuratiorspacecell
in the neighborhoof the currentconfigurationandfinding the maximumallowabledis-
placementn the preferredmotion direction. This displacemenis computedoy solvinga
linearoptimizationproblemwhoseobjectve functionis thepreferredmotiondirectionand
the constraintsarethe cell's linearizedconfigurationspaceconstraints Whenno progress
in the preferreddirectionis possible we searchfor alternatve motionsby modifying the
insertiondirection. This procesds repeatedvith the nev body configurationsuntil either
thefinal insertedobody configurations reachecr until no furtherprogressanbe made.

The proposedmethodis resolution-soundbut not complete. It will producea guar
anteedinterference-freensertionpath up to a prespecifiedesolution,but will only find
sucha pathwhenlimited local searchandbacktrackingsuffice. Thealgorithmis thusap-
propriatefor situationsn which insertionpaths,whenthey exist, arequasi-monotone(A
pathis monotonen a preferreddirectionif andonly if it alwaysshavs progressalongthat
direction).

4 Problemformulation and properties

We begin by formulatingthegenerapathplanningproblemandshav how this formulation
is specializedo the problemof insertinga comple, tightly fit bodyinto a cavity. Section
4.1 introducesour notationand presentghe standargbath planningproblemformulation.
Section4.2 definesa new configurationspacecell decompositiorcriterionbasedon prox-
imity relationsandneighborhoodsSection4.3 introducesapproximationghatyield a cell
decompositiorsatisfyingtwo basicpropertied12, Chapters]: 1) the geometryof the cell
is simpleenoughto makeit easyto computea pathbetweertwo configurationsn thecell,
and?2) cell adjaceng testingandpathcrossingof adjacentell boundarieganbecomputed
efficiently. Section4.4 describeghe pathdiscretizationcriterion. Section4.5 formulates
thelocal searchcriterionasa functionto be maximized,subjectto cell constraints.This



yieldsto aformulationsimilar to the potentialfield method[12, Chapter7].

4.1 Generalformulation

We formulatetheinsertionproblemasa motionplanningproblemwherethe solid body B
is a three-dimensionainoving objectwith six degreesof freedom,andthe cavity C' is a
fixedthree-dimensionalbstacle We associat@ bodycoordinatérameto theorigin of the
bodyanda cavity coordinaterameto theorigin of the cavity. Thecavity coordinatdrame
remaindixed, while thebody coordinatdframemoveswith thebody Thebodyandcavity
shapesredescribedvith respecto their coordinateframes. The positionandorientation
of thebody, hereonreferredto asthe configuation of the body, is definedwith respecto
thecavity' sfixedcoordinatedrame.

Let (p, #) bethe six configurationvariables(threetranslationsandthreerotations)de-
scribingthe configuration(positionandorientation)of the bodywith respecto thecavity's
fixedcoordinateframé. Let F'(p, #) bethetransformatiormappingpointsin body coordi-
natesto pointsin cavity coordinatesn body positionp andorientationd. Let b be abody
pointwhosecoordinatesarewith respecto thebodycoordinatdrame.The positionv of a
bodypointb in configuration(p, §) with respecto the cavity' s fixedframeis expresseds:

v=F(p,0)-b= Rot(f)-b+p (1)
whereRot(0) is therotationoperatorspecifyingthe orientationof the bodywith respecto
thecavity' sfixedcoordinatdrame.

Let B and(C' bethesetsof three-dimensionglointsdescribinghe bodyandthe cavity.
Let H(7) be a function describingthe shapeof the cavity surface. A pointz lies on or
insidethe cavity (andoutsidethe cavity surfacewhen:

H(z) <0

A bodypointb in configuration(p, §) lies on or insidethe cavity when:

H(F(p,0)-b) <0

This condition, formulatedover the setof all body pointsb on the surfaceof B, defines
thebodyconfiguation constaintswhichmustholdfor thebodynotto penetratehe cavity
walls.

The setof body configurationdor which the bodyandthe cavity do notinterpenetrate
is definedasthesetof positionsandorientationgor which all the pointsin thebodysurface
lie onoroutsidethecavity surface.Thissetof configurationss calledthefreeconfiguration
space:

Chree = (P, 0) | H(F(p,0)-b) <0, Vbe B}

! Notationcorventions: lower caseletterswith an overbar z, denotethree-dimensionalectors. Upper
casdetterswith anoverbar X, denoten-dimensionavectors.0 is ann-dimensionalectorwhoseentriesare
all zero.Bold capitalletters,A, denotematrices.



Theboundaryof free configuratiorspace(.,,.:..:, IS thesetof configurationsn whichthe
bodyandthe cavity arein contact.

We represenbody motionsas pathsin configurationspace. A pathis a continuous
function7'(¢) specifyingthepositionandorientatiorof thebodyattimet. It isinterference-
freeif andonly if thebodydoesnotpenetratehe cavity atary time duringthemotion,that
is, if all body configurationgn the path are interference-free An interference-freg@ath
definesamappingfrom the continuousunit interval to free configurationspace:

T : [0,1] — Cfree

whereT'(0) = (P,, #o) is theinitial configuratiorat startingtime 0 and7'(1) = (p,, ;) the
final body configurationat endingtime 1.

4.2 Thelocality principle

We now introducethe locality principle, which definesthe partition criterion of the con-
figurationspace. It is basedon the proximity relation betweenbody and cavity surface
elementsBecaus®f thetight fit betweerthe bodyandthe cavity, themotionof ary point
in the body surfaceis constrainedy a cavity surfaceelementn its immediateneighbor
hood(seeFigure4). The pairing betweenbody pointsin a given configurationandtheir
closestavity surfaceslementslefinesaneighborhoodelation.A neighborhoods asubset
of Euclidearspacecontainingasinglepair consistingof abodysurfacepointandits closest
cavity surfaceelement.Smallmotionsthatkeepeachbody pointinsideits neighborhood
areonly constrainedy its closestcavity surfaceelement.

It isimportantto notethatournotionof neighborhoods basednthespacesurrounding
pairs of elementga body point andits closestcavity surfaceelement)not just a single
elementasis customary For the purposesof the following discussionneighborhoods
canhave ary shapeandcanoverlap, provided that only a single body surfacepoint and
a singlecavity surfaceelementareinside. For example,a neighborhoodcanbe a sphere
centeredat body point b; (Figure4) and of radiuslarger thanthe distanceto its closest
cavity surfaceelementh;(z). As we will seelater, neighborhoodganbe approximated
(Sectiord.3)andcomputeckfficiently (Sections.2). For eachneighborhoodwe formulate
the local configurationspaceconstraintf the body point andthe cavity surfaceelement
in it. The conjunctionof theseconstraintsover all body points definesthe set of legal
body configurationdor which thereis no interferenceandthe neighborhoodelationsare
maintained.

Let 2;(7) be a cavity surfaceelementandb; a body surfacepoint in configuration
(p,0). Lettheneighborhood\;;(7) beasubsebf Cartesiarspacecontainingonly the pair
consistingof the body surfacepoint; in configuration(p, ) andits closestavity surface
elementh;(z) (theneighborhoodloesnot containary otherbody surfacepointsor cavity
surfaceelement).Thelocal configuation spaceconstaint imposedby the cavity surface
elemenbnthebodypointis definedby:

hi(F(p,0) - b;j) <0 (2)

9
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Figure4: Motionsof thebodypointb; in configuration(, #) areconstrainedy theclosest
cavity surfaceh;(7) in theneighborhood\;; (7). Theshadedareacorrespondso thelocal
configurationconstraint;(z) < 0.
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A directconsequencef this definitionis thatthe local configurationspaceconstraint
subsumeshe configurationspaceconstraintsmposedby all othercavity surfaceelements
in theneighborhood:

hi(F(P,0) - b)) <0 <= H(F(p,0)-b;) <0 3)
V(p,0) suchthat (F(p,0)-b;) € Ay (7)
This is because body point moving in the neighborhoodwill touchthe cavity surface
elementdefiningthe neighborhoo@dndthe constraintbbeforeary othersurfaceelement.

We definetheconfiguratiorspacecell asthelocusof bodyconfigurationghatkeepsall

bodysurfacepointsinsidetheir neighborhoods:

C={(70) | h(F(P.0)-b;) <0, (F(p.0) b)) € Aij(T), Vb; € B, hi(T) € H}
where H is a setof functionsh;(z) describingthe cavity surface.The neighborhoode-
lationsdefiningthe configurationspacecells provide, in Latombes terminology[12], the

criticality conditionof the configurationspacepartition. They have two importantproper
ties:

Property 1: the configurationspacecells are definedby local configurationspacecon-
straints. The numberof constraintss linearly proportionalto the numberof body surface
points.

This propertyfollows directly from the definition of cell andfrom Eq. (4).

Property 2: two configurationcells canonly be adjacentf all their neighborhoodsre
adjacent:

adjacentCy.C;) = AL(Z)NALE) #0, Vb € B, hi(z) € H

10



whereA% (z) andAl,(z) aretheneighborhoodslefiningcellsC, andC;.

Proof: By definition of cell adjaceny, two configurationspacecells areadjacentf and
only if thereexists a direct path (a path not going throughary other cell) betweenary
configurationin onecell andary configurationin the othercell. By definition of cell, all
bodypointconfigurationsn the pathbelongto eitheroneor theothercell. Becausenotions
mustbe continuouspody configurationn the pathcontinuouslymove body pointsfrom
oneneighborhoodo the other But the motion cannotoccurwithout discontinuitiesvhen
two neighborhoodsire not adjacentasthis involvesgoing througha third configuration
spacecell. Thus,thereis nodirectpathbetweerthetwo original cells.

Thesetwo propertieshave importantcomputationabdwantagesThefirst definescon-
figurationspacecellswith local configuratiorspaceconstraintandrequiresonly anumber
of configuratiorspaceconstraintsinearly proportionato thenumberof bodypoints,rather
thanthe productof thenumberof bodypointsandcavity surfaceelementsaswould bethe
caseif all pairshadto be considered.The secondprovidesa simple cell adjaceng cri-
terion basedon neighborhooddjaceng in Cartesiarspace.They both facilitate efficient
incrementaktonstructiorof adjacentonfiguratiorspacecells.

4.3 Shape,neighborhood,and small motions approximations

To facilitatepathplanningwithin a cell andbetweeradjacentells,we simplify cell geom-
etry andtopologyby introducingshapeandmotionapproximationsTheseapproximations
yield alinearlocal configuratiorspaceconstrainformulationfor smallmotions.

We describethe shapeof the body andthe cavity by a finite setof surfaceelements
to ary desiredresolutiond. We discretizethe implantshapeby samplingits surfacewith
controlpointsb; suchthat:

VB ;b — b <

We discretizethe cavity shapeH with asetof planarfacetsh;(z) = @;.7 — ¢; suchthatthe
distancebetweertheplanarfacetandtherealsurfacedoesnot exceeds:

vz 3hi(T) | HT) — (@, T —¢;) | < 6

Thelocal configuratiorspaceconstrainf{Eqg. (2)) becomes:

@ (F(p,0) b)) —ci <0 (4)
whichis alinearexpressiorin the configuration(p, §) of bodypointb;. It guaranteethat
thebodypointin the givenconfigurationwill notoverlapthe exactcavity surfaceelement
by morethans.

To facilitate neighborhoodonstructiorand membershigesting,we defineneighbor

hoodsascorvex polyhedralvolumesaroundcavity facets.Theneighborhoods definedby
n intersectingplanarhalf spaces:

11



A body surfacepoint; in configuration(p, §) is inside neighborhood\,;(7) if andonly
if:

A (F(5.0)-5;)—C: <0 (5)

Note thatwhenthe cavity facetis oneof the planesdefiningthe neighborhoodthe local
configuratiorspaceconstrain€q. (4),a; - (F(p,0) - b;) — ¢; < 0 is oneof then inequalities
defining the neighborhood. In this case,the set of inequalitiesin Eq. (5) definesboth
the conditionsfor neighborhooanembershi@ndthelocal configurationspaceconstraint.
For simplicity, we will assumen the restof this paperthatthe cavity facetis oneof the
neighborhoodboundaries.

Basedon this obsenation, we cannow definethe approximationof the configuration

spacecell as:
C'={(7.0) | Ai.(F(p,0)-b;) = C; <0, Vb; € B}

Notethatthecell is definedby a setof linearinequalitiesn the configuratiorof body point
b; in configuration(p, 6).

Thetransformation/'(p, #) introducesa nonlineartermin the definition of the config-
urationcell, asit involves multiplying by a rotation matrix Rot(@) (Eg. (1)). Givenan
interference-freeonfigurationwe canapproximatesmallmotionsfrom thatconfiguration
with alineartransformatiorandobtaina setof linearinequalities.

Letw; bethepositionof pointb; in configuration,, ). Thepositionof 7 of b; after
asmallmotion (€, @) is givenby:

T, = Rot(@) - T; + ¢
Since(e, @) is asmallmotion,we canapproximatet with thelinearexpression:
U~ (@x )+ 75+

for | € |< €4, @and| @ | < @,,4.. Substitutinghis approximatiorinto Eq. (5) we obtain:

A (F(p,0)-b)—-Ci <0
A (@xv)+v;+6) —C; <0
(@'><AZ-)-6—|—A¢-E—(€¢—A¢-6]')§U (6)

wheretw; = F(p,0) - b;. Theresultis asetof linearinequalitiesin the new motionparam-
eters(e, @), which correspondo the configurationspaceparameters:

F(}_ja g) = F(a a) ’ F(}_)myo) (7)

We cannow obtainanapproximatiorof the configuratiorspacecell with asetof linear
constraintsTheapproximateaonfiguratiorspacecell describe®ody configurationgvith
aninterferenceno greaterthans (plusthe smallerrorintroducedby the smallmotionlin-
earization)with the exactbodyandcavity cells.

12



Property 3: Configurationspacecells can be approximatedor small motionswith a
linear approximationof local configurationspaceconstraintsan the neighborhoodf an
interference-freeonfiguration:

C'=1{P0)] (v; x A;)-a+A;-e—(Ci —A;-v;) <0, Vb; € B}

wherev; = F(p,, 0)-b; and(p,, fo) is aninterference-freeonfiguration(p, §) is obtained
from (¢, @) by EQ. (7), and| € |< €4, and| @ |< @,,q,. This propertyfollows directly
from Eq. (6).

Property3 hastwo importantadvantages.First, sincethe cells are definedby linear
constraintsthey areconvex andsingly connected.Thus, motionsbetweenary two con-
figurationspacepointswithin the cell areguaranteedio beinterference-fre¢o within the
approximation.In particular the straightline (in configurationspace)onnectingary two
configurationswithin a cell is interference-free.Second,t allows the incrementalcon-
structionof motionpathsby computingasequencef smallmotionsfrom interference-free
configurations.

4.4 Path discretization

We now introducea discreteformulationof theinsertionpath,definingit in termsof a se-
guenceof interference-freeonfigurationdelongingto adjacentonfiguratiorspacecells.

An insertionpath can be describedio ary desiredresolutionwith a finite setof m
interference-freeonfigurations:

T(k) = (p,,0x) suchthat H(F(p,,0)-b;) <0, Vb; € B

for0 < k < 1, whereT'(0) = (p,,0o) and7'(1) = (p;,0;) aretheinitial andfinal body
configurations.

Theinsertionpathcanbe equivalentlyspecifiedasa sequencef interference-freeon-
figurationsbelongingto adjacentonfigurationspacecells definedby neighborhoodela-
tions. By Propertyl, we canreplacethe configuratiorspaceconstraintwith local configu-
rationspaceconstraintglefinedin neighborhoods:

T(k) = (py,0x) suchthat hi(F(p,,0) - b;) <0, (F(p,,0k)-b;) € Al(T), Vb € B

for0 < k <1, whereAfJ-(f) arethe neighborhoodslefinedby cavity surfaceelement
h:(7) andbodypointb; in configurationp,, ;). By Property2, theinsertionpathis guar
anteedo becontinuousvhensubsequenteighborhoods\%. (z) andAf' (z) areadjacent.
Thisformulationyieldsthefollowing importantproperty:

Property 4: The problemof finding aninsertionpathto a desiredresolutionreducego
finding a discretesequencef interference-freeonfigurationsan adjacentconfiguration
spacecellsdefinedby neighborhoodelations.

Using the shape heighborhoodand small motion approximationglescribedn the previ-
ous section,we canusea linear approximationto constructthe configurationspacecell
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andsearchfor the next configurationin the path. By Property3, the local configuration
spaceconstraintscan be replacedby a linear approximationyielding the insertionpath
approximation:

T'(k) = (ps,0:) suchthat

(vF x Af) @ + AF & — (C* — AP -vh) <0, v =F(p,.0:) b, Vb, €B
where(p,, 0;) is obtainedrom (e, @) by Eq.(7), and| & |< €. and| @, |< @ oo

This formulationleadsnaturallyto anincrementapathconstructionstratgy. Starting
from the initial configuration,we first constructthe approximationof the configuration
spacecell containingit. We thencomputea small motion by finding aninterference-free
configurationwithin the cell that satisfiesa searchobjective, suchas bringing the body
closerto the final configurationby moving in a preferreddirection. We canrepeatthis
procedurevith thenew configurationuntil aterminationcriterion— thefinal configuration
is reachedr norfurtherprogresss possible- is met.

Let (p,, 1) beaninterference-freeonfigurationin the insertionpath. The configura-
tion (P, 0x+1) is determinedoy a smallmotion (e, @) in the configurationspacecell
C; correspondingo theneighborhooaf (p,, 85):

Co = {(Dry1>0r1) | (V) x AF)-ar+ A} & — (CF — AF. vf) <0, Vb; € B}
where

5? = F(p;,0:) - b;

(ﬁk+175k+1) = F(Ekaak) ' (ﬁk?ek)

Sincethe configurationspacecellsarecorvex andsimply connectedthe straightline mo-
tion (in configuratiorspacefrom (p,, 05 ) toary (p, ., 0x+1) isguaranteetb beinterference-
freeto within theresolution.

4.5 Moving in apreferreddirection

We now specializethe path planningproblemto the insertiontask. Insertinga body into
a cavity typically involvesmotion alonga preferreddirection. Althoughthe precisepath
is not known, the maininsertiondirectionis: it is usually definedby the major axis of
the cavity andthe body(i.e., thevertical axisin theexamplesof Figurel. Insertionpaths
follow this direction, with small, local correctionsalongthe way. A good heuristicfor
local searchis thusto move asfar aspossiblealongthe preferreddirection. Planningan
interference-frepathwith a preferredirectionsignificantlyreduceghesearclcomponent
of theplanningalgorithm.The preferreddirectionindicatesvhich configuratiorspacecells
shouldbe constructec&ndexplored,andhow to move within eachcell.

This heuristic stratggy matchesthe incrementalpath constructionmethoddescribed
in the previous section,which requirescomputingsmall motionsin a preferreddirection
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within a cell. We computesuchmotionsby formulatingandsolvingan optimizationprob-
lemin whichtheobjective functionis the preferredmotiondirectionandtheconstraintsare
thelocal configurationspaceconstraintglefiningthe cell. The solutionto the optimization
problemyieldsthe maximumallowabledisplacementhatsatisfieghelocal configuration
constraintsandthe neighborhoodonstraints.The newv configurationcomputedrom the
currentconfigurationandthe smallmotion,is guaranteedtb beinterference-free.

Let (p,, ) be the currentinterference-freoody configuration. Let Afj(f) be the
neighborhoodslefinedfor the (3,, ;) body configuration. Let 7.(p, ) be the preferred

directionfunction for stepk. The furthestinterference-fredody configuration(p, §) =

(Fk+1,5k+1) in the preferreddirectionis obtainedby solving the nonlinearoptimization
problem:
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maximize 7 (p, 0)

subjectto
hi(F(p,0)-b;) < 0
(F(p.0)-b;) € Ai(z)

Substitutingthe local configurationspaceandneighborhoodonstraintswvith the approxi-
mationsintroducedn Section4.3,we obtainthe optimizationproblemZ P;:

maximize 7 (€, ax) (8)
subjectto
(@ffo)-akJrAf-Ek—(?f—Af-@f) <0
| €L | S E'rnaa;
| [ay? | S [

Whenthe objective functionis linear, the problemis alinearoptimizationproblem.

In this formulation,the objectve function providesthe local searchcriterion. For ex-
ample,the functionfor moving in the preferreddirectioncanbe obtainedfrom the vector
differenceof theinitial andfinal configurationandthetranslationamotion parameters:

Th(€&, @) = & (P — Py) (9)

wherep, andp, aretheinitial andfinal body positions. Changingthe searchcriterionto
allow for searchingn otherdirectionsor for backtrackingsimply consistan changingthe
optimizationfunctionto reflectthe new strateyy.

Insertionpathsproducedy moving in apreferreddirectionaremonotonetheir subse-
guentbodyconfigurationshav steadyprogressowardsthefinal configuratiorby reducing
the distancebetweenthe currentbody configurationand the final configuration. Quasi-
monotonepathsare obtainedby occasionallyarying the preferreddirection. Monotone
insertionpathshave theadvantagehatthey areeasyto execute.

5 Insertion algorithm

We now presenta novel algorithmfor computinganinterference-freénsertionpathof a
bodyinto a cavity anddiscussthe algorithmicissuesrelatedto it. Section5.1 describes
thealgorithmandcharacterizegs scope.Section5.2 describesn efficient techniquefor
neighborhoodandcell management key subroutineof the insertionalgorithm. Section
5.3describeseveral searchstratgiesto escapdocal minima.
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5.1 Insertion algorithm

Givena geometriadescriptiorof the shape®f thebodyandthe cavity, theinitial andfinal
configurationof the body, a desiredshaperesolution,andboundson the maximumextent
of small motion steps,the algorithm producesan interference-fregoath consistingof a
sequencef interference-freeonfigurationgrom theinitial to thefinal configuration.The
pathis guaranteedb beinterference-fre#o within theresolution.

Thealgorithmis basedn Property4, whichreducegheproblemof findinganinsertion
pathto a desiredresolutionto finding a discretesequenc®f interference-freeonfigura-
tionsin adjacentconfigurationspacecells definedby neighborhoodelations. Eachnew
configurations computedoy formulatingandsolvinganoptimizationproblem.Thealgo-
rithm startswith theinitial bodyconfiguratiorandproceedssfollows:

1. modelthebodyandcavity shapesvith bodypointsandcavity surfaceelements

2. find, for eachbody pointin the currentconfiguration its closestcavity surfaceand
definetheir correspondingeighborhood

3. formulatean optimizationproblemwith the local configurationand neighborhood
constraint@andthe preferreddirectionof motion

computea smallmotionstepby solvingthe optimizationproblem
move thebodyby the smallmotionto the new configuration

if thebodyhasreachedts final configurationyeturnthe path

A o

elseif thebodyis stuckmodify the preferreddirectionof motion
(if successie modificationshave failed, returnthe path)

8. returnto 2

The shapeneighborhoodandsmall motion approximationgrom Section4.3yield a
linearformulation. Thealgorithmis describedn Tablel. It formulatesandsolvesa series
of linearprogrammingproblemsL P;. (EQ.(9)) whosesolutionyieldsa smallmotion step
which definesa new interference-fre®dody configurationin theinsertionpath. The small
motionstep,whichis eitheranull step,thelargestsmallstepallowable,or anintermediate
step,indicateshow to proceedwvith thesearchandhow to constructhenext problem.

Whenthemotionstepis null, thebodyis stuckin the currentconfiguration At leastone
bodypointisin contactwith a cavity facet,blockingthemotionof thebodyin thepreferred
direction. No further motionis possiblebecausdhereis no adjacentconfigurationspace
cellin thepreferrednotiondirection.We caneitherabandorthe searclor attemptto move
in anotherdirectionwithin the sameconfigurationspacecell. The new problem 7 P,
is formulatedwith the sameconstraintsas L P, but with a nen objective function 7, .
Whenthe motion stepis the largestsmall stepallowable, the insertionpath canproceed
within the currentconfigurationspacecell. The new problem . P, is formulatedwith
the sameneighborhoodssfj(f), recomputingthe local configurationand neighborhood
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1. approximatehebodysurfacewith bodypoints
approximatehe cavity surfacewith planarcavity facets

2. set(p,, #o) to theinitial configurationandk to O
3. find initial neighborhoodsndformulatel F,
4. while bodyhasnotreachedinal configurationdo

(a) solwe L P, to obtainthesmallmotionstep(e, @)

(b) if themotionstepis null
—declarethe bodystruckandreturnfail, or
—formulatel P, with theconstraintof . P, and
anew objectve function

(c) if themotionstepis themaximumallowable,
formulateL P, with currentneighborhooda\’;(z)
andnew bodyconfigurations/*! = F(&,, @) - v¥

(d) else
formulateL Py, with new neighborhoods\};" (7) adjacento A% ()
andnew bodyconfigurations/*! = F (&, @) - v¥

(e) computethenew configurationp,, ;, 8x+1) andaddit to the path

() increment: by one

5. returninsertionpath(p,, 4;)

Tablel: Incrementalnsertionalgorithm

constraintsapproximationsn the new configurationwith the new body point positions,
vit! = P (&, @) - v¥. Finally, whenthebodymotionis neithemull northelargest atleast
onebody point hasreachedhe boundaryof its neighborhood Any further motion of the
bodyin thatdirectionwill takethat point outsidethe neighborhoodtherebyviolating the
neighborhoodonstraints.A transitionto the adjacentconfigurationspacecell is neces-
saryto continuethe insertionpath. The new problem/ P, is formulatedby finding nev
neighborhoods\}'(7) adjacento the currentneighborhoods\¥,(z) in the preferreddi-
rectionof motionandformulatingthe correspondindpcal configuratiorandneighborhood
constraintdor thenew bodyconfiguration.

The solutionof problem 7 P, determinesvhich scenariooccursand providesthe in-
formationto formulate 7. P, ;. The basisof linear programmingproblem 7. P, indicates
whichinequalityconstraintareactie (the equalityconditionholds). Thus,if oneor more
of thesmalldisplacementonstraintss active, theimplanthasmovedby the maximumdis-
placemenstep.If oneor morelocal configuratiorconstraint@areactive, thecorresponding
implantcontrolpointshave reachedheir neighborhoodoundary Zeromotion parameter
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valuesindicatethatno motionin the preferreddirectionis possible.

Propertie®2, 3, and4 guaranteehat the insertionpathcomputedby the algorithmis
continuousand interference-fre¢o within the desiredresolution. Propertyl guarantees
thatthe sizeof the linearprogrammingproblems’. P, is linearly proportionafto the num-
berof body points. The numberof body configurationsn theinsertionpath,andthusthe
compl«ity of the algorithmdependsn the distancebetweertheinitial andfinal config-
uration,on the resolutionof the body andcavity shapeapproximationspn the sizeof the
neighborhoodsandon the amountof backtrackinghecessaryThe appendixformally de-
finesatight fit measurethe e-approximatiorof pathsconfigurationrspacesandestablishes
therelationbetweerthe configurationrspacecompleity andthetight fit measure.

Thealgorithmis resolution-sountlut notcompleteit will produceaguaranteethterference-
freeinsertionpathup to a prespecifiedesolution but will only find sucha pathwhenlim-
ited local searchandbacktrackingsuffice. Thealgorithmis thusappropriatdor situations
in which insertionpaths,whenthey exist, are quasi-monotone Whenthe objectshape
approximationsare conserative, i.e. the exact shapeof the cavity is a subsetof the ap-
proximatedcavity shapeandthe approximateshapeof the bodyis a subsetof the exact
cavity shapethe configurationspaceapproximations alsoconserative: it is a subsef
the exactconfigurationspace.Thus,if anapproximatednsertionpathis found, it is guar
anteedo be interference-fredor the exact shapes.On the otherhand,failure to find an
approximatednsertionpathat a givenresolutionis doesnot meanthatonedoesnot exists
atahigherresolution.

5.2 Neighborhoodand cell management

Key to the efficiengy of thealgorithmis theincrementakreationandmanagemeraf cav-
ity neighborhoodsindthe configurationspacecellsthey define. The algorithmmustkeep
track, for every body configuration,of the closestcavity surfaceof eachbody point and
their correspondingneighborhood It mustfind neighborhoodsidjacento currentneigh-
borhoodsn a preferreddirectionof motion. Neighborhoodsanbe managedstaticallyor
dynamically

Static managemenprecomputedixed cavity neighborhoods.Before path computa-
tion, it uniformly partitionsthe cavity volumeby associating fixed neighborhoodo each
cavity elementapproximatedo the prespecifiedesolution,andrecordingthe adjacencies
betweenneighborhoods.During path computation body points are associatedvith the
neighborhood¢hey arein. The bodypoints,their neighborhoodsandthe bodyconfigura-
tion definethecell constraintsSincebodypointscanonly moveto adjacenneighborhoods
at eachstep,the mappingbetweenbody pointsandneighborhoodss updatedn constant
time for eachbodypoint. Only the constraintsassociateavith bodypointsthatmigratecdto
new neighborhoodseedto be changedo definethe new optimizationproblem/Z Py ; .

Figure5 shavsanexampleof cavity partitioninto pie-sliceshaped/olumes.Theneigh-
borhoodsare constructedy creatinga regular point meshon the surfaceof the cavity to
the desiredresolution. Four adjacenfpointson the mesh(two up andtwo down) definea
planarcavity facet. The cavity facet,togethemwith four additionalfacetsconstructedvith
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Figure5: Cavity partitioninto fixed neighborhoods(a) partition alongthe cavity center
axisandsurfaceb) planesdefiningtheneighborhood.

two additionalpointson the axis of the cavity, definea neighborhoodiescribedy a 3x5
matrix A; anda 5-dimensionalectorC; (A;.7 — C; <0, 1 < < 5). Neighborhood
adjacencies up, down, left, andright — aredirectly determinedrom the mesh.

Staticmanagemeravoidsfindingandconstructingheighborhood#or all bodypointsat
eachstep.However, it hastwo disadwantagesFirst,becausé precomputeseighborhoods
regardlesof thedistanceof thebodypointto thecavity surfacejt approximateshecavity
shapefor the worst case,sometimesat a resolutionmuch smallerthanrequired. Small
neighborhoodshortenthe extentof smallmotion stepsthusrequiringmoremotionsteps
to move from the initial to the final configuration. Secondwhenmary body pointsare
closeto theirneighborhoodhoundariesmary neighborhoodnigrationsmightbenecessary
beforea significantsmall stepcanbe taken. Oneway of overcomingthis dravbackis to
have neighborhoodseverlap,sothatmary neighborhoodnigrationshappenat oncefor a
singlemotionstep.

Dynamicmanagementvercomeghesedravbacksby computingneighborhoodanev
at eachstep. Given a body configuration,it determineghe extent of eachbody point's
neighborhoodrom its nearestavity walls, its distancefrom them,andthe requiredres-
olution. This optimizesthe size of the neighborhood- andthusthe size of the motion
step- attheexpenseof geometriccomputationso determineneighborhoo@xtensionsand
adjacencies.

5.3 Search strategies

An effective stratgy in solving the insertionproblemis to startfrom the final, inserted
configuratiomandattemptto extractthe bodyfrom the cavity until thebodyis completely
outsidethe cavity. While reachingthe exactinsertedconfigurationis important,ary start-
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ing initial positionabove the cavity is acceptablelt is thussimplerto startfrom the exact
insertedconfigurationandmove in the preferreddirectionuntil, for example,a prespeci-
fied heightis reached.The insertionpathis directly obtainedfrom the extractionpathby
reversingextractionpath. Theinsertionmotionis simply theextractionbackwardsn time.

Whenmoving in the preferreddirectionis no longerpossible the searclstratgy must
be temporarilychangedby modifying the objective function (€, @;) for one or more
steps. Various path searchstratgies can be approximatedy settingthe weightsof the
six motion parameterglifferently. For example,the defaultobjective function (Eq. (9))
favorstranslationslongthe preferreddirectionwhile leaving openthe choiceof angleshy
settingthe anglecoeficientsto zero. Reversingthe signof the motion parameteweights
implementshacktracking Stratgiesarecombinedoy combiningweights. For example,a
“wobbling” effectcanbeaddedy varyingtheweightsof therotationparameteraccording
to a sinefunction:

Th(€, k) = & (Po— Pm) + Ok - (p* sin(crpo), p * cos(cy), 1)

wherep andy, arethepitchandangularincremenbf thescrav motionandc is aconstant.
Similarly, a “repulsive force” effect canbe obtainedby addingthe inverseweightedsum
of the distancebetweenthe point andthe wall andthe vector normalto the plane. Path
searclstratgiesareproblem-dependenindarethusbestadjustedor particulartasksand
situations.

6 Insertability analysisof customhip implants

We have implementedhe insertionalgorithmand demonstratedts usein analyzingthe
insertabilityof cementlesgustomhip implants(Sectionl). The purposeof insertability
analysisis to determineif animplant canbe insertedwithout interferencesnto a canal
canedin thebone(Figure2). Verifying implantinsertabilityhelpsvalidateshapedesigns,
identify wedgingconfigurationsandinterferingsurfacesandsupportsshapemodification
andredesign.

About half of the approximately300,000total hip replacemensuigeries(THR) per
formedeachyearusecementlesgnplants,in whichthestemof theimplantfits tightly into
a matchingcanalcanedin the shaftof thefemur. In anincreasingnumberof casesgcus-
tom, patientmatchedmplantsaredesignedor eachpatientfrom CT data[14]. Thegoal
of the designis to obtainthe tightestpossiblefit in theimplant's final (working) configu-
rationinsidethe canal. Tight fits providesmechanicastability, adequatastresdistribution
transfer promoteboneingrowth onto the implant, and avoid cement,which occasionally
provides poor fixation and deteriorate®ver time. To obtainthe desiredfit andto avoid
splitting the femur during insertion,the implant mustbe insertablewithout interferences
to its final working position. Theserequirement®ftenleadto unique,very complex body
andcanalshapesvith very smallclearances.

Insertability analysisis an importantand difficult aspectof customimplant design.
Smallclearancefessthan0.01in),complex shapesandhigh accurag in implantmachin-
ing androbot-assistedbonecanalpreparation[13, 15] greatlydifficult the task. Manual
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shapedesignvalidationandwedgingconfigurationandinterfering surfacesdentification
(asillustratedin Figurel1(c) andFigure3) areimpractical. Simplesolutions,suchascom-
puting a sweptvolume for a straightline insertionpath, are either inapplicableor pose
significantconstraintonimplantdesign.

The incrementalinsertionalgorithmis especiallysuitedfor preoperatre implant in-
sertabilityanalysis. The quasi-statiaigid body geometricnodelappropriatdbecausehe
implantis madeof metal,a significantpartof the canalis hardbone,andtheinsertionmo-
tion is slow (quasi-static).The implantand canalthree-dimensionathapesare comple,
requiringaboutl0,000pointsandfacetso obtainaccurag of 0.01in. Thefit is tight, with a
clearanceof about0.01in. The preferrednsertiondirectionis clearlydefined but because
of thetight fit, small,coupled6 degree-of-freedonmotionsarenecessaryo inserttheim-
plantinto the canal. The insertionpath shouldbe quasi-monotonand consistof small,
incrementaimotionsto avoid comple, time-consumingnaneuersandexcessve search
by the sugeonduring manualinsertion. Computingan extractionpathis simpler asary
startingimplantconfiguratiorabove a prespecifiedheightis acceptable.

6.1 EXTRACT: Program characteristics

TheprogramcalledEXTRACT, outputsaninterference-freextractionpathto thedesired
resolution. Whenthe implantis not extractable,it stopsat the stuck configurationand
identifiesthe implant and canal surfacescausingthe interference. It shavs a graphical
animationof the extractionand computeathstatistics. EXTRACT is written in C and
usesthe IBM' s OptimizationSubroutineLibrary (OSL) to solve the linear optimization
programsandthe Graphicslibrary (GL) to shav color 3D animationof the extraction.
EXTRACT computegjuasi-monotonextractionpathsusingstatic,overlappingneigh-
borhoodqSection5.2). It inputstheimplantandcanalsurfaceshapesiesignedna CAD
workstationfrom CT dataandthe desiredshapeapproximationresolutions. The shapes
arerepresente@itherasregular surfacepoint meshesr as a stacksof two-dimensional
parallelcontourslicesdefinedby cubicsplinesforming a closecontour Theinitial config-
urationhastheimplantfit into thecanalin its working position. Theprogramcomputedirst
the body pointsandthe pie-slicedcanalneighborhood$rom the CAD data. It optimizes
bodypoint spacingandneighborhoodaize,creatingthe largestelementswith the smallest
deviation betweerthem.It computeghe pairingbetweerbodypointsandcavity neighbor
hoodsfor theinitial (inserted)configuratiorandmaintainsa datastructurethatrecordshe
correspondencessthe body movesusingtheneighborhooadjaceng relations.
Eachlinear problemsL/ P, is formulatedfrom the currentbody configurationandthe
bodypointandcavity neighborhoodonstraintsaddingto it the smallmotion constraints.
Sinceeachneighborhoods definedby 5 planes,L P, has5n + 12 constraintsn 6 variables,
wheren is the numberof bodypoints.Sincethe problemis highly redundantye solve the
dualproblemandmaptheresultsbackto the primal formulation. The programallows for
slightimplantandcavity overlap,dueto designandapproximatiorerrorsby relaxingthe
local configurationconstraintdy a userspecifiedsmall positive constant. Thisamounts
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to replacingtheinequalities:
hi(F(p,0) - b;) < 0

with

hi(F(p,0)-b;) < ¢ for ¢>0

This overlapallowanceis alsousedto modelbonecompliance.

Theprogramusesa simpleresolution-sensie searclstrategy, which addsa “wobble”
componento the preferreddirection of motion avoid local maxima. When no further
progresss possible the programswitchego therepulsve forcesstratgy for seseralsteps
(determinedby the resolution)to momentarilymove the implant away from the cavity
surfaceandfind a morefavorableconfigurationto continuethe extraction. Progresalong
the preferreddirectionis monitoredover stepintervals to decidewhento terminatethe
search.

6.2 Experimentsand evaluation

EXTRACT hasbeensuccessfullytestedon 34 datasetsat several resolutions. Four are
syntheticexamplessuchasthe scrav andthe bootin Figure1. Thirty arereal hip im-
plant designsprovided by a medical equipmentmanufacturer The syntheticexamples
weredesignedo eitherhave known insertionpaths(the scrav) or to get stuckat known
configurations.No insertabilityinformationwasprovided for the implantand canaldata
sets.

Thetypicalimplantandcanalheightis 4 in., with crosssectiondiametersaryingfrom
0.5in. to 2in. Theirshapesredescribedvith 50to 100two-dimensionatontoursdefined
from CT slicesspaced).025in.to 0.1lin. apart. Eachcontouris describedwvith 25to 100
splinesforming a closedcontour Thecanalandimplantshapesrealmostcomplimentary
exceptfor theupperpartof the stem(Figure1(c) andFigure3, rightmostimage).Theim-
plantandcanalhave no clearancen thefinal insertedconfigurationsomecasesvenhave
ansmallinterferenceof upto 0.01in.). Theclearances extremelysmallthroughoutmost
of the extractionpath, rangingbetween0 and.02in. The critical implant configurations
nearthe insertedconfiguration(Figure 3, secondirom rightmostimage). At about2.5in.
heightfrom the bottomof the canal,the implantscanbe directly pulled out of the canal
with a straightverticalmotion (Figure3, leftmostimage).

All datasetsweretestedat seseral resolutionsrangingfrom 0.005in. to 0.05in.,with
overlapallowancesangingfrom 0.01in.to 0.05in. Resolution®f 0.03in.wereconsidered
sufficient by the medicalequipmentmanufacturer The resolutionsrequiredimplant and
canalmodelswith 1,000to 10,000implantpointsandcavity facets.Thefacetwidth, which
determinedhewidth of thepie-shapedavity neighborhoodsangedrom 0.02in.to 0.6in.
(average0.1in.) for a resolutionof 0.05in. to 0.003in. to 0.2in. (average0.025in.) for a
resolutionof 0.005in.. The facetheight,determinedyy the spacingbetweerslicesranged
from 0.025in.to 0.1in. for all resolutions.
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Figure6: Snapshotsf theextractionsequencef anuninsertablemplantstem(darkbody)
into a canal(translucidbody)from theinitial (left) to thefinal (right) configuration Back-
trackingcouldnotfind anextractionsequence.

Thesmallmotionlimits weresetto 0.1in. for translation@andonedegreefor rotations.
The programstoppedvhenthe implant configurationreacheda heightof 2.5in. from the
bottomof the canal. Between50 and 150 stepswererequiredfor resolutionsof 0.05in..
Higherresolutiong0.01in.) requiredbetweer800and2,000stepsto eitherfind a pathor
declareheimplantstuck.Runningtimesrangedrom 3 to 45 minutesonanIBM RS/6000
Model 530 workstationwith 64MB of mainmemory with mostof the time spenton path
computation.

In all but two casestheimplantextractionpathsweresuccessfulThesuccessfutases
werevalidatedvisually andquantitatvely by measuringhe maximumamountof overlap
in thepathconfigurationsin no casetheamountof overlapexceededhe specifiedoverlap
allowance.Only a coupleof pathsweremonotone:all therestrequiredminor backtrack-
ing. For thestuckcasesyve verifiedthatno extractionwaspossibleby manuallyexploring
alternatepreferredmotion directions,by manuallychoosingpossibleconfigurationsand
measuringoverlap, and by re-startingthe searchat differentinterference-freéentermedi-
ateconfigurationsNoneof thesestratgjiesyieldeda successfuixtractionpath(Figure6).
Theseesultswereconfirmedby expertimplantdesignersThefour syntheticcaseyielded
the expectedresultsat all resolutions.Overall, theseresultsprovide evidencethatthe lim-
ited searchstratgy proved effective for practicalimplantinsertabilityanalysis.

Table 2 shavs a sampleof runson several datasets. Note that the modelsizegrows
roughlylinearlywith theresolutionput thattherunningtime andthenumberof stepsgyrows
faster Thisis becaus¢heneighborhoodizesshrink,somorecell changesrenecessarto
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| case | resolution| overlap| size| steps| time | extraction |

boot-in/boot-out] 0.025 0.01 1122| 136| 2:18 yes
0.01 0.0 1683| 145| 4:08 yes
0.005 0.0 3162| 215| 6:41 yes
implant2/canal2| 0.05 0.02 1400| 81| 2:58 yes
0.025 0.015 | 2296| 138| 3:47 yes
0.01 0.015 | 3808| 602| 26:04 yes
implant3/canal3| 0.05 0.02 1958| 38| 1:10| no(0.57)
0.025 0.02 2848| 52| 3:07| no(0.67)
0.01 0.02 5251| 826 49:13 yes
implant4/canal4 0.05 0.015 | 1840| 116| 3:20 yes
0.025 0.015 | 2640| 165| 8:20 yes
0.01 0.015 | 4720| 698| 38:31 yes
implant5/canal5| 0.05 0.05 2184 | 192| 3:22| no(1.31)
0.025 0.05 3367| 187 | 6:35| no(0.76)
0.01 0.05 6552 | 562| 24:11| no(0.36)

Table2: Sampleruntimes. The columnsdlist thetestcasetheimplantandcanalresolution
in inchesthe maximumoverlapallowance thenumberof implantpointsandcavity facets,
the numberof stepsin the path, the executiontime in minutesand whetherthe implant
wassuccessfullyextracted(thenumberin parenthesigdicateshefurthesttheimplantgot
whenstuck).
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coverthesamedistance Further thecompleity of solvingeachlinearprogrammingprob-
lem L P, grows roughly quadraticallywith the numberof implant points. Becausehere
wasfrequentlyno clearancgevensomeoverlapin mostpathconfigurations)the valueof
themaximumoverlapallowance(third columnin thetable)is greatetthanzero.Whenthe
actualclearancébetweenthe implantandthe canalis smallerthanthe implantandcanal
resolution,the approximationcanleadto false nggative results(implant3/canal3).How-
ever, theresultsarealwaysreliablewhenits valueexceedghe amountof initial overlap.

7 Conclusionand extensions

We have presente novel pathplanningalgorithmfor computinganinterference-freén-
sertionpathof a bodyinto a cavity to ary desiredresolution. The algorithmcomputesa
sequencef interference-freeonfigurationdy incrementallyconstructingand searching
configurationspacecells definedby proximity relationsbetweenbody points and cavity
facets. It usesa predefinedpreferredinsertiondirectionasa guideto constructadjacent
cellsandmove within them. Whenno progressn the preferreddirectionis possible Jim-
ited, localizedsearchs usedto find alternatve motions.

Thealgorithmcontributesto researchn pathplanningby providing amethodfor prac-
tically handlingthe geometriccompleity of tight fit insertions.Unlike mostexisting path
planningmethods,the algorithmis designedo handlevery comple three-dimensional
bodiesrequiringfine,comple, coupledsix-degreeof freedommotionsin apreferreddirec-
tion. It emphasize$ocal geometryandmotion constraintcomputationover search.Tight
fits requireshapeapproximationgonsistingof thousandsf facetsto obtainreliableresults.
Their configuratiorspaceconsistof narrov channelsvhich getblockedwith smallshape
variationsor approximatiorerrors.Moving throughthe channelsamountgo following its
walls (the configuratiorspaceconstraints)n the preferreddirection.

The algorithm usesshapeand small motionsapproximationgo defineconfiguration
spacecellswith local, linearconfiguratiorspaceconstraintsor smallmotionsin theneigh-
borhoodof aninterference-freeonfiguration.By keepingtrack of proximity relationsbe-
tweenbody and surfaceelementsijt identifiesredundanciesnd reducesthe numberof
local configurationspaceconstraintan a cell from quadraticto linear (in the numberof
body points). Small motionsin a preferreddirectionare computedby formulatingand
solving a linear optimizationproblemwhoseobjective functionis the preferreddirection
andwhoseconstraintarethe cell constraints.

We contemplatesereral extensionsto the insertability analysisproblem. To model
slightbodycompressiomnddeformationwe allow a smallamountof interpenetratiofe-
tweenbody pointsand cavity facetsby relaxingthe local configurationconstraintswith
a small userdefinedpositive constant. To incorporateuserdefinedpath and configura-
tion constraints.suchasrangesof allowablebody positionsandorientationsor bounding
variationsbetweerconsecutie configurationsye formulatethe correspondindinearcon-
straintsandaddthemto each/Z P, problem.Both extensionare practicallyusefulandare
readily incorporatednto the algorithm. Dynamicsmodelingand stressanalysisrequire

26



modelingthe forcesbetweensurfaceelementdn contactto derive the stressdistribution
andtheresultantinsertionforce. Theinsertionalgorithmis usefulto identify the surface
elementsn contactat eachconfigurationfrom solving each L P, problemandto provide
thegeometrianformationto formulatethe dynamicsproblemandaddfriction [6].

The insertionalgorithm cansene asthe basisfor mary relatedinsertability analysis
tasks,including designvalidation, tolerancing,and shapemodificationand optimization.
Designvalidationis performedoy computinganinsertionpathto within aprespecifiedes-
olution. Tolerancings performedoy testingtheinsertabilityof smallvariationsof nominal
bodyandcavity shapesShapemodificationandoptimizationis performedby identifying
the stuckconfiguratiomandthe surfacescausinghe interferenceandthenlocally modify-
ing theshapesroundthesesurfaces.
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Appendix: tight fit and e-approximation

This appendixformally definesa tight fit measure the approximationof configuration
space,and establisheghe relation betweenthe approximatedconfigurationspacecom-
plexity andthe tight fit measure.Let 7' be an interference-fregath betweenthe initial
body configuration7'(0) = g, andthe final body configuration7'(1) = g,. We define
the clearancef a pathconfiguration’'(¢) asthe Euclideandistancen configurationrspace
from the pathconfiguratiorto the closestpoint on theboundaryof free spacé:

clearmncd7'(t)) = _min ||T(¢) =7

q contact

We definethe pathclearancasthe smallestpathconfigurationclearance:

path-cleaance”,q,,q;) = Hﬁ(i)rh clearance7'(t))
telo,

We definea fit measurébetweentwo configurationsasthe largestpathclearanceover all
interference-fre@athsconnectinghem:

fit-measue(q,, G, Crrec) = nax path-cleaance 7', q,, G;)
M Cfree

We caneasilyextendthis definitionto setsof initial andfinal configurationsandto subsets
of free configuratiorspace:

fit-measue( Ry, Rf,C) = %agpath-cleaaanT,qo,qf)
where 9y € Ry andqf € Rf,Ro,Rf CCC Cfree

We saythata bodyanda cavity fit have a tight fit insertionpathwhenthe fit measureof
their configurationrspaces muchsmallerthanary of thebodyor cavity dimensiongtheir
height,width, or length),or is muchsmallerthanthe distancebetweertheinitial andthe
final configuration:

fit-measue(q,, G, Crree) < dimensions(B)
< g =94l

To ensureghatinsertionpathscanbe computedapproximatelythe configuratiorspace
approximatiormustbetopologicallyequivalentandwithin an e distanceof the exactcon-
figurationspace.This guaranteeghatno configurationspace‘channel”is blockedby the
approximation.

LetC,pro DE@ANAPProximatiorof Cy,.... We saythatC,,,... is ane-approximatiorof
Cire for pathsfrom aninitial configuratiory, to afinal configuratiory, if andonly if for
every interference-fre@ath7'(t) € Cy,.. from g, to g, thereexists aninterference-free

2We candefinethe clearancavith metricson Cartesiarspaceaswell.
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path7"(t) € Cappror fromg, to g, thatis homotopicto it andwhosepathconfigurationsre
nofurtherthanan e distancerom it:

VT(t) € Cpree IT'(t) € Cappros mm[g)l(] () =Tt <e

Whenthe objectshapeapproximationsareconsenrative, i.e. the exactshapes a sub-
setof theapproximatedhapethe configurationspaceapproximations alsoconserative
(Ctree C Cupproz)- Thus,theapproximategbathis guaranteedb beinterference-freéor the
exactshapes.

The compleity of the configurationspaceapproximationmeasure@sthe numberof
hyperplaneslefiningit) is relatedto thefit measureA configuratiorspaceaegionwith afit
measuref ¢ requiresanapproximatiorwith resolutionlessor equalto ¢. The compleity
of theapproximatedonfiguratiorspacegrons ase decreasesincethe original configura-
tion spacesurfaceboundariesnustbe approximatedy hyperplanesvhich areno further
thane distancefrom them. Tight fits, which have smallfit measuresiequiremary hyper
planes.For example,the compleity of eachconfigurationspacecell in our algorithmis
proportionalto the numberof body pointsandcavity facets,which rangesrom 1,000to
10,000for clearancesf 0.01in.
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