An Improved Lower Bound for Approximating CVP

I. Dinur^∗ G. Kindler^∗ R. Raz^† S. Safra^∗

Abstract

This paper shows the problem of finding the closest vector in an n-dimensional lattice to be NPhard to approximate to within factor n^{c/ log log n} for some constant c > 0.

1 Introduction

Background

An n-dimensional lattice L = L(v_1, .., v_n), for linearly independent vectors v_1, .., v_n ∈ R^k is the additive group generated by the vectors, i.e. the set L = { ∑ a_iv_i | a_i ∈ ZZ}. Given L and an arbitrary vector y, the Closest Vector Problem (CVP) is to find a vector in L closest to y in a certain norm. The Shortest Vector Problem (SVP) is a homogeneous analog of CVP, i.e. to find the shortest non-zero vector in L. These lattice problems have been introduced in the 19th century, and have been studied since. A result of Ajtai [Ajt96], showing a reduction from a version of SVP to the average-case of the same problem, renewed interest in these problems.

Currently, there is no known polynomial-time algorithm for finding SVP or CVP. The best known approximation algorithm for these problems is due to Schnorr [Sch85]. Schnorr’s algorithm, which is an improvement of the famous LLL lattice reduction algorithm [LLL82], approximates the CVP and the SVP to within a factor of (1 + ε)^n, for any constant ε > 0.

This lack of better approximation algorithms may indicate that the task is NP-hard. However, the only known hardness-of-approximation results for both SVP and CVP are for factors significantly smaller than (1 + ε)^n. CVP is known to be NP-hard to approximate to within 2^{log1−ε n} where ε = (log log n)^{−c} for any c < 1/2 [vEB81, ABSS93, DKS98]. SVP is known to be NP-hard to approximate to within some constant factor [Ajt97, Mic98].

In addition, a third type of results provide a discouraging indication for improving the hardness result beyond a certain factor. [LLS90] showed that approximating CVP to within n^{1.5} is in co-NP, and [GG98] showed that approximating both SVP and CVP to within √ n is in NP∩ co-AM. Hence it is unlikely for any of these problems to be NP-hard.

The strongest NP-hardness result likely to be true for these problems, hence, is that they are hard to approximate to within a constant power of the dimension.

Our Results

This paper improves on [DKS98] by showing CVP to be NP-hard to approximate to within a larger factor, namely n^{c/ log log n} for some constant c > 0. This comes closer to the conjecture in [DKS98] stating that

∗Tel-Aviv University, fdinur,puzne,safrag@math.tau.ac.il †Weizmann Institute of Science, ranraz@wisdom.weizmann.ac.il

CVP is NP-hard to approximate to within n^c for some constant c > 0. (As mentioned above, it is unlikely CVP is NP-hard to approximate to within a factor larger than √ n, see [GG98]).

Our result is obtained by showing SSAT (the problem introduced in [DKS98]) to be NP-hard to approximate to a larger factor of n^{c/ log log n} for some c > 0. The result for CVP then follows directly by the reduction from SSAT to CVP in [DKS98, Section 4]. We describe, in a different tree-like manner, an improved reduction from PCP to SSAT which yields the stronger result.

Technique

The construction of the SSAT test-system proceeds recursively. At each step we maintain a set of geometric domains. We then take affine subspaces (cubes) of these domains and turn them into our new set of domains. In the [DKS98] construction the dimension of these cubes was forced to increase at each recursive step, and this limited the depth of the recursion. Here, we manage to avoid this increase in dimension, and can therefore take the recursion a bit deeper while still maintaining a polynomial-sized construction. Thus, we obtain the larger factor.

Structure of the Paper

Section 2 presents the SSAT problem introduced in [DKS98]. Section 3 gives some definitions and techniques which are the basis of the construction. The reduction from PCP to SSAT is presented in Section 4. The proof of Theorem 1 (the correctness of the construction) is attached as Appendix A. The proof relies on a consistency lemma whose proof is attached as Appendix B.

2 Super-SAT - SSAT

In this section we define the problem SSAT . We repeat the definitions from [DKS98] for the sake of completeness of presentation.

Let us begin by defining SAT[F], which is actually SAT, only from a different point of view. An instance of SAT[F] I = ⟨Ψ = {ψ_1, .., ψ_n} , V = {v_1, .., v_m} , {R_{ψ1} , .., R_{ψn}}⟩ is a set Ψ of tests (Boolean functions) over a common set V of variables that take values in a field F. Throughout this paper |F|, m, and |R_{ψi}| will always be bounded by a polynomial in n. Each test ψ ∈ Ψ has associated with it a list R_ψ of assignments to its variables, called the satisfying assignments or the range of the test ψ. Having both ψ and R_ψ is convenient yet somewhat redundant since the list R_ψ actually specifies all there is to know about the test ψ.

An assignment for an instance maps to each test, a satisfying assignment from its range. An instance is accepted iff there is an assignment to the tests that is everywhere consistent, that is, each variable is given the same value by the assignments to all tests that depend on it. It is easy to see that SAT[F] is NP-complete.

SSAT is a gap variant of this problem, obtained by measuring the non-satisfiability of an instance in a different manner. While in PCP we measured the fraction of tests, satisfiable by a single assignment, in SSAT we define a measure of a different nature - using a notion of super-assignments to the tests, that is, formal linear combinations of assignments. We then measure the ’length’ of a super-assignment, and ask how ’short’ it may get while maintaining ’consistency’.

Definition 1 (Super-Assignment to Tests) A super-assignment is a function S mapping to each ψ ∈ Ψ a value from ZZ^{Rψ} . S(ψ) is a vector of integer coefficients, one for each value r ∈ R_ψ. Denote by S(ψ)[r] the r^{th} coordinate of S(ψ).

If S(ψ)[r] ≠ 0, we say that the value r appears in S(ψ). A natural assignment (an assignment in the usual sense) is identified with a super-assignment that assigns each ψ ∈ Ψ a unit vector with a 1 in a single coordinate (i.e. an assignment which maps r ∈ R_ψ to ψ corresponds to the super-assignment S(ψ) such that S(ψ)[r] = 1 and S(ψ)[r^′] = 0 for all r^′ ≠ r).

Definition 2 (Norm of a Super-Assignment) The norm of a super-assignment S is ‖S‖ = 1 |Ψ| ∑ ψ∈Ψ ‖S(ψ)‖, where ‖S(ψ)‖ denotes the l_1 norm of the vector S(ψ).

The norm of a natural super-assignment is 1. The gap of SSAT will be formulated in terms of the norm of the minimal super-assignment that maintains consistency. A natural assignment r ∈ R_ψ to a test ψ induces an assignment to each variable x, denoted r|_x. In the SAT[F] problem an assignment is called consistent if for every pair of tests with a mutual variable, the assignments to the tests, restricted to the variable, are equal. We extend this notion of consistency to super-assignments by defining the projection of a super-assignment to a test onto each of its variables. Consistency between tests will amount to equality of projections on mutual variables.

Definition 3 (Projection) Let S be a super-assignment to the tests. We define the projection of S(ψ) on a variable x of ψ, π_x(S(ψ)) ∈ ZZ^{|F|}, in the natural way: ∀a ∈ F : π_x(S(ψ))[a]^{def}= ∑ r∈R_ψ, r|x=a S(ψ)[r]

Namely, we partition the assignments in R_ψ according to their value a ∈ F on the variable x (we associate with a ∈ F all assignments r ∈ R_ψ for which r|_x = a). For each value a ∈ F, we then add the coefficients S(ψ)[r] of the assignments associated with it, and this is the value of the coefficient π_x(S(ψ))[a].

We shall now proceed to define the notion of consistency between tests. If the projections of two tests on each mutual variable x are equal (in other words, they both give x the same super-assignment), we say that the super-assignments of the tests are consistent (match).

Definition 4 (Consistency) Let S be a super-assignment to the tests in Ψ. S is consistent if for every pair of tests ψ_i and ψ_j with a mutual variable x,

π_x(S(ψ_i)) = π_x(S(ψ_j))

S is said to be non-trivial if every variable x ∈ V there is at least one test ψ ∈ Ψ that isn’t ’cancelled’ on x: π_x(S(ψ)) ≠ ⃗0. For a variable x we think of all the values receiving non-zero coefficients in π_x(S(ψ)) as being simultaneously ’assigned’ to x by ψ. The non-triviality requirement means that each variable must be assigned at least one value. We can now define the SSAT problem.

Definition 5 (g-SSAT ) An instance of SSAT with parameter g I = ⟨Ψ = {ψ_1, .., ψ_n} , V = {v_1, .., v_m} , {R_{ψ1} , .., R_{ψn}}⟩ consists of a set Ψ of tests over a common set V of variables that take values in a field F. The parameters m and |F| and |R_ψ| are always bounded by some polynomial in n. Each test ψ ∈ Ψ has associated with it a list R_ψ of assignments to its variables, called the satisfying assignments or the range of the test ψ. The problem is to distinguish between the following two cases,

Yes: There is a consistent natural assignment for Ψ.

No: No non-trivial consistent super-assignment is of norm ≤ g.

Theorem 1 (SSAT Theorem) SSAT is NP-hard for g = n^{c/ log log n} for some constant c > 0.

The SSAT theorem (Theorem 1) can be viewed as an extension of Cook’s theorem [Coo71, Lev73] in the following way. An algorithm solving SSAT is required to accept if the test system is satisfiable. However, the algorithm is allowed to accept non-satisfiable instances that have a consistent super-assignment of norm ≤ g. It must only reject when any consistent super-assignment for Ψ is of norm > g. We are, in fact, adding slackness between the acceptance and rejection cases.

3 Definitions

Many of the parameters values throughout the paper are integers, and are derived by expressions that may or may not yield integer values. For simplicity, we assume that from now on parameters that are supposed to be integers, are such.

3.1 Preliminaries

Throughout the paper, let F denote a finite field F = ZZ_p for some prime number p > 1.

Definition 6 (low degree function - [r, d]-LDF) A function f : F^d → F is said to have degree r if its values are the point evaluation of a polynomial on F^d with degree ≤ r in each variable. In this case we say that f is an [r, d]-LDF, or f ∈ LDF_{r,d}.

Sometimes we omit the parameters and refer simply to an LDF. The total degree of a function is the total degree of the corresponding polynomial, i.e. the maximum over its monomials, of the sum of degrees in each variable of the monomial. Every [r, d]-LDF has total degree at most rd.

For an LDF P : F^d → F, we define its restriction and re-parameterization P |_C : F^D → F to the D dimensional cube (affine subspace) C = x̄_0 + span(x̄_1, .., x̄_D) (where x̄_0, .., x̄_D ∈ F^d), in the natural way. Namely,

∀(t_1, .., t_D) ∈ F^D P_C (t_1, .., t_D) = P (x̄_0 + D∑ i=1 t_ix̄_i)

The total degree of P |_C is at most that of P , namely ≤ rd.

Definition 7 (low degree extension) Let m, d be natural numbers, and let H ⊂ F such that |H|^d = m. A vector (a_0, .., a_{m−1}) ∈ F^m can be naturally identified with a function A : H^d → F by looking at points in H^d as representing numbers in base |H|.

There exists exactly one [|H| − 1, d]-LDF Â : F^d → F that extends A. Â is called the |H| − 1 degree extension of A in F.

Let V = {v_0, .., v_{m−1}} be a set of variables, and identify every assignment A : V → F with the vector (a_0, .., a_{m−1}) ∈ F^m where a_i = A(v_i). One can extend A to a larger set of variables V̂ ⊃ V via the low-degree-extension of (a_0, .., a_{m−1}). Namely, we identify the variables V with the points in H^d, and add new variables for the rest of the points in F^d. The new set of variables V̂ correspond each to a point in F^d. Â is thus viewed as an assignment to V̂ ⊃ V that (1) extends A, and (2) is a point-evaluation of an LDF. We say that the variables V̂ (together with their correspondence to the points in F^d) are the low-degree-extension of the variables V .

Similar to the definition of super-assignments, we define a super-LDF (or a super-polynomial) G : LDF → ZZ to be a formal integer linear combination of LDFs, and denote by G[P ], the integer coefficient assigned to the LDF P . We say that the LDF P appears in G iff G[P ] ≠ 0. This definition arises naturally from the fact that the tests in our final construction will range over LDFs. We further define the norm of a super-LDF to be the norm of the corresponding coefficient vector (same as with super-assignments). We say that a super-LDF has total degree r if every LDF appearing in it has total degree ≤ r.

Given a super-[r, d]-LDF G, we define its restriction π_C (G) to D-dimensional cube C, (which is a super-LDF of dimension D and degree rd) in the natural way. Namely, ∀P ∈ LDF_{rd,D} π_C(G)[P ]^{def}= ∑ Q∈LDF_{r,d}, Q|_C=P G[Q]

We say that a point x is ambiguous for a super-LDF G if there are two LDFs appearing in G, that agree on x. The following (simple) property of super-LDFs will be very important.

Proposition 1 (Low Ambiguity) Let G be an [r, d]-super-LDF of norm ≤ g. The fraction of ambiguous points for G is ≤ amb(r, d, g)^{def}= (g 2 ) rd |F| . Proof: Two distinct [r, d]-LDFs agree on at most^{rd}_{|F|} of their points. At most g LDFs appear in any super-LDF of norm ≤ g, and so there are no more than (g 2 ) pairs.

Two LDFs can coincide on only a small fraction of cubes,

Proposition 2 Let P, Q be two [r, d]-LDFs. The fraction of cubes (affine subspaces of dimension D < d) on which P |_C = Q|_C is ≤^{rd}_{|F|} .

3.2 Embedding Extension

An important technique utilized herein is adapted from [DFK^+99], and shows how to represent an LDF over a low-dimensional domain C = F^t by a lower-degree LDF over a domain of higher dimension D = F^{kt} (this technique was used in [DKS98] as well). The points in the domain C are embedded in the domain D by taking each ’axis’ in C and replacing it by k new ones (thus the extended domain D has dimension k · t) so that an LDF of degree r (in each variable) on the original domain C = F^t is transformed to an LDF of degree^k √ r (in each variable) on the extended domain D = F^{kt}.

Definition 8 (embedding extension) Let b ≥ 2, k > 1 and t be natural numbers. We define the embedding extension mapping E_b : F^t → F^{t·k} as follows. E_b maps any point x = (ξ_1, .., ξ_t) ∈ F^t to y ∈ F^{t·k}, y = E_b(x) = (η_1, .., η_{t·k}) by E_b(ξ_1, .., ξ_t)^{def}= ( ξ_1, (ξ_1)^b, (ξ_1)^{b2} , .., (ξ_1)^{bk−1} , . . ., ξ_t, (ξ_t)^b, (ξ_t)^{b2} , .., (ξ_t)^{bk−1} )

Hence E_b(C) ⊂ D is a manifold (multi-dimensional curve) in D. Each of D’s axises corresponds to some preset power of an axis of C, and E_b(C) consists of exactly the points in which those axises indeed match.

The following proposition shows that any LDF on F^t can be represented by an LDF on F^{t·k} with significantly lower degree:

Proposition 3 Let f : F^t → F be a [b^k − 1, t]-LDF, for integers t > 0, b > 1, k > 1. There is a [b − 1, t · k]-LDF f_{ext} : F^{t·k} → F such that ∀x ∈ F^t : f(x) = f_{ext}(E_b(x))

Proof: We rewrite f as an LDF f_{ext} : F^{t·k} → F by replacing each power (ξ_i)^p of ξ_i, 0 < i ≤ t 0 < p < b^k (ξ_i)^p −→ (η_{i,0})^{β0} · (η_{i,1})^{β1} · · · (η_{i,k−1})^{βk−1} where ⟨β_0β_1...β_{k−1}⟩ is the base b representation of p, and we ’re-index’ η_{i,j}^{def}= η_{(i−1)k+j+1}. The degree in each variable of f_{ext} is b − 1, and the dimension is t log_b b^k = t · k. The restriction of f_{ext} to the manifold E_b(C), will give f, as seen from substituting the manifold equations η_{i,j} = (η_{i,0})^{bj} into each of the monomials).

Note that an arbitrary [r, tk]-LDF f on the larger domain F^{t·k} can be viewed, when restricted to the manifold, as a [r̃, t]-LDF f̃ with r̃ = r · (1 + b + b^2 + . . . + b^{k−1}) ≤ r · (b^k − 1). This LDF is the re-parameterization of the LDF obtained by substituting in the manifold equations. Note that if the total degree of f is s, then the total degree of f̃ is ≤ s · b^{k−1}.

4 The Construction

We prove that SSAT is NP-hard via a reduction from PCP, as described in this section.

Let Φ = {φ_1, .., φ_n} be a system of tests over Boolean variables V_Φ = {v_1, .., v_m}, (for simplicity we assume m = n^c for some constant c > 0) such that each test depends on D = O(1) variables. The following theorem is a direct corollary of [AS92, ALM^+92]:

Theorem 2 It is NP-hard to distinguish between the following two cases:

Yes: There is an assignment to V_Φ such that all φ_1, ..., φ_n are satisfied.

No: No assignment can satisfy more than 1/2 of the tests in Φ.

Starting from Φ, we shall construct an SSAT test-system Ψ over variables V_Ψ ⊃ V_Φ. Our new variables V_Ψ will range over a larger, non-Boolean, range, namely a field F. An assignment to V_Ψ can be interpreted as an assignment to V_Φ by identifying the value 0 ∈ F with the Boolean value true and every non-zero value a ∈ F with the Boolean value false.

4.1 Constructing the CR-Forest

We first define the composition-recursion forest (CR-forest), which holds the underlying structure of Ψ.

Let F be a field of size |F| = |V_Φ|^{10/ log log n} = n^{c1/ log log n} for a constant c_1 = 10·c (for simplicity, assume n^{c1/ log log n} is some prime number p, and take F = ZZ_p). Let d_0 = log log n, and let K = c_2 log log n, (the constant c_2 > 0 will be specified later).

Let B(F^d, t_1, t_2) denote the number of different affine-subspaces of dimension t_1 (in a domain F^d) that contain a certain affine subspace of dimension 0 ≤ t_2 ≤ t_1. It is easy to see that B(F^d, t_1, t_2) ≤ |F|^{d(t2−t1)}.

Definition 9 (F_n(Φ)) The composition-recursion forest (CR-forest) F_n(Φ) = {T_φ | φ ∈ Φ} is a set containing one depth-K tree T_φ for every test φ ∈ Φ. The root node (level-0) of T_φ has B(F^{d0} , D + 2, D − 1) = n^{O(1)} offsprings, and all nodes in levels i = 1, . . ., K − 1 have 2 |F|^{D+2} · B(F^d, D + 2, 0) offsprings (where d = a · (D + 2) for some fixed integer a ≥ 4). Note that although the forest F_n(Φ) depends on many parameters (K, D, d_0, d) which can all be derived from Φ, we single out the parameter n according to which the size of the generated instance is measured.

The forest F_n(Φ) will be the base upon which Ψ’s variables and tests will be defined as follows. With each node v ∈ T_φ (φ ∈ Φ), we associate a distinct geometric domain dom_v: for the root root_φ of every tree, dom_{rootφ}^{def}= F^{d0} , while for non-root nodes v, dom_v^{def}= F^d. For a node v, we associate with each point in dom_v a distinct variable from V_Ψ, by defining an injection var_v : dom_v → V_Ψ. Points from domains of distinct nodes may be mapped to the same variable. In particular, the variables that φ depends on will be mapped from the domains of many of the leaves in the tree T_φ.

We can already at this point define the tests of Ψ,

Definition 10 (tests) Ψ will have one test ψ_v for each leaf v in the forest. ψ_v will depend on the variables in var_v(dom_v). An assignment A for ψ_v’s variables is considered satisfying if and only if the following two conditions hold:

1. A is an [r_K, d]-LDF on var_v(dom_v) (where r_K ≤ 2(D + 2) = O(1) will be defined below).

2. If v ∈ T_φ for φ ∈ Φ and φ’s variables appear in var_v(dom_v), then A must satisfy φ.

The instance of SSAT that we construct, must have a list of satisfying assignments for each test. Note that the size of this list is bounded by the number of [r_K, d]-LDFs which is |F|^{O(1)}, i.e. ≤ polynomial in n. Having defined the tests in Ψ and the satisfying assignments for each test, it now only remains to specify the variables that each test accesses, i.e. define for each node v, the mapping var_v : dom_v → V_Ψ.

4.2 Variables

We begin by defining the variable mappings for the root nodes of the trees in the forest. Recall that for the root node root_φ of each tree T_φ, we set dom_{root φ} = F^{d0} . Let V̂_Φ ⊃ V_Φ be the variables representing the low-degree-extension (Definition 7, with parameters m = |V_Φ| , d = log log n) of V_Φ, i.e. V̂_Φ is a set of |F|^{d0} variables each representing a distinct point in F^{d0} . We define the mapping var_{root φ} as follows,

Definition 11 (var_{rootφ} ) The bijection var_{rootφ} : dom_{root φ} → V̂_Φ maps the points of dom_{rootφ} = F^{d0} to V̂_Φ in the following manner. Take H^{def}= {0, .., h − 1} ⊂ F such that |H|^{d0} = h^{d0} = |V_Φ| (i.e. |H| = |V_Φ|^{1d}0 = n^{c/d0} = n^{c/ log log n} and since |F| = n^{c1/ log log n} for c_1 = 10 · c we have |H|^{10} = |F|). We define var_{root φ} to be a bijection independent of φ, taking the points of H^{d0} ⊂ F^{d0} to V_Φ, and the remaining points F^{d0} \ H^{d0} to V̂_Φ \ V_Φ.

Note that for every φ ∈ Φ the points of dom_{root φ} were mapped to the same variables, hence each of the |F|^{d0} variables in V̂_Φ has |Φ| pre-images (so far).

For simplicity we assume that for each φ ∈ Φ, the points mapped to φ’s variables are in general position (i.e. they span a (D − 1)-dimensional affine-subspace of F^{d0}), otherwise, we choose an arbitrary (D − 1)-dimensional affine subspace containing these points.

Before we continue to define the mappings var_v for non-root nodes, let us examine the purpose of these mappings. Picture a super-assignment to the tests of Ψ, as a labeling of each leaf in the forest by a super-LDF. We will prove (see Lemma 5) that such an assignment, if consistent and of low-norm, ’induces’ a low-norm super-LDF for the domain of each internal node, and in particular – a low-norm super-LDF G for the ’root-domain’, F^{d0} . We now use the fact that the variables representing this rootdomain are mutual to the roots of all T_φ’s, to interpret G as a global assignment for the variables in V_Φ. Namely, we will show that any LDF that appears in G with a non-zero coefficient assigns V_Φ values that satisfy most of the tests in Φ.

The idea behind the CR-forest is that the domain dom_u of a node u is ’represented’ by its offsprings’ domains. u’s domain’s points are distributed among the domains of each of u’s offsprings. The aforementioned Lemma 5 will show how to join the LDFs of u’s offsprings into one LDF for u. The advantage we gain by representing one LDF over u’s domain by many LDFs over u’s offsprings’ domains is that we can enforce the degree of the LDFs in the leaves to be very low, compared to the degree of the LDF on the root that they represent (the dimension of the LDFs is maintained low as well). Therefore the list of satisfying assignments for the tests in Ψ (corresponding to LDFs on the leaves’ domains) is not too long. We can afford to list all LDFs (i.e. satisfying assignments) only when the degree (and dimension) of the LDFs is small enough, because for a higher degree the length of the list would not be polynomial in n.

The key to understanding the construction is to see how a node u is ’represented’ by its offsprings. Pictorially, u’s domain’s points are distributed among the domains of u’s offsprings, each offspring v receives a slice of u’s domain. Some of v’s points correspond to v’s slice of u’s variables. The rest of v’s points are some (low-degree) encoding or extension of these points.

Consider a non-root node v, and denote its parent by u. Assuming var_u is already defined, we now specify the mapping var_v : dom_v → V_Ψ. Some (exactly |F|^{D+2}) of the points in dom_v ’represent’ points from dom_u, and will thus be mapped to u’s variables (var_u(dom_u)). The rest of the points in dom_v will be mapped to fresh new variables V_v ⊂ V_Ψ (|V_v| = |F|^d − |F|^{D+2}) associated with the node v. Only points in domains of nodes in v’s sub-tree may be mapped to V_v. For uniformity of notation, we define V_{rootφ}^{def}= V̂_Φ, for every root root_φ, again stressing the fact that the roots of all of the trees share the same variables. Altogether V^{def}= V_Ψ = ⋃ v∈Tφ φ∈Φ V_v .

u’s variables are distributed among its offsprings by letting each offspring v of u ’represent’ an affine sub-space C_v ⊂ dom_u of dimension D + 2 (a (D + 2)-cube). More formally, we label (as specified later in Subsection 4.3) each offspring v of u by a (D + 2)-cube C_v ⊂ dom_u. We represent a cube C_v by D + 3 points x_0, .., x_{D+2} such that C_v = x_0 + span(x_1, .., x_{D+2}) (this yields a natural way of viewing C_v as F^{D+2}).

We embed all points of the cube C_v ⊂ dom_u into the domain dom_v by the embedding extension mapping, defined above in Section 3.2, E_{bi} : C_v → dom_v (the parameter b_i depends on the level i ≥ 1 of the node v, and is specified shortly below). Via this mapping, we can transform LDFs on the cube C_v to lower-degree LDFs on the domain dom_v. This will allow us to represent a satisfying assignment to Φ by [r_i, d]-LDFs on the domains dom_v of level-i nodes (the degree r_i will be defined below). The construction is aimed to lower the degree r_i of the LDFs, from r_0^{def}= |H| ≈ n^{1/ log log n} to r_K = O(1).

We think of the point y = E_{bi} (x) ∈ dom_v as ’representing’ the point x ∈ C_v ⊂ dom_u, and define var_v : dom_v → V_Ψ as follows,

Definition 12 (var_v, for a non-root node v) Let v be a non-root node, let u be v’s parent, and let C_v ⊂ dom_u be the label attached to v (the label of a node is defined below, Definitions 13,14). For each point y ∈ E_{bi}(C_v) ⊂ dom_v define var_v(y)^{def}= var_u(E^{−1}_{bi} (y)), i.e. points that ’originated’ from C_v are mapped to the previous-level variables, that their pre-images in C_v were mapped to. For each ’new’ point y ∈ dom_v \ E_{bi} (C_v) we define var_v(y) to be a distinct variable from V_v.

The parameters used for the embedding extension mappings E_{bi} are t = D + 2, k = d/t = a. We set r_0 = |H| = |F|^{1/10} and r_{i+1} and b_{i+1} (i ≥ 0) are defined by the following recursive formulas:

b_{i+1} =^a √ r_i(D + 2) + 1 r_{i+1} = b_{i+1} − 1

(we will show in subsection A.1 that b_i, r_i decrease until for some K < log log n, r_K ≤ 2(D + 2) = O(1)).

In order to complete the description of the test-system, we now only need to describe the cube-labeling of all of the offsprings of each node. This will describe how the representation of a node u is distributed among its offsprings.

4.3 Labeling Nodes

We define the offspring-labels of a node u, thereby completing the description of the construction. As described above, each offspring of the node u ’represents’ an affine subspace in the domain dom_u, i.e. the variables of u’s offsprings represent an encoding of u’s variables. We will prove that a consistent low-norm super-assignment to the tests at the leaves, induces a low-norm super-LDF on the root domain F^{d0} , which can be interpreted as an assignment to V_Φ and shown to satisfy most of the tests in Φ. This will be done by showing (see lemma 5) that such a super-assignment induces a low-norm super-LDF for each internal node, such that for a general node v: the super-LDF on v agrees with almost all of the super-LDFs on v’s offspring nodes. Here agreeing means, as usual, that mutual variables receive the same ’super-values’. We do, however, have some error in this representation. We overcome this error by treating important variables more carefully than others. The ’importance’ of a variable x ∈ V is determined by how high up (towards the root) in the tree this variable appears. The closer the variable is to the root, the more information it represents about Φ’s original variables, V_Φ.

Taking into account the small representation error, we proportion the offsprings so that more important variables are represented by more offsprings.

Let us begin by defining the labels of the offsprings of a root node root_φ. The tests at the leaves of the tree T_φ represent the test φ ∈ Φ. Therefore, the variables that φ depends on are ’very important’ to represent. We define the offspring-labels of root_φ so that every offspring represents these variables,

Definition 13 (offspring-labels for a root node) Let dst(root_φ)^{def}= { x ∈ dom_{root φ} | φ depends on var_{root φ} (x) } be a set of distinguished points for root_φ (recall our assumption that dst(root_φ) is a set of exactly D points in general position). We label each offspring of root_φ by a distinct cube from the following set:

labels(root_φ)^{def}= { C is a (D + 2)-cube in F^{d0} | C ⊃ dst(root_φ) }

The number of labels |labels(root_φ)| = B(F^{d0} , D + 2, D − 1) is the number of (D + 2)-cubes containing the (D − 1)-cube spanned by the points mapped to φ’s variables (assuming, as mentioned above, that these points are in general position).

For a general non-root node v ∈ T_φ, we use a mechanism of ’distinguished-points’ to promote the importance of certain points more than others. For each offspring v of u we define, hand in hand with v’s label, a set of distinguished points dst(v). v will ’represent’ these points in the sense that the descendants of v will represent dst(v) with special care. For a general non-root node v ∈ T_φ, we consider two levels of ’important’ variables: (1) variables that belong to some ancestor (direct and indirect) of v (there are |F|^{D+2} such variables, all mapped from v’s parent) and (2) variables mapped from the distinguished points of v (there will always be exactly one or D such variables). The node v will correspondingly have two equal-weight sets of offsprings,

Definition 14 (offspring-labels for non-root nodes) Let v be a non-root node. We define two multi-sets of offspring-labels for v. For each variable x ∈ var_v(dom_v) \ V_v, i.e. x that belongs to some ancestor of v, we define

labels_x(v)^{def}= {C ⊂ dom_v is a (D + 2)-cube | x ∈ var_v(C)}

we then take labels_1(v) to be the multi-set

labels_1(v)^{def}= ⋃ x∈varv(domv)\Vv labels_x(v)

For every offspring w of v, labeled by a cube from labels_x(v), we define dst(w) to be the singleton set consisting of the point in dom_w that is mapped to x, i.e. dst(w)^{def}= { var_w^{−1}(x) } ⊂ dom_w.

The second multi-set (actually set) of offspring-labels is devoted to representing the distinguished points of v. We simply take

labels_2(v)^{def}= {C ⊂ dom_v is a (D + 2)-cube | C ⊃ dst(v)}

For each offspring w of v labeled by a cube from labels_2(v), we set dst(w)^{def}= E_{bi} (dst(v)) (where i is w’s level in the tree), i.e. w distinguishes the same set of variables as v.

The final multi-set labels(v) is the union of labels_1(v) and ⌊M⌋ copies of labels_2(v), where the number M = |F|^{D+2} B(F^d, D + 2, 0)/B(F^d, D + 2, |dst(v)| − 1) is chosen so that the number of offsprings labeled by type 2 labels roughly^1 equals the number of offsprings labeled by type 1 labels.

4.4 Construction Size

We assume, for simplicity, that all parameters K, d_0, d, b_i, r_i are natural numbers. Recall that we defined d_0^{def}= log log n and d^{def}= a·(D +2) for some constant integer a ≥ 4. We also set r_0 = |F|^{1/10} = n^{c/ log log n}, and defined b_{i+1} =^a √ (D + 2)r_i + 1 and r_{i+1} = b_{i+1} − 1 for every i ≥ 0.

We claim that indeed r_K = O(1) for some K ≤ log log n. For this purpose we prove by simple induction that r_i ≤ max(r^{1/2i}_0 , 2(D + 2)). For r_0 this indeed holds, and assuming it true for r_i we have that if r_i > 2(D + 2) and b_{i+1} > 2, then

r_{i+1} < b_{i+1} =^a √ (D + 2)r_i + 1 <^a √ 2r_i(D + 2) ≤ (r_i)^{2/a} ≤ √ r_i ≤ (r_0)^{1/2i+1}

We set K to be the first index for which r_K ≤ 2(D + 2) = O(1). Obviously, until that point r_i, b_i decrease monotonically, and since r_0 = 2^{c log n/ log log n}, K ≤ ⌊log(c log n/ log log n)⌋ + 1 < log log n. This also implies that b_i > 2 for all 0 ≤ i ≤ K, and completes the induction.

The Range of the Tests. The tests of the test-system range over [r_K, d]-LDFs. The number of monomials of degree r_K ≤ 2(D + 2) = O(1), and dimension d = a · (D + 2) = O(1) is bounded by (r_K + 1)^d = O(1). The number of [r_K, d]-LDFs is hence bounded by |F|^{O(1)} < O(n) and therefore the range of the tests is polynomial in n.

1The number M may not be an integer, however this has a negligible effect on our calculations.

The Number of Tests and Variables. It is only left to verify that the size of the forest is polynomial. We have |Φ| = n trees, so let’s verify that the number of nodes in each tree is polynomially-bounded.

Consider a tree T = T_φ ∈ F_n(Φ). root_φ has B(F^{d0} , D + 2, D − 1) ≤ |F|^{3d0} = n^{O(1)} offsprings and each node in level i (0 < i < K) has 2 |F|^{D+2} · B(F^d, D + 2, 0) = |F|^{O(1)} offsprings. Altogether the number of nodes in T is bounded by

n^{O(1)} · K∏ i=1 |F|^{O(1)} = n^{O(1)} · |F|^{O(K)} = n^{O(1)} · (2^{log n/ log log n})^{O(log log n)} = n^{O(1)}

Hence the number of tests in Ψ is polynomial, and the number of variables is ≤ |F|^d · |Ψ| = n^{O(1)}.

4.5 Correctness

Due to lack of space, we only state the correctness lemmas, and attach the proof of correctness in Appendix A.

Lemma 3 (Completeness) If there is an assignment A : V_Φ → {true, false} satisfying all of the tests in Φ, then there is a natural assignment A_Ψ : V_Ψ → F satisfying all of the tests in Ψ.

Lemma 4 (Soundness) Let g^{def}= |F|^{cg} where c_g > 0 is some small enough constant, say c_g = 1/1000. If there exists a non-trivial consistent super-assignment of norm ≤ g for Ψ, then Φ is satisfiable.

4.6 Comparison to [DKS98]

In our construction, the factor g for which hardness of approximation is proved is a constant power of the field size, and in fact can never be larger than |F|^2. In turn, |F| is a constant power of the initial degree r_0 of the LDF that encodes an assignment to the PCP system. Hence, the larger r_0, the better the result. The limit on r_0 stems from the number of recursion steps (or levels in the tree, in our presentation). We obtain a larger factor than [DKS98] because we can afford more recursive steps.

The central reason for this is the structure of the forest, namely the definition of the next generation of offsprings. While we have two kinds of offsprings, (labels_1 and labels_2), in [DKS98] there is only one kind of offsprings. Our offsprings serve two purposes: The offsprings in labels_1 ’faithfully represent’ the parent node; and the offsprings in labels_2 help promote the importance of certain points more than others. In [DKS98] these two tasks are performed simultaneously by one set of offsprings. In order to do so, [DKS98] (formulated in the terms of our presentation) set the distinguished points of each offspring to contain its parents’ distinguished points plus additional points. This forces the dimension of the underlying cubes to increase at each level.

By separating the two tasks, the number of distinguished points remains constant throughout the recursion. This slows down the size-increase of the construction and enables us to take the recursion a bit deeper. Thus, we can afford to take a larger-sized field and obtain the larger factor.

2A counter-example can be constructed.

Appendix

A Correctness of the Construction

A.1 Completeness

Lemma 3 (Completeness) If there is an assignment A : V_Φ → {true, false} satisfying all of the tests in Φ, then there is a natural assignment A_Ψ : V_Ψ → F satisfying all of the tests in Ψ.

We extend A in the obvious manner, i.e. by taking its low-degree-extension to the variables V̂_Φ, and then repeatedly taking the embedding extension of the previous-level variables, until we’ve assigned all of the variables in the system. More formally,

Proof: We construct an assignment A_Ψ : V_Ψ → F. We first set (for every φ ∈ Φ) P_{root φ} to be the low degree extension (see definition 7) of A (we think of A as assigning each variable a value in {0, 1} ⊂ F rather than {true, false}, see discussion in the beginning of Section 4). We proceed to inductively obtain [r_i, d]-LDFs P_v : dom_v → F for every level-i (i > 0) node v of every tree in the CR-forest, as follows. Assume we’ve defined an [r_i, d]-LDF (an [r_i, d_0]-LDF in case i = 0) P_u consistently for all level-i nodes, and let v be an offspring of u, labeled by C_v. The restriction f = P_u|_{Cv} of P_u to the cube C_v is a [r_i(D + 2), D + 2]-LDF. f can be written as a [^a √ r_i(D + 2) + 1 − 1, a · (D + 2)]-LDF f_{ext} over the larger domain F^d, as promised by proposition 3 taking k = a. We define P_v = f_{ext} to be that [r_{i+1}, d]-LDF (recall that d = a · (D + 2) and r_{i+1} = b_{i+1} − 1 =^a √ r_i(D + 2) + 1 − 1).

Finally, for a variable x ∈ var_v, x = var_v(x), we set A_Ψ(x)^{def}= P_v(x). The construction implies that there are no collisions, i.e. x^′ = var_v′ (x^′) = var_v(x) = x implies P_v(x) = P_v′ (x^′).

A.2 Soundness

We need to show that a ’no’ instance of PCP is mapped to a ’no’ instance of SSAT . We assume that the constructed SSAT instance has a consistent super-assignment of norm ≤ g, and show that Φ – the PCP test system we started with – is satisfiable.

Lemma 4 (Soundness) Let g^{def}= |F|^{cg} where c_g > 0 is some small enough constant, say c_g = 1/1000. If there exists a non-trivial consistent super-assignment of norm ≤ g for Ψ, then Φ is satisfiable.

Let SA be a non-trivial consistent super-assignment for Ψ, of norm ‖SA‖ ≤ g. It induces (by projection) a super-assignment to the variables m : V_Ψ −→ ZZ^{|F|} i.e. for every variable x ∈ V_Ψ, m assigns a vector π_x(SA(ψ)) of integer coefficients, one per value in F where ψ is some test depending on x. Since SA is consistent, m is well defined (independent of the choice of test ψ). Alternatively, we view m as a labeling of the points ⋃ v∈Fn(Φ) domv by a ’super-value’

– a formal linear combination of values from F. The label of the point x ∈ dom_v for some v ∈ F_n(Φ), is simply m(var_v(x)), and with a slight abuse of notation, is sometimes denoted m(x). m is used as the “underlying point super-assignment” for the rest of the proof, and will serve as an anchor by which we test consistency. Since SA is non-trivial, m(x) ≠ ⃗0 for every x.

For a node u, we denote by Avg(u) the average of ‖SA(ψ_v)‖ over the leaves v in u’s sub-tree. We will show that whenever Avg(u) is not too high for a node u, then u’s subtree is, in a sense, consistent. We thus define a ’good’ node as one having a low average norm on its subtree’s leaves:

Definition 15 (good nodes) A node u in level i in the CR-forest is said to be good if Avg(u) ≤ g_i^{def}= g · C^{i+1} where C is a large enough constant (e.g. C^{def}= 301). We denote by nodes^∗_i the set of good nodes in level i. For any node v, denote by ofsp(v) the set of v’s direct offsprings. It is easy to see that most offsprings of a good node are themselves good:

Proposition 4 If u ∈ nodes^∗_i , then Pr v∈ofsp(u) (v ∈ nodes^∗_{i+1}) ≥ 1 − 1/C

Proof: u is good, thus by definition Avg(u) ≤ g_i. Had u had more than 1/C bad offsprings, then the total average of SA(ψ_v) on its sub-tree would be > g_{i+1} ·^1_C = g_i.

The central task of our proof is to show that a consistent low-norm super-assignment to the tests at the leaves induces a low-norm super-LDF on the root domain. The key step in this proof is the inductive step showing that if, for a node v, almost all of its offsprings have a low-norm super-LDF that is consistent with m, then we can deduce such a super-LDF G_v over dom_v.

It turns out that for a general node u we cannot always deduce a super-LDF agreeing with m on every point in dom_u (a counter-example can be constructed). Instead, for good nodes u we show that there exists a super-LDF G_u over dom_u that agrees with almost all of the super-LDFs on u’s offsprings. By ’agrees’ we mean that (suppose v is an offspring of u labeled by C_v) the parent super-LDF G_u projected on the points of C_v equals G_v projected on the manifold points E_{bi} (C_v).

The consistency with m will then follow inductively from the fact that the offsprings’ super-LDFs were consistent with m. The importance of consistency with m is not the same for all points. For certain points (e.g. those mapped to variables from V_Φ) we cannot allow any inconsistency, while for others we can allow some small error. For every node v we consider, as mentioned before in the construction, two types of special points: The distinguished points dst(v), and the manifold points,

Definition 16 (Manifold Points) For a non-root node v labeled by C_v, we define the manifold points manf(v)^{def}= E_{bi} (C_v), where i is v’s level in the tree.

These are the points that originate from all of v’s ancestors.

We rely on the manner in which the offsprings were proportioned to deduce a high level of consistency for these special points. We can now state the key inductive lemma (lemma 5) showing how consistency follows from having a low-norm super-assignment. This lemma relies heavily on the precise structure of the forest, and shows that for every good node u, there is a super-LDF on u’s domain that is ’almost’ consistent with ”the anchor” m. The lemma is proved inductively, constructing u’s super-LDF from the super-LDFs of u’s good offsprings. We will later want to construct from these super-LDFs an assignment that satisfies more than half of the tests in Φ. For this purpose, we need the super-LDFs along the way to be legal,

Definition 17 (legal) An LDF P is called legal for a node v ∈ T_φ (for some φ ∈ Φ), if it satisfies φ in the sense that if φ’s variables have pre-images x_1, .., x_D ∈ dom_v, then P (x_1), .., P (x_D) satisfy φ. A super-LDF G is called legal for v ∈ T_φ if for every LDF P appearing in G, P is legal for v ∈ T_φ.

Lemma 5 Let u ∈ nodes^∗_i for some i ≥ 1, and set α = 3/C and A = a · (D + 2)^3 = O(1). There exists a legal super-LDF G_u of degree at most r̃_i^{def}= A^{K−i} · (r_i + 1) and of norm ≤ 2^{K−i} · Avg(u) that agrees with m on dst(u) and on 1 − α fraction of the points in manf(u), i.e.

∀x ∈ dst(u) π_x(G_u) = m(x) and Pr x∈manf(u) (π_x(G_u) = m(x)) ≥ 1 − α

This lemma is the key to our construction. Its proof shows how consistent LDFs on offspring nodes induce an LDF on the parent. Before we prove this lemma, which is somewhat technical, let us show how it implies lemma 4 (soundness lemma).

Proof: (of lemma 4) By lemma 5, SA induces the legal super-LDF G_v of degree r̃_1 and with ‖G_v‖ ≤ 2^{K−1}Avg(v), for every node v in nodes^∗_1. We now join these super-LDFs into one legal super-LDF over the root domain F^{d0}, and then deduce a satisfying assignment to the tests in Φ from this super- LDF. Let v ∈ nodes^∗_1 be an offspring of root_φ for some φ ∈ Φ, and let C_v ⊂ dom_{root φ} be the cube labeling v. We would like to view G_v as a super-LDF over C_v, by restricting the LDFs in G_v to the manifold manf(v) ⊂ dom_v that represents C_v. For every [r̃_1, d]-LDF P : dom_v → F, define P̃ as the [r̃_1 · (b^a_1 − 1), D + 2]-LDF which is defined as P ’s restriction to the manifold manf(v):

∀x ∈ C_v ⊂ dom_{root φ} : P̃ (x)^{def}= P (E_{b1} (x))

(Note that since P ’s total degree is ≤ r̃_1 · d, the total degree of P̃ is ≤ r̃_1 · d · (b_1)^{a−1}). For every LDF P : dom_v → F, G_v assigns an integer value G_v[P ]. We define the super-LDF G̃_v to be the same formal linear combination as G_v, replacing each LDF P with P̃ : G̃_v[Q̃] = ∑ P,^~P =^~Q

G_v[P ]

In other words, the super-LDF G̃_v is simply the restriction (and re-parameterization) of G_v to the manifold manf(v), as discussed in Section 3.2. The total degree of G̃_v is r̃_1d · (b_1)^{a−1}.

Let root_φ be a good root node. Since the average norm of all the tests is ≤ g, and a good root node is by definition one with Avg(root_φ) ≤ g · C, there are at least 1 − 1/C = 1 − α/3 such nodes. For every good offspring v of root_φ, Lemma 5 guarantees that Pr_{x∈Cv} ( π_x(G̃_v) = m(x) ) ≥ 1 − α, and that for every x ∈ dst(v), π_x(G̃_v) = m(x). Given this assignment of super-LDF G̃_v per label C_v ⊂ dom_{root φ} = F^{d0} , we would like to use the fact that these super-LDFs are consistent with m to deduce the existence of some global super-LDF on F^{d0} (that is also consistent with m). The following consistency lemma, when applied for u = root_φ, will imply just that.

Lemma 6 (Consistency Lemma) Let u ∈ nodes^∗_i for some 0 ≤ i < K. Define S^∗ to be the multi-set of cubes that label good offsprings of u, S^{∗ def}= { C_v ∈ labels(u) | v ∈ nodes^∗_{i+1} } . If for every good offspring v of u there is a super-LDF G̃_v over C_v, of total degree ≤ r = r̃_i/(D+2) and norm ‖G̃_v‖ ≤ 2^{K−i−1} ·Avg(v), such that Pr_{x∈Cv}(π_x(G̃_v) = m(x)) ≥ 1 − α

then there is a super-LDF G_u over dom_u of total degree r̃_i = r(D + 2) and norm ‖G_u‖ ≤ 2^{K−i} · Avg(u) that obeys Pr_{Cv∈S∗} ( π_{Cv} (G_u) = G̃_v ) ≥ 1 − α/6

We defer the proof of this lemma to Appendix B, and continue with the proof of Lemma 4. As previously mentioned, the super-LDFs G̃_v obtained for the C_vs were of total degree

r̃_1 · d(b_1)^{a−1} = A^{K−1}(r_1 + 1) · d(b_1)^{a−1} = A^{k−1} · d · (b_1)^a = = A^{K−1} · a(D + 2) · (r_0(D + 2) + 1) < A^{K−1}a(D + 2)^2(r_0 + 1) = A^K(r_0 + 1)/(D + 2) = r̃_0/(D + 2)

using the definitions A = a(D + 2)^3, r̃_i = A^{K−i}(r_i + 1), b_{i+1} =^a √ r_i(D + 2) + 1 and r_{i+1} = b_{i+1} − 1.

Hence we obtain from the consistency lemma a global super-LDF G_φ of degree r̃_0 over F^{d0} that agrees with G_v for 1 − α/6 of the good offsprings v of u = root_φ.

We next show that G_φ = G_φ′ for every φ ≠ φ^′ whose corresponding nodes root_φ and root_φ′ are both good. Choose a random cube C_v ∈ labels(root_φ) and a random point x ∈ C_v ⊂ F^{d0} . By proposition 4 C_v is not good with probability ≤ α/3, and by the above lemma 6 at most α/6 of these have π_{Cv} (G_φ) ≠ G̃_v. Altogether, we hit a good cube with π_{Cv} (G_φ) ≠ G̃_v with probability ≤ α/3 + α/6 < α. Then, with probability ≤ α we hit a point for which π_x(G̃_v) ≠ m(x), by Lemma 5. For all otherwise chosen points, we have π_x(G_φ) = m(x). These points constitute roughly^3 a 1 − 2α fraction of F^{d0} . Hence G_φ and G_φ′ agree with m on the same ≥ 1 − 4α > 1/2 fraction of the points. Thus, the super-LDF G_φ − G_φ′ (subtraction is defined as subtraction of the coefficient vectors) is zero when projected on more than half of the points.

Now, by the low-ambiguity property (see Proposition 1) the fraction of ambiguous points (the only candidates on which the projection can be zero) is bounded by

amb(r̃_0, d_0, 2^{K+1}g) < 2^{2(K+1)}g^2 r̃_0d_0 |F| ≤ 2^{2(K+1)} · A^K · d_0 · |F|^{2cg+1/10−1} ≪ 1/2

In addition, G_φ must be non-trivial since m(x) ≠ ⃗0 for every x.

We choose an arbitrary LDF P that appears in G^{def}= G_φ′ ≠ ⃗0 for some good root_φ′ , and define an assignment A_P : V_Φ → {true, false} for the variables of Φ as follows. For each v ∈ V_Φ, we define A_P (v)^{def}= true iff P (x) = 0 on the corresponding point x = var_{root φ}^{−1}(v) (see Definition 11), and A_P (v)^{def}= false otherwise.

The fraction of tests φ ∈ Φ for which root_φ is good is at least 1−1/C > 1/2 (because the total average of Avg(root_φ) over all φ ∈ Φ is g, and a good root node root_φ is defined as a node with Avg(root_φ) ≤ C·g).

We will show that A_P satisfies φ for every good node root_φ, and thus Φ is totally satisfiable. Let φ ∈ Φ be such that root_φ is a good node. By the above consistency lemma, we know that for 1 − α/6 of the good offsprings v of root_φ, π_{Cv} (G) = G̃_v, and unless P is cancelled on C_v, P |_{Cv} appears in G̃_v. P will be cancelled on C_v only if there is another LDF Q appearing in G whose restriction to C_v equals P ’s restriction. For each Q the probability for this is bounded by (see Proposition 2)^{r̃0d0}_{|F|} . Since there are no more than 2^Kg possible LDFs Q that appear in G, P is cancelled with probability ≤^{r̃0d0}_{|F|} · 2^Kg ≪ 1/2.

Thus there exists at least one good offspring v of root_φ for which π_{Cv} (G) = G̃_v and P |_{Cv} appears in G̃_v. Recall that the distinguished points of each offspring v of a root node root_φ, dst(v), are mapped to φ’s variables. In addition, since v is good Lemma 5 ensures that G̃_v is legal, i.e. for every Q appearing in G̃_v, Q’s restriction to φ’s variables satisfies φ. It follows that φ is satisfied by A_P .

This completes the proof of Lemma 4, we now fill in the proof of Lemma 5.

3This procedure is almost equivalent to choosing a point uniformly at random, however there is a small (negligible) bias in favor of points in the span of dst(rootφ)

Proof: (of Lemma 5) We prove this statement by induction on K − i. We ascend from the leaves to the top level, obtaining a super-LDF for each good node from the super-LDFs of its good offsprings.

For obtaining the base of the induction (i = K), recall that for every leaf u ∈ nodes^∗_K , the test ψ_u is assigned a super-LDF SA(ψ_u). The definition of nodes^∗_K implies ‖SA(ψ_u)‖ ≤ g_K. Since SA is a consistent super-assignment, SA(ψ_u) agrees with m on all of dom_u (in particular with all of manf(u) and dst(u)), and thus the base of the induction is established.

To see the inductive step (1 ≤ i < K), let u ∈ nodes^∗_i be a good level-i node. By the inductive hypothesis for K − i − 1, every good offspring v of u has a legal super-LDF G_v (of degree r̃_{i+1}) with norm ≤ 2^{K−i−1} · Avg(v) such that G_v agrees with m on dst(v) and on 1 − α of the points in manf(v).

Let v be a good offspring of u. We define G̃_v, as in the proof of Lemma 4, to be the same linear combination as G_v, taking LDFs P̃ instead of P , where P̃ : C_v → F is defined by ∀x ∈ C_v P̃ (x)^{def}= P (E_{bi+1} (x)). It follows from definition 8 and from the inductive hypothesis that G̃_v is a super-LDF of total degree dr̃_{i+1} · (b_{i+1})^{a−1} as before. As before, this is bounded by ≤ r̃_i/(D + 2).

For any good label C_v, let x ∈ C_v, and let y = E_{bi+1} (x) ∈ manf(v) ⊂ dom_v. Recall that we abbreviated m(x) to mean m(var_v(x)). Furthermore, we defined var_v(y) = var_v(E_{bi+1} (x)) = var_u(x), thus m(y) = m(x). Note also that by definition of G̃_v, π_x(G̃_v) = π_y(G_v).

By the inductive hypothesis, and since E_{bi+1} bijects C_v to manf(v), we have that the following equality holds both (1) for 1 − α of the points x ∈ C_v, and (2) for every point x ∈ C_v such that y = E_{bi+1} (x) ∈ dst(v) :

π_x(G̃_v) = π_y(G_v) = m(y) = m(x)

By (1), and applying the consistency lemma (Lemma 6), we deduce a global super-LDF G_u over dom_u of norm ‖G_u‖ ≤ 2^{K−i} · Avg(u) and of degree r̃_i such that for 1 − α/6 of the cubes in S^∗,

π_{Cv} (G_u) = G̃_v (∗)

This constitutes at least 1 − α/6 − 1/C = 1 − α/2 of all the cubes in labels(u) (there are no more than 1/C no-good cubes, see Proposition 4). Now recall from the construction of the offspring-labels (see Definition 14) that roughly (and certainly no less than) one half of the offsprings v of u are labeled by cubes in labels_1(u). We deduce that 1 − 2 · α/2 = 1 − α of these cubes obey (∗). Similarly, labels_2(u) make up roughly one half of the total number of labels, thus (∗) holds for ≈ 1 − α of them (and in particular for at least one cube in labels_2(u), which is all we’ll need).

Recall from the construction of the offspring-labels that the cubes C_v ∈ labels_2(u) have dst(v) = E_{bi+1} (dst(u)). By definition 12, these points are mapped to the exact same variables: var_u(dst(u)) = var_v(dst(v)). As long as there exists one good cube C_v ∈ labels_2(v), we’ll have for every x ∈ dst(u), y = E_{bi+1} (x) ∈ dst(v), and by (2), π_x(G̃_v) = m(x). We have shown,

∀x ∈ dst(u) π_x(G_u) = m(x)

We have left to show that Pr x∈manf(u) (π_x(G_u) = m(x)) ≥ 1 − α

Consider the second half of u’s offsprings, labeled by a label from labels_1(u) = ∪_{x∈varu(domu)\Vu} labels_x(u). These offsprings are actually divided into |manf(u)| sub-parts, one per each point x ∈ manf(u) (with the correspondence var_u(x) = x). By definition, the offsprings v in x’s sub-part have dst(v)^{def}= { E_{bi+1} (x) } . We have shown (recall (2) from before) that π_x(G̃_v) = m(x) holds for any x such that y = E_{bi+1} (x) ∈ dst(v). Hence for every x ∈ manf(u), if there is a good label C_v ∈ labels_{varu(x)}(u), then π_x(G̃_v) = m(x).

As shown above, 1 − α of the cubes in labels_1(u) are both good, and obey π_{Cv} (G_u) = G̃_v. Hence for 1−α of the points x ∈ manf(u) there must be a good cube C_v ∈ labels_{varu(x)}(u) for which π_{Cv} (G_u) = G̃_v. In this case, π_x(G_u) = π_x(π_{Cv} (G_u)) = π_x(G̃_v) = m(x)

This establishes, Pr x∈manf(u) (π_x(G_u) = m(x)) ≥ 1 − α

B The Consistency Lemma

Lemma 6 (Consistency Lemma) Let u ∈ nodes^∗_i for some 0 ≤ i < K. Define S^∗ to be the multi-set of cubes that label good offsprings of u, S^{∗ def}= { C_v ∈ labels(u) | v ∈ nodes^∗_{i+1} } . If for every good offspring v of u there is a super-LDF G̃_v over C_v, of total degree ≤ r = r̃_i/(D + 2) and norm ‖G̃_v‖ ≤ 2^{K−i−1} · Avg(v), such that

Pr_{x∈Cv}(π_x(G̃_v) = m(x)) ≥ 1 − α

then there is a super-LDF G_u over dom_u of total degree r̃_i = r(D + 2) and norm ‖G_u‖ ≤ 2^{K−i} · Avg(u) that obeys Pr_{Cv∈S∗} ( π_{Cv} (G_u) = G̃_v ) ≥ 1 − α/6 Proof: Throughout the following proof, we make no effort to minimize the constants, but rather to shorten the mathematical expressions in which they appear.

Unless otherwise mentioned, C_v will denote the cube labeling the node v.

For simplicity, assume dom_u = F^d (F^{d0} in case i = 0). An [r, d]-LDF P : F^d → F is called permissible with coefficient c_P if c_P ≠ 0 and for at least 2/3 of the cubes C_v ∈ S^∗, G̃_v[P |_{Cv} ] = c_P . We define the global super-LDF G_u by

∀P ∈ LDF_{r,d} : G_u[P ]^{def}= c_P P is permissible with c_P

0 P isn’t permissible

We claim that G_u is the desired global super-LDF. We first claim that ‖G_u‖ ≤ 2 · 2^{K−i−1}Avg(u).

Proposition 5 The norm of G_u is bounded by 2 · 2^{K−i−1}Avg(u) = 2^{K−i}Avg(u).

Proof: Denote by P_1, .., P_a the permissible LDFs (if a = 0 we’re done), and denote c_i^{def}= G_u[P_i]. Let us consider the average A of the norms ‖G̃_v‖,

A^{def}= 1 |S^∗| ∑ Cv∈S∗ ‖G̃_v‖ ≤ 1 |S^∗| ∑ Cv∈S∗ 2^{K−i−1}Avg(v) ≤ 2^{K−i−1}Avg(u) ≤ 2^{K−i−1}g_i = 2^{K−i−1} · g · C^{i+1} < |F|^{cg} · C^K ≪ √ |F| where the second inequality in the first row is true since averaging the norm over all of the offsprings is at least as large as the average of the good offsprings.

We will lower bound A as follows. P_1 appears with c_1 in ≥ 2/3 of the good cubes, which means A ≥ 2/3 · |c_1|. P_2 appears with c_2 in ≥ 2/3 of the good cubes, however some of its appearances can coincide with those of P_1. Denote by γ the maximal fraction of cubes on which possibly P_1|_C = P_2|_C (by Proposition 2, γ ≤^{rd}_{|F|} ). Hence A ≥ 2/3 · |c_1| + (2/3 − γ) · |c_2|. Continuing in this manner, P_3 adds at least (2/3 − 2γ) · |c_3| and we obtain ∀1 ≤ j ≤ a A ≥ j∑ i=1 ( 2 3 − (i − 1)γ ) · |c_i|

If a ≥^1_{6γ} ≥^{|F|}_{6rd} , we get A ≥

∑_1/_6γ i=1 (_2 3 −^1_{6γ} γ ) · |c_i| ≥^1_{6γ} ·^1_2 · 1 ≫ √ |F|, a contradiction. Thus a < 1/6γ, and A ≥ a∑ i=1 ( 2 3 − (i − 1)γ ) · |c_i| ≥ 1 2 a∑ i=1 |c_i| = 1 2 ‖G_u‖ and indeed ‖G_u‖ ≤ 2A ≤ 2 · 2^{K−i−1}Avg(u) = 2^{K−i}Avg(u).

We have left to show that for almost all of the cubes C_v ∈ S^∗, π_{Cv} (G_u) = G̃_v. Let us define, for every good node v, the remainder super-LDF: R_v^{def}= G̃_v − π_{Cv} (G_u) (the definition of G_u implies that every LDF P appearing in it has degree ≤ r; subtraction is defined as usual subtraction of two vectors in ZZ^{LDFr,D+2} ). For the sake of contradiction, we assume that for at least an α/6 fraction of the good nodes, R_v ≠ ⃗0. We will derive a contradiction by finding an LDF P that appears with the same coefficient c_P ≠ 0 in R_v in at least 2/3 + γ‖G_u‖ fraction of the good nodes v. This LDF P can be confused (i.e. agree) with another LDF in G_u on at most γ‖G_u‖ fraction of the good cubes. Hence on at least 2/3 of the good cubes, c^′_P^{def}= G̃_v[P |_{Cv} ] = c_P + G_u[P ], which implies that P is permissible with c^′_P , so by definition G_u[P ] = c^′_P , and c_P = 0, a contradiction.

For every x ∈ F^d, define m_R(x)^{def}= m(x) − π_x(G_u). Obviously m_R(x) = π_x(R_v) if and only if m(x) = π_x(G̃_v). (This happens for at least 1 − α of the points x ∈ C_v for every C_v ∈ S^∗, by the conditions of the lemma).

Proposition 6 There exists an LDF P and a coefficient c_P ≠ 0 such that

Pr_{Cv∈S∗} (R_v[P |_{Cv} ] = c_P ) > δ

where δ = Ω ( (^α_s )^9 ) and s^{def}= 2^{K−i}Avg(u).

Proof: Consider the following random procedure:

1. For every cube C_v ∈ labels(u) choose a random LDF from the set

{Q ∈ LDF_{r,D+2} | R_v[Q] ≠ 0}. If C_v ∉ S^∗ or this set is empty, choose nothing.

2. For every point x ∈ dom_u choose a random value from the set {a ∈ F | m_R(x)[a] ≠ 0}. If this set is empty, choose nothing.

3. Choose a random cube C_v ∈ labels(u) and a random point x ∈ C_v. If no value is chosen for either the point or the cube, the procedure fails.

We are interested in pairs of good cube and point on it, on which the procedure doesn’t fail, and that have relatively few possible values to choose from, and that are consistent. We eliminate ’bad’ pairs as follows.

For a cube C_v ∈ labels(u) define E_1(C_v) to be the predicate that evaluates to true iff C_v ∈ S^∗ and the set {Q ∈ LDF_{r,D+2} | R_v[Q] ≠ 0} is non-empty. Pr_{Cv∈labels(u)}(E_1(C_v)) ≥ (1 − 1/C) · α/6 because 1 − 1/C of the cubes are in S^∗ (since u is good), and we assumed for contradiction that for α/6 of these cubes R_v is non-trivial.

For a cube C_v ∈ labels(u) define E_2(C_v) to be the predicate that evaluates to true iff E_1(C_v) is true and also ‖G̃_v‖ ≤ 2 ·^{6s}_{α(1−1/C)} where s = 2^{K−i}Avg(u) bounds the average of ‖G̃_v‖ taken over nodes v ∈ S^∗. We note that the average norm ‖G̃_v‖ taken over cubes for which E_1 is true does not exceed^{6s}_{α(1−1/C)} . The standard Markov argument shows Pr Cv∈labels(u) (E_2(C_v)) ≥ 1 2 · Pr Cv∈labels(u) (E_1(C_v)) ≥ (1 − 1/C) · α/12

By the triangle inequality, ‖R_v‖ = ‖G̃_v − π_{Cv} (G_u)‖ ≤ ‖G̃_v‖ + ‖G_u‖ ≤ ‖G̃_v‖ + s hence the cubes C_v for which E_2(C_v) = true have ‖R_v‖ ≤ 12s/α(1 − 1/C) + s < 13s/α.

For a cube C_v ∈ labels(u), and a point x ∈ C_v, define E_3(C_v, x) to be the predicate that evaluates to

true iff E_2(C_v) = true and also x ∈ C_v and x obeys m_R(x) = π_x(R_v) and R_v is not ambiguous on x.

We say, in this case, that the point x and the cube C_v agree non-ambiguously. Since for every good cube C_v no more than α fraction of its points have m_R(x) ≠ π_x(R_v), and no more than amb(r, D + 2, ‖R_v‖) are ambiguous, it follows that Pr Cv∈labels(u) x∈Cv (E_3(C_v, x)) ≥ Pr_{Cv} (E_2(C_v))·(1−α−amb(r, D+2, ‖R_v‖)) ≥ (1−1/C)·α/12·(1−α−|F|^{− 12} ) > α/100

(the middle inequality follows from amb(r, D + 2, ‖R_v‖) ≤^{r̃i/(D+2)·(D+2)}_{|F|} · ‖R_v‖^2 ≪ |F|^{− 12} ). The pairs of point x and cube C_v for which E_3(C_v, x) = true are pairs that agree non-ambiguously, and for which ‖R_v‖ ≤ 13s/α.

For a cube C_v ∈ labels(u), a point x ∈ C_v, an [r, D + 2]-LDF Q (viewed as an LDF over C_v) and a value a ∈ F, define E_4(C_v, x, Q, a) to be the predicate that evaluates to true iff E_3(C_v, x) = true and also Q(x) = a. We will lower bound the probability Pr_{Cv,x,Q,a}(E_4(C_v, x, Q, a)) where C_v ∈ labels(u), x ∈ C_v, and Q and a are chosen according to the random procedure described in the beginning of the proof (i.e. Q is chosen uniformly from the set {Q ∈ LDF_{r,D+2} | R_v[Q] ≠ 0}, and a uniformly from the set {a ∈ F | m_R(x)[a] ≠ 0}. Note that when E_4 is true, there are no more than^{13s}_α LDFs that appear in R_v. Since E_4(C_v, x, Q, a) = true implies by definition E_3(C_v, x) = true we know that m_R(x) = π_x(R_v), hence any value a randomly chosen for x has a “matching value” in the set {Q ∈ LDF_{r,D+2} | R_v[Q] ≠ 0}. This value is the chosen one with probability at least^α_{13s}. Thus,

Pr(E_4(C_v, x, Q, a)) ≥ Pr(E_3(C_v, x)) · α 13s Finally, note that if E_4(C_v, x, Q, a) = true, then R_v[Q] = m_R(x)[a] because the cube and point agree non-ambiguously. Also, since in this case ‖R_v‖ ≤ 13s/α, the coefficient R_v[Q] can be any value from the set B^{def}= {±1, ..., ±13s/α}, 26s/α values in all. Denote by E_c(C_v, x, Q, a) the predicate that is the same as E_4 except that it evaluates to true only if in addition, R_v[Q] = m_R(x)[a] = c. There must be at least one value c_0 ∈ B for which Pr(E_{c0} (C_v, x, Q, a)) ≥ α 26s · Pr(E_4(C_v, x, Q, a)) ≥ α 26s · α 13s · Pr(E_3(C_v, x)) ≥ α^2 338s^2 · α 100 = Ω( α s )^3

We now apply the following corollary of [RS97],

Lemma 7 Let ρ = (^{rd}_F )^c for some constant c > 0, and let S = labels(u) for labels(u) as above. Let A : S → LDF_{r,D+2} be an assignment of [r, D + 2]-LDF per cube, and let A_0 : F^d → F be an assignment of value per point. If Pr C∈RS,x∈RC (A[C](x) = A_0[x]) ≥ ρ

then there is an [r, d]-LDF P for which Pr_{C∈S} (P |_C = A[C]) ≥ ρ^3.

We omit the proof of this lemma, and note that a very similar cube vs. point version appears in [DFK^+99]. We apply this lemma as follows. We take S = labels(u). For every cube C_v whose selected value Q has R_v[Q] = c_0, assign A[C_v] = Q, otherwise let A[C_v] be a totally random value. For each point x ∈ F^d, we define A_0[x] to be the value selected for it in the random procedure. Again, if no value was selected, we assign a totally random value. We have Pr C∈S,x∈C (A[C](x) = A_0[x]) ≥ Pr(E_{c0} (C, x, A[C], A_0[x]))

The probability on the right hand side is taken over a random choice of cube C ∈ S and point x ∈ C, and over the random choices made when defining A[C] and A_0[x]. It follows easily that this probability is at least ≥ Pr(E_{c0} ). Thus we obtain an LDF P that agrees with ≥ (Pr(E_{c0}))^3 ≥ Ω ( (^α_s )^9 ) fraction of the cubes and their chosen values. P expectedly appears in less than 1/ |F| of the cubes that were randomly assigned. Thus at least half of the cubes in which P appears also obey R_v[P |_{Cv} ] = c_0. These cubes make up at least δ =^1_2 · (Pr(E_{c0} ))^3 = Ω ( (^α_s )^9 ) of the good cubes.

We have found a polynomial P that appears (with the same coefficient c_0 ≠ 0) in a non-negligible fraction of the cubes (i.e. R_v[P |_{Cv} ] = c_0 for a non-negligible ≥ δ fraction of the good offsprings v of u). We now show that P , in fact, appears in most of the points with coefficient c_0,

Proposition 7 For most points x ∈ dom_u, m_R(x)[P (x)] = c_0.

Proof: Let N = {x ∈ dom_u | m_R(x)[P (x)] ≠ c_0 } be the set of points where P does not appear with coefficient c_0. We shall prove that μ^{def}=^{|N |}_{|domu|} <^1_2 . We now state a hitting lemma that shows that if N is not too small, then almost all of the cubes must hit a non-negligible fraction of the points in N.

Lemma 8 (Hitting Lemma) Let 0 < β < 1 and let D = F^d. Let N ⊂ D be a set of points, |N| ≥ β |D|. Most (1 −^8_{β|F|} ) cubes in labels(u) (for u as above) have at least^β_2 of their points in N.

The proof of this lemma is easily obtained using the pairwise independence of points in a random cube, and is omitted (special care should be given to the fact that the points in these cubes are distributed only almost uniformly: certain points – e.g. span(dst(u)) – appear more often than others).

We now know that 1−^8_{μ|F|} of the cubes in labels(u) (1−^{16}_{μ|F|} fraction of S^∗, since |S^∗| >^1_2 |labels(u)|) have^μ_2 of their points from N. Consider only cubes C_v whose norm isn’t too large – ‖R_v‖ ≤ 2s/(δ/2) (the average of ‖R_v‖ over all nodes v ∈ S^∗ is ≤ s + s = 2s, hence we are ignoring a δ/2 fraction). If μ 2 > α + amb(r, D + 2, 2s/(δ/2)) then every such cube must agree non-ambiguously with at least one point from N. This implies that P does not appear in these cubes (that constitute at least 1 −^{16}_{μ|F|} − δ/2 fraction of S^∗) with coefficient c_0, and hence, δ ≤^{16}_{μ|F|} + δ/2. Altogether we have that

μ ≤ max ( 2(amb(r, D + 2, 2s/(δ/2)) + α), 32 δ |F| ) < 1 2 Having P appearing in most points, we now show that P appears in most cubes with coefficient c_0.

Proposition 8 For at least 3/4 of the cubes C_v ∈ S^∗, R_v[P |_{Cv} ] = c_0.

Proof: Let N = {x ∈ dom_u | m_R(x)[P (x)] = c_0 }. N has, by Proposition 7, most of the points in F^d. According to the hitting lemma, all except^{16}_{|F|} of the cubes in labels(u) (^{32}_{|F|} of S^∗), have^1_4 of their points from N.

By the Markov inequality, at most 1/10 of the cubes in S^∗ have norm ‖R_v‖ ≤ 10 · 2s = 20s, and thus no more than 20s LDFs appearing in them. Therefore 1 − 1/10 −^{32}_{|F|} > 3/4 of the cubes in S^∗ have^1_4 of their points from N, and are assigned no more than 20s LDFs. Denote these cubes S^∗(P ). We will show that for every cube C_v ∈ S^∗(P ), R_v[P |_{Cv} ] = c_0.

Let C_v be a cube in S^∗(P ). The fraction of points of C_v on which m_R agrees with R_v non-ambiguously and the point belongs to N is at least^1_4 − α − amb(r, D + 2, 20s) >^1_5 (recall α ≤ 1/100). For each such point x ∈ C_v, there is an LDF Q, Q(x) = P (x) with R_v[Q] = c_0. For every such point there are no more than 20s candidates, hence there is at least one LDF Q with R_v[Q] = c_0 that is equal to P on at least 1 5 · 1 20s > r(D + 2) |F| of C_v’s points. This LDF is therefore equal to P |_{Cv} (two distinct [r, D + 2]-LDFs can agree on at most r(D+2) |F| fraction of their domain).

We have shown that R_v[P |_{Cv} ] = c_0 for all cubes C_v ∈ S^∗(P ), which make up at least 3/4 of the cubes in S^∗.

We unveiled an LDF P that appears with the same coefficient c_0 ≠ 0 in R_v for at least 3/4 > 2/3 + γ‖G_u‖ of the good nodes v. Hence P appears with the same (c^′ = c_0 + G_u[P ]) coefficient in G̃_v for at least 2/3 of the good nodes v. Thus, P is permissible with coefficient c^′, and by our definition of G_u, G_u[P ] = c^′. Thus c_0 = 0, a contradiction.

References

[ABSS93] S. Arora, L. Babai, J. Stern, and Z. Sweedyk. The hardness of approximate optima in lattices, codes and linear equations. In Proc. 34th IEEE Symp. on Foundations of Computer Science, pages 724–733, 1993.

[Ajt96] M. Ajtai. Generating hard instances of lattice problems. In Proc. 28th ACM Symp. on Theory of Computing, pages 99–108, 1996.

[Ajt97] M. Ajtai. The shortest vector problem in l_2 is NP-hard for randomized reductions. manuscript, May 1997.

[ALM^+92] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof verification and intractability of approximation problems. In Proc. 33rd IEEE Symp. on Foundations of Computer Science, pages 13–22, 1992.

[AS92] S. Arora and S. Safra. Probabilistic checking of proofs: A new characterization of NP. In Proc. 33rd IEEE Symp. on Foundations of Computer Science, pages 2–13, 1992.

[Coo71] S. Cook. The complexity of theorem-proving procedures. In Proc. 3rd ACM Symp. on Theory of Computing, pages 151–158, 1971.

[DFK^+99] Dinur, Fischer, Kindler, Raz, and Safra. PCP characterizations of NP: Towards a polynomially-small error-probability. In STOC: ACM Symposium on Theory of Computing (STOC), 1999.

[DKS98] Dinur, Kindler, and Safra. Approximating-CVP to within almost-polynomial factors is NPhard. In FOCS: IEEE Symposium on Foundations of Computer Science (FOCS), 1998.

[GG98] O. Goldreich and S. Goldwasser. On the limits of non-approximability of lattice problems.

In Proc. 30th ACM Symp. on Theory of Computing, pages 1–9, 1998.

[Lev73] L. Levin. Universal’nyĭe perebornyĭe zadachi (universal search problems : in Russian). Problemy Peredachi Informatsii, 9(3):265–266, 1973.

[LLS90] J. Lagarias, H.W. Lenstra, and C.P. Schnorr. Korkine-Zolotarev bases and successive minima of a lattice and its reciprocal lattice. Combinatorica, 10:333–348, 1990.

[Mic98] D. Micciancio. The shortest vector in a lattice is hard to approximate to within some constant.

In Proc. 39th IEEE Symp. on Foundations of Computer Science, 1998.

[RS97] R. Raz and S. Safra. A sub-constant error-probability low-degree test, and a sub-constant error-probability PCP characterization of NP. In Proc. 29th ACM Symp. on Theory of Computing, pages 475–484, 1997.

[Sch85] C.P. Schnorr. A hierarchy of polynomial-time basis reduction algorithms. In Proceedings of Conference on Algorithms, Pécs (Hungary), pages 375–386. North-Holland, 1985.

[vEB81] P. van Emde Boas. Another NP-complete problem and the complexity of computing short vectors in a lattice. Technical Report 81–04, Math. Inst. Univ. Amsterdam, 1981.